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very la rge the value of the fraction is very 
when the denominator is infinitely large or 
infinitely small or 


very small , and 
oo, its value is 


m 


0. 


v m m 


(«) 


Cor . When m — 1 , 


1 


0. 


<iii) If the numerator of a fraction is constant (say ?#)> 
its value increases as its denominator decreases, e»g. t 


?n 


m 




...and when the denominator is very 


m , m 
— and — _ 

£ " £ k h 

very small , the value of the fraction is very very large , and 
when the denominator is infinitely small or 0, its value 
in finitely large , or 


6 


Cor. When m = 1, 


• * * 


# • • 


(in) 


1 

0 


(iv) 


X 


1 


But 


X 


X— 1 
2-1 


] -1_ 0 
l-l ~ 6 


when x—1 


m • 


x— 1 

0_ 

0“ 
3 


x -hi = 1 + 1 — 2 . when x— 1 


Again, 


x 


2 . 

1 


• * • 


(By substitution). 
(By identity). 

(i) 


But 


x 


X 

3 


1 

1 


1— 1 _ 0 
1-1 “ 0 


when^ = l (By substitution). 


x 


1 


x 2 4- x + 1 = 14-1 + 1 = 3 when x = l 


m • 


Again, 


x 


0 

0 

1 


But 


x 

X 


1 


1 


3 

1-1 _ 0 

1 — 1 ” 0 
x-V 1 


B * • 


(By identity). 

(K) 


when 1 (By substitution). 


1 + 1 


2 


a: 3 


1 x 2 -\-x + l 1+1 + 1 3 


0_ 2 
0“ 3’ 


• • • 


when x— 1 
(By identity), 

(iii) 
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Again, 


x 3 -! 


But 


x 


x*-l 

3 -l 


1— 1 __ 0 
1-1 ~ 0 
x z -Kr-hl 


when x— 1 


(By substitution). 


x 


1 Tl 4~ 1 3 

4 -l ~ x 3 -\- x 2 4- Jr + 1 1 -4-1 + 1 +1 £ when-r-1. 

(By identity). 


0 _ 3 
0 ~ 4 


m * M 




(iv) 


0 


Thus, r-has several different values. By taking suitable 

U 

identities and proceeding as above, we can prove that J can 
have any value or is indeterminate. 


Example 6. Find the value of 


x 2 + ax — 2a 2, 


when x=za. 


x 2 -\-4ax— 5a 2 

If we substitute a for x in the given expression, it is 
reduced to the indeterminate form 5. 

In order to avoid the indeterminate fonn, we proceed as 
follows : 


The expression 


(x + 2 a)(x — a) x~\~2a 

(x + 5a)(x r- a) ~ x+ 5a 

a-\~2a 

a 5a 
3a 


Find 

*33. 


the value of : 
2x 2 + 5x—7 


6a 


i- 


*34. 


3x 2 — Sx + 5 
x 2 + 3x — 40 

+32 


when xs=l. 


when x 


*35. 


4-4x- 
3 +4x 2 -8x+3 


8 . 


*36. 


2.r 3 — 5.r 2 +2a: + l 
2x 3 — 7 x z a 4- 6a 2 x— a 


when x— 1. 


3x A 


*37. 

*38. 


— 3x 3 a-i-4a 3 x— 4a 4 
3x 3 — 27 ax 2 + 78a 2 x— 72a 3 

2x 3 +- lOa.r 2 — 4a 2 ^r— 48a 3 


when x=a. 


when x—Zdi> 


\ 


x 3 — 5a.r 2 -f- 3a 2 x -f- 9 a 3 


<*10 


TjkJjp -' ^ 


x 3 — Tax 2 + 15a 2 ^: — 9a 3 


when x=3 a. 


CHAPTER XIII 


PROPORTION 

1. If SL = JL, the numbers a , b, c , d are said to be 

b d 

in proportion (or proportionals) and it is read as *a to b 

equals c to d ' or ‘ a is to b as c is to d \ 

. Of this proportion a, d are called the extremes, b , c the 
means and d the fourth proportiona to a , b and c. 

Two quantities are said to be proportional to ; < .:o. 

when the ratio of the first two is equal to the rati ot the 
second two, and two quantities are said to be inversely 
proportional to two others when the inverse ratio of the first 
two is equal to the ratio of the other two. 

If <z, b , c t d y e...bt such that a : b=b : c=c : d=d : e=&c 
a, by Cy dy c are said to be in continued proportion. 

When a, b, r, are in continued proportion, b is said to be 
the mean proportional between a and c and c is said to be 
the third proportional to a and b. 

2. liaib — c: d,thenad=bc. 

Since multiplying both sides by bd, we get 

b d 

ad=bc. 

Thus, if four quantities are proportional , the product of the 
extremes is equal to the product of the means. 

Conversely, if ad~bc, we can easily prove by dividing 

both sides by bd that-^ = 4-» or a: b—c : d. 

o d 

Vi 

’ Cor. If a: b—b : c t then ac = b 2 y i.e. y if three quantities are 
in continued proportion t the product of the extremes is equal 
to the square of the means. ; 
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\ If a: 6=6 : c % then a : c=a 8 : 6 Z . 

For -S-=>JL 

5 c 

• ILv & _ a <z 

*• T- x ■ — =— X- 

b c 6 b 

# ' a a z 

•• -jr — Tg» or « r ^ 2 . 


Thus, if three quantities are in continued proportion , the 
first is to the third tn the duplicate ratio of the first to the second* 

4. If a: 6=6 : fsf : d , then « : </=a 3 : 5 3 . 

For 4-=—=~ 

bed : 




O <2 3 . 

-j- = ~T 3 > or « •* d=a 3 : b 3 . 

Thus, if four quantities are in continued Proportion , the first 
to the fourth in the triplicate ratio. of the first to the second • 


Example 1. Find the fourth proportional to 2, 3, 4. 
Let x be the fourth proportional required. 

2 4 

Then -— • = — , which gives #=6 

3 x 

the 4th proportional is 6. ’ 

Example 2. Find the mean proportional to 9, 25. 
Let x be the mean proportional required. 

Then — - = x z =9x25, #=15. 

#25 

.*• the mean proportional is 15. 

Example 3. Find the third proportional to 2, 8. 

Let x be the third proportional required. 

Then — = — , 2#=64, #=32. 

8 x 

the 3rd proportional is 32. 


— r 
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Find the fourth proportional to : • 

I. 8, 12, 14. 2. 9, 12, 15. 3. -0024, 2-4, -04. 4. £, J, * 

5. 3a , 6a 2 , 2 ab 2 . 

Find the mean proportional to 


6 . 


9, 16. 7 . 49, 25. 8. 9, 64. 9 . 121, 1 4. 10 . 4£, 2 


II 


x 2 , y 


*. 12. (a + b) (a— b) 3 and (a + b ) 3 (a — ’)• 


Find the third proportional to : 

13 . 18,12. 14 . 20,16. 15 . 15,6. 16 . x 2 — y z * (x+y)*» 

17 . If 1 + x, 3 + x, 6 -\-x are in continued proportion, find x . 

Example 4. What must be added to each of the numbers 
7, 11 and 19 so that the resulting numbers may be in conti- 
nued proportion ? 

Let x be the required number. 


Then 


V + x 


11 + x 


11 + * 19+ x 


Multiplying cross-wise, we have 

(7 + #)(1 9 + *> == ( 1]L 

133 +26jf+^ 2 = 121+22^:+A: 2 


m m 


4x= - 
number to be added 


12, or x 
is —3. 


3. 



18. What must be added to each of the numbers 3, 7 , 1 
and 22 so that the results may be in proportion ? 

19. What must be subtracted from each of the numbers 
27, 41, 30 and 46 so that the results may be in proportion ? 

20 . Shew that the fourth proportional to .a: 2 + 7 .#+ 12 , 

5(^+3) and 6 (*+4) is independent of * 

21 . Find two numbers such that their mean proportional 

is 12 and the third proportional is 324. ' , 

22. The mean proportional between 45 and a certain 
number is three times the mean proportional between 5 
and 22. Find the number. 
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■ . ’ - ' + 

23 . If y is the mean proportional between x and z, shew 

^ * 

that xy^r yz is the mean proportional between x z +y z and 
y Zj r z z . 

24. Two numbers consisting of the same two digits are in 
the ratio of 4 : 7. Find the numbers. 

25. A certain kind of brass is made up of copper, zinc, 
lead and tin. The ratio of copper to zinc is 1 : 2, that of zinc 
to lead is 3 : 4 and that of lead to tin is 4 : 5. Find the 
quantity of each metal in 540 lbs. of brass. 

^Example 5. A cask is filled with wine and water in the 
ratio oi 4 : 3. If 12 gallons of the mixture be drawn off and 
the cask be filled with water, their ratio becomes 3 : 4* 
How many gallons can the cask hold ? 

Let x be the required number of gallons. 

When 12 gallons are drawn off, the number of gallons 
in it =.*—12. Out of every 7 gallons of mixture, 4 are wine 
and 3 are water, or £ of the mixture is wine and f is water. 

Hence f (x — 12) gallons of wine are left and £ { x—12 ) 
gallons of water. 

When the cask is again filled up with water, the quantity 
of water=^ (x— 12)+ 12. 

By the question, we have 

j (*-12) 

f (x~ 12) * 12 V 

Multiplying cross-wise, we have 

16(^r - 12) = 9(.*- 12 ) + 2 52 

7*=336 

X=4:8. 

the cask can hold 48 gallons. 

*26. Two vessels contain a mixture of wine and water 
in the ratios of 8 : 5 and 4:1. In what ratio must liquids 
be drawn from each to give a mixture of wine and water in 
the ratio of 3 : 1 ? 
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*27 Two vessels contain mixtures of wine and water m 
the ratios of 7 : 3 and 3 : 2. In what ratio must liquids be 
drawn from each to give a mixture ol wine and water in, the 

ratio of 9 : 5 ? ‘ \ 

- v 5. Propositions. When a : b — c : d t the following rela- 
tions always hold good. The student is advised not only. to 
reproduce them, but to learn each by heart. 

1 . If a : b = c : d, then b : a — d : c. 

a c , - ct -i c 

For if 7 = 7 ,thenl-f- T =l-f. 7 

b d 
or. . — = — 

a c 

or b : a ~d c. 


This proposition is known as fnvertendo. 

II. I f a : b = c : d, then a : c = b : d. 

For if ~r — then ad=bc. 

b d 

Dividing both sides oy cd , we get 

a b 

"c~d 

m 

or a : c — b : d. 

This proposition is known as Alternando and is frequently 
used in the solution of fractional equations. 

III. If a : b — c : d, then (a + b) : b—{cA r d') : d. . 

For if % — then y + 1 = — +1 

b d b d 

a + b __c + d > . . 

~1) d~ 


or 


{a . : -t- b) : b = (c +- d) : d. 


tU 

l ' 


This proposition is known as Componendo. 

IV. I i a \ b — c \ d y then (a— b) : b = (c— d) : </. 


For if - = then- 

b d ^ b 


1 


d 


1. 


rifl 
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a—b c—d 


b 


d 


or 


(*— b ) : b=(c—dy i d. 


Di videndo 


V. If a : b-c : d % then ( a+b ) : (*-£)=(<: 
By 111, we have 


i 


have 


H^b 

c±d 

b 

d ' 

a—b 

c—d 

b 

d * 

^ CL^b 

d 

’ a—b 

c—d 

(c+d) 

: (c— < 


By division, we have 

Or (a+b) : (a-b)={c+d) : ( c-d ). 

This proposition is known as Compone 

dendo and is frequently used in the solution o 
equations. 

Example I. If g±^=|£±“, then f= 

4a— 5b 4c— 5d b 

By componendo and di videndo, we have 
( 4a+5^)+(4a-5fl (4c -t- 5d\ +- (Ar -^r\ 

(4<t + 5i) — (4a— 56) (4c+Sd)-(4c-Sdj 

* 8a _ 8c ^ 

103""i0 d' 

Multiplying both sides by we have 


d 


or 


a : b=c : */. 


Example 2. If a : £=* : d, then ? a + 3b ^ 2c +3d 


First Method. 


2a— 3b 2c- 3d 


a 


& « then a = bk and c=dk. 

2a+3b _2bk +3b b(2k+3) 2/M- 3 
2a -3b 2b k -3b~ bj2k^3)~~ 2k^3 


• (c—dj> 


and Divi- 

fractional 
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2c + 3d 2 dk + 3 d _ d{ 2£ + 3) _ 2£ + 3 

and 27^3rf = 2af/fe-3rf “ d(2k— 3) 2A-3 

2a + 3A 2c 4 3*/ 

2a — 3 b ~ 2c— 3d' 


Second Method. 


Since 




* * 





2a _ 2 c 
3b = 3d 


(Alternando). 


(Alternando). 


, 2a + 3b _ 2c+3d (Componendo and dividendo.) . 

** 2a— 3b 2c— 3d 

[The second method is more elegant, but the first is surer.} 


Example 3. If 3a -l-4£ 4 3c 4* 4^ : 2a -f- 3^4 2c -\-3d 

= 3a -j- 4£ — 6 c — 8 d : 2a 4 3£ — 4c — 6^/, 


then a : b — c : d. 

f 3a 4* 4 3c 4 4rf 3a 4 4^ 6c ^ 

2a 4» 3^ +* 2c -\-3d 2a-t-3A— 4c — 6d 

'Then 3a 4 40 n-3c + 4rf = ( 2a 4 304 2c 4 3d)k ... (i) 

and 3a440 — 6c — 8 d = (2a 430 — 4c — Qd)k ... (ii) 

From (i) and (ii), we have 

' a(3 — 2£)4 0(4 — 3k) + c(3 2£)4^(4 3>&) = 0 ... (iii) 

a( 3 — 2£) 4 0(4 — 3£) — - 2c( 3 — 2£) — 2</(4 — 3k ) = 0 ... (iv) 

From (iii) and (iv), by factors and transposition, we have 
(a + c) (3 -2£) = (/> + </) (3£-4) ... ... (v) 

(a — 2c) (3 — 2^) = (^» — 2d) (3k — 4) ... ... (vi) 


From (v) and (vi), we 1 ave 
a 4" c 3/e — 4 
KBfF^ = 3— 2k 
' a— 2c _ 3A’ — 4 
b — 2d 3 — 2k 


• * • 
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From (vii) and (viii), we have 

ahc 2c 

. ' J+~d~b^2d' 

Multiplying cross- wise* we have 

ab — 2ad -J -be— 2c d — ab-had— 2bc— 2cd 

— 3 ad = — 3 be 

or ad = be 


or 

or 


a c \ : , . - • f 

b~d 

a : b~c : 

EXERCISE 61 . 


It a 

1. 

2 . 

3. 

4 . 

5. 

6 . 

7, 




: b=e : d, prove that 

a 4- 3c : £ 4 - = 3a -f- c i 3b -hd. 

3a — 2c : 3b—2d=5a — 4e : 5b— 4d. 

ma-\-nc : mb -f- nd = pa + qc : pb-hqd. 
ma — 7ic : mb — nd=Pa — qc : pb — qd. 
a-hb : ma — nb — c-hd : me — nd. 
a z -hb z : a z — b z = e z -hd z : c z —d z . 
ma-hnb _b z c 
mc-hnd d z a‘ 

Pa z -hqc z : pb z -j- qd z = ma z — nc z \mb z — nd z . 
a z -hab-hb z : a z — ab -h b z = c z + cd -h d z : c z -cd-hd z • 


10. : b 3 -hd 3 


a+r \ 3 

bTd) * 


11 . 


/# 2 -h mob + nb z _ lc z + + rc</ 2 
pa z -f- qab -j- rb z pc z -j- qcd + rd? 


12 . 


(a -b) (a- c ) 


a 


— ^b-h 


[Hint. Simplify the left-hand side and substitute for fc.j 
13. 4 (a-hb) {c-hd) = bd 


a-hb c-hd ) 2 

+ 


£ 


d 




a -i- b + d 

{Hint. Apply componando, then — : 1 - 


hence 


n+ b c + 2 (fl + 6) 




+ 




6 


6 1 
2 (c + } 

rf - * 


2(<i +^) 

— — M 

b 


2(C + d ); 
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14. (5a4- 6c)(Sb — 6rf) = (5a — 6^)(55 + 6d). 

, then a : b — c : d. 


15. If 


2 a 4* 3 b 2c + 3 d 

2c— 3d 


16. If 


ac 


17. 


2a — 3b 
a 2 + c 2 _ 

b z -4- d 2 bd 

a 


, then a:b = c :d. 


18. 


119 



b 2 


, then a: b = c : d 


a/ a ^ a : ^ 

a 2 4- £ 2 


<r: d. 


, then a :b—c : d. 


ac — bd a z — b 2 

20. If (a -}- b+ c+ d)(a b 
d ), then a :b—c : d . 

21. If (2a 4 - 3£ 4 - 5c-4- 4rf)(2a — 3b— 5c+4d)=(2a+3b— 5r 
4</)(2a — 3£ 4- 5c — 4</), then ad: be ==15: 8. 

rc 3a+b—9e—3d_3a^-b+6c-j-2d^ 

ZZ. it — — ^ . : - a. . ~ — r-r*., then a: b —czd. 


c +d) — {a — b -4- c — d)(a -\-b — c 


23. 

24. 


a 4- 2b — 3c — 6 d a + 2b+2c+^d 
If (a 2 + b 2 )( x2 + y 2 ) == ( ax + by) 2 , then a :x=b: y. 

2 i . i 

If 2 b = a+c and shew that a: b—c : d . 

c b a 


Example 4. If x 


2ab 
a + b' 


find the value of 


Since x 


2 ab 

a 4~ b 


and 


x 

a 

x 


2b 


x—a x—b' 


a + b 
2a 


«*• 


(0 


(«) 


^ I b a “f~ b 

Applying componendo and dividendo in i) and (ii) 

* x+a a+3b ' 

we get — 1 


and 


x — a 

x\ b 
-b 


— a-\-b 
3 a 4 b 

~-b 


• mm 


x — o a 

Adding (iii) and (iv), we get 

x + a x-\- b a + 3b , 3a +b 

r r 4 


* * 


(iii) 

(iv) 


x — a x — b 


— a4- b ’ a—b 

— a—3b+3a-\-b 

a — b 

2(a—b) 


a 


b 


2 
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25. Ux 


U. Ux 


4 ab 
a~\~b 

6 ab 
a *4" b 


find 


.. , - x+2a . x+2b 

the value of — 

x— 2a x—2 b 


find 


the value of — + 



3b 


x—3 a x—3 b 


Example 5 


If 


a 


b d 


/* th b 3 +d 3 


e 3 

P 


Let 


a 


m • 


b d 

a 3 -\-c 3 

b 3 +d 3 


( 


k , then a—bk^ c=dk and e—fk 


b 3 k 3 +d 3 k 3 _ k 3 (b 3 + d 3 ) 


b 3 + d 3 


b 3 + d 3 


k 3 


But 


7-* 

~b 3 +d* P 


P 


k 3 


€ 


for each is equal to the 'same quantity. 


a 


li ~b = i =e r prove that 


27. 


29. 


€L -j“ C 

b + d d 

c 3 +e 3 


a 


f 

3 


28. 


b—3f d-b 


a 


3e 


a 


a z c 


31. 


b z d' 

ace 


d 3 +f 3 b 3 - 

a 3 + c 3 •+ e 3 _ 

b 3 -f- d 3 -f - P bdf 

x z +y z 


3C r . 


bd—f z ac—e 


b z -\-d z a z -\-c 


Example 6. If 


xy 


Pq 


then 


x-Yy _ P J rQ 
x—y p—q 


Since 


a * 


x z -\-y z 

__P 2 -Vq 2 

xy 

Pq 

x z -\-y z 

p z +q z 

2xy 

Ipq 

x z +y z 

-\-2xy _p z 

x z -vy 2 

— 2xy p z 

(x+y) 2 

_0*+?) 2 

(x—y) 2 

(P - of 


f Dividing by 2.J 


2pq 


[Componendo and dividendo.j 


x+y _ p+g 
x—y p—q 


fSq. root of both sides.] 
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n. 


u *L ±il 

At £ 2 +<7 2 


xy then (x*+y 2 y 

then (x 2 _ y ^ 


(g+£) * 

(P z — g z ) z 


33. If 


.*+ y 

j6-f* Q 


- t , + 2y) _ p(p+2g) 

then ^2 


34. If 


35. If 



_x+y- 

-p — g 

then 

X+P = 

_x — p 

x-y-^p—q 

x—y- 

-P + q' 


y + <7 

y—g 

x-i -y — p^r q _ 

_y-tP+x-tq 

then 

•*- ' + <? _ 


x—y+P+g 

y — p- 

-x + q 


y — p 

p X 


36. If 


x 3 + 3xy 2 


3 X 2 V+y* 3 p 2 q + q 3 ' 


^ 3 + ' W then x ^~ y 


p-\~q 


Example 7. If a : b 


x—y p 


, . . a -\- abj-b 2 

b : c, then , 2 , u rA _ c z 


-g 

a 2 

A2 


Since 


a b 

£ r 


a 2 -J-a^+^ 2 
^ 2 4^c+c 2 


b 2 = ac. 

H- ^ H - ® 

a£-}-&r -t-^ 2 c 


a b a a a 2 
b X ~c~~b*b~J 2 ‘ 


Note Putting each of the ratios = k, we get b = ck and a =hk^- ck 2 . 
Using these results, we can do this example by the ordinary 

k*method. 






a 

1 


b 


prove that 


d 


a z j^b 2 +c 2 _ ab + bc-\-.c 2 

b*±c 2 +d 2 ~~ bc-\-cd-\-d 2 

a 3 + b 3 +c 3 __ a 
b 3 -ft 3 -I -d 3 d 


a 


2 b+c 


(a-b) 


(b-c) 


a 


38. 


40. 


a 2 -^b 2 +<" 2 _ « 2 
^ 2 +c 2 +rf 2 b 2 +cd 


a 


b 


3 


£ — C 


a 

d 


. 42. - 


{ci b c ^ 2 a -f- b -p c 

a 2 +b 2 -\-c 2 a-b-\-c 


43. ( b-c) 2 = (a-b){c-d ). 

44. (a 4- b 4- c){a — b-\-c)=a 2 ~\-b~ -\-c 2 . 

45 . (a - d) 2 = (b - c) 2 4(<r- a) 2 + (rf - b) 2 . 
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46. (a 2 -t-b 9 +c*W* 4^ 2 -\-d 2 )~(ab~\-bc4-cd) 2 , 

47. a 2 +b z % b 2 +c 2 and c z +d z are in continued proportion. 
If a , b y c are in continued proportion, find the simplest 

abc(a-{-b-\~c} 3 


48. 


value of 


(ab ac ~j ~ be) 


49. If a % by c are in continued proportion and if a(b— c) 


2by prove that a — c= 2{ a ^ —\ 


a / 


6. Theorem. If 


a 


b d 


f 


...then each of the ratios 


Pa-\-qc-\-re-\- 

pb+qd-\-rf+ 


...» where A q, r...are any quantities whatever. 


Let 


a 

b 


d I 


k 


Then 


a=bk, c^dky c—fk... 
pa = Pbky qc — qdky re :== rfk . . . 


By addition we have 

pa-\-qc+re + ...—k(pb-\-qd+rf-\-...) 


t • 


par\- qc -}~ re -|- 
pb-\-qd+rf-\~,- 


a 


b 


c 

d 


/ 


Cor. 1. Putting p—q—r 


1, we have 


a 

b 


e 


d f 


a — (— c — f~ e ~J“ 

b 4- d 4 /4 


Thus, when several fractions are ecfual, each of them is 
equal to the sum of all the numerators divided by the sum of 
all the denominators. 

Cor . 2. Putting p — 1 and q= ~ 


1, we have 


a 


a 


b d 


b-d 


■m 

- Thus, when two fractions are equaly each is equal to the first 
numerator minus the second numerator divided by the first 
denominator minus the second denominator. 
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EXERCISE 62 





If a : b—c : d—e : /, then 


I 


a z 4-c z 4-e z 

b z 4-d z 4rf z 


a 


b z 


2 


a 


2c 3 -h 3e 3 


6 


2d 3 3/ 3 


a 
6 3 


3. 


5. 


3a 2 — 4 r 2 4 5<? 2 

3^ 2 — 4 of 2 + 5/ 2 ~ 


a 3 -l- c 3 -\-e 


4 


3 ct -}■ 4c 4 2 e 2 cl — 3 c — 4 c 

3^4 4<*4 2/ = 2b— 3d- 4/ 


b 3 4- d 3 4- f 3 h z d 4 - d 2 f 4 - /* b 


6. (a 2 4 c z 4r e z )(b 9 4- d z 4-f z ') = (ab4-cd4-ef) z . 


7 If 


8. If 


4*+3_4*4r6 

6*4 7 ” 6*44 * 

1 — 4 * 342 * 

\ 4- 6* 2 — 3* * 


then each 


1 

3 


then each 


7 


5 


9 


4" 3* 4" 1 2 x +3 


1 


2,-7 » -.o — „> then each— - 

x z 4-7x4- 12 x-\-7 6 


10 


2 * 43\ 2 X4-3 


•KeH) 


X4- S ’ 


then 


9 


25 


*4 3 jr-}- 5 


hiii up the blanks in the following: 


II 


12 


jr 

8 

x 

7 


y _x 4 -y __x— y _\3x—12y 

- 


y 

3 


10 4 36 


13. If 


AT 


a 


y 


b 


shew 


that (- 

x a 


ax 4 by 4 - cz \ 3 

2 46*4 


££\ * 

c 2 ' afc 


14 . If a, c, are in proportion, prove that ab+cd is the 
mean proportional between a 2 4 c 2 and b z 4-d z ;and if a b 

ft • « ! * 


* * 1 W 

proportional between a4-b and c-\-d. 


mean 
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7. A few 

Example 1. 

of (b- 
Let 


im portan t 


c)x -i- (c 

X 



y 


2 


— a c4~ a - 

a)y ~f(a — b)z. 

y z 


b a+b — c 


find the value 


b-fc 


a 


Then 


c4-a — b a-j-b — c 


k. 


x 


a) k 

b) k 

c) k 


m * 


-(b+c- 
y — (c-fa- 

z = (a 4- $ — 

the given expression 

(b—c)(b-\rc — a)k + (c— d)(c -f- a 

k { b z — c z — a(b—c)-fc z —a z — 

k x 0 = 0. 


— b)k + (a — 
b(c — a) -fa 2 


b)(a -f- b — c^k 
- b z -c{a-b )} 


Example 2. If 


a 


b 


b-fc c-\- a a4-b 


then each= £ or — 1 


Each — • — sum of 1116 num erators 

0 * _ * ^ to 


denominators 

a-hb + c 

2a 4 2b 4- 2c 
a-fb + c 

2 Ja TbTF) 

if a 4 bfc is not equal 


to 0. 


When a-fb-fc = 0, then b-fc 

a a 


each ratio 


b+c 


a 


1 


a 


Example 3. If 


x 


y 



b • \-c c 

then 

a 

y-fz — x z 

Let 

x _ y _ z 

b4-c c4-a a-\-b 

Then 

x=(b4-c)k t y = 

» 

y “f~ 2 — x = (c — }“ o )k *4“ ]( o 


a-fb* 

b 


y x4 -y—z 


k. 


a 


(c4-a)k and z= 
4-b)k — (b4c)k 
k(c -j- a "4" O' 4~ b — b — c ) 

2ka 

1 


(a-fb)k 


y -\~z— x 2k 


proportion 
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Similarly, 


b 


1 


z\x—y 


2k 


and 


x+y 


a 


b 


y -f* X 


z~\-x — y x-f-y 


1 _ 

2k 


Example 4. If 


ay 


hx cx — az bz — 


b 


a 




shew that 


x 

a 


y 

6 


j ,et each of the given ratios — k. 

Then ay — bx = ck, cx—az~bk, bz — cy — ak 
... C ( ay -bx) = c z k> b(cx—az)*=b 2 k, a(bz — cy) = a z k 

Adding these resuhs, we get 

k{a 2 ±b 2 + c 2 ) = 0 

k = 0 


« 

* * 

ay — 

bx = 

0 or ay- 

- bx, 

X 

• r_ 5 

• * 

a 

^i<i 

H ^ 

also 

cx — 

■az= 

0 or cx- 

• 

-az. 

x 

* — z 

m m 

a 

_ z 

c 

gj 

x 

_ y. 

__2 





a 

b 

c 





EXERCISE 63. 

I. = prove that 

a—b b—c c—a 

x ^.yj^z — 0 and cx+ay-\-bz= 0. 


2. If 


x 


y 


bc(b - c) ca(c — a) ab{a — by 


prove that 


a{b -Jr c)x 4* b(c -+■ a)y~^~ c(a -I- b)z — 0. 


'>76 


matriculation algebra 


3. it 


a 


b 


b+c—a c+a—b a + b — c prove l “ at each ratio 


1 . 


4. If 


a 


b 


b+c c+a-JTb and a+b f*; ^ not equal to zero, 


then a — b=c. 


*5. Assuming: that a -^. t f + e —* m _c+a—b 


a-\- b 


b+c 


c4-a 


and a + b-^c is not zero, shew that a=b 


c. 


*6. If 


a-^-b 

b-t-c 


c -f -d 

prove that either a 


c or a +b+c+d 


t i ' 


V 


0 


*7. If 


y 


a-t2b+-2c b + 2c+2a c-\-2a + 2b 


, shew that each 


of these ratios 


x y — 2 

a-f- -b + 3c 


*8. If 


y 


ax 4 - by -\-cz bx -hcy+ as cx -f -ay +bz 


shew that each of these ratios 


is not equal to zero. 


1 


a+b+c ' P rov 'ded x+y+2 


* * 


A . , 


*9. It (a-t-b-j-c)x = (b-hc — a)y = (c+a — b)z — (a-\-b — c)w 


.x 1 , 1 , 1 

then — + — + — 

v 2 w 


1 

x 


r ■ 


*10. If a-j-c=2b and ~ +— 

b d 


2 


, shew that a:b=c:d, 


c 













CHAPTER XIV 


FRACTIONAL AND LITERAL 


l. 


Equations involving fractions whicii 



unknown in the denominators. 
Example 1 . Solve 


1 

x 


i* JL 

2x 3x 


7 


5 


1 


4* 6* 2 4* 


1 


24* 


nators, we have 


24 


364-40 — 42 = 20-1-24*. 


By transposition, we g> 

24* = 20- 1-24+ 36-40-1- 42 
or 24*= 33 


* 


1 


3 

8 


2 


3 


3* — 4 4* 


0. 


Example 2. So ve 

Multiplying both sides by (3x— 4)(4* — 5), the L.C.M. of 
the denominators, we have 


or 

or 


2(4* — 5) — 3( 3* — 4) = 0 

8x — 10-9*4- 12 = 0 

* = 2 . 

Otherwise 


2 


By transposition, we have 

2 


3 


3x — 4 4* — 5 

Multiplying both sides by (3* — 4)(4*—5), the L.C.M, o 
the denominators, or multiplying cross-wise , we have 



or 

or 


2(4*— 5) =3(3*— 4) 
8*— 10 = 9*— 12 


*=2. 
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EXERCISE 64. 


Solve the equations : 


I. 


i + i_ 2= ± 

2x 3x 3x 


3. 


2 . 


| + 1 + 1 + i 

x 2x 3x 4x 


6 . 


3. 


S. 


4 


x 


a 


25 


65 


x 


4. 


3 4 i 5 

2x 5x x ' ' 3x 


b 


t 


9 


II 


13 


bx ax 

1 

N 

II 

5 

4 

3x±4 

5(x — 3) 

5 

6 

3 — 4x 

6 — 5x 

3 

5 _ 

8 *+ 5 

6x-47 

a 

: + 

i 

’ll 

o 

♦ 


6 


1 


2 


5x — 11 3x — l 


8 


3 


4 


2x + 3 3x+ 2 


10 


2 


4* 


3 


3x - 1 2x—l 


0 


0 . 


12 


bx+a ax+b 


14 


a b 
a — x b — x 

3 


0 . 


4 


6x 2 -f- 2x - 5 8x 2 + 3x+2 


15 


a 


b 


16 


ax 2 + bx -\- 1 4 - 1 

2 


3 


4jc 3 -t- 2x 2 x 4- 1 6x 3 4r3x 2 -t-2x-1rl 


Example 3. Solve 


1 


- + 


1 


(*- 1)0- 2) (x-l)(^- 3) 


J. 


1 


By transposition, we have 


(x - 2)(x - 3) (x-3)(x- 4) 


1 


1 


1 


1 


(x— 1)0 — 2) (x — 2)(x—3) (x — 3)(x—4) (x—l)(x 3) 




3 — .* + 1 




1 — x-t-4 


(x - l)(x - 2)(x— 3) (x-l)(x-3)(x-4) 


2 


3 


(x - l)(x - 2)(x -3) (x-l)(x- 3)(x - 4) 

Multiplying both sides by ( x—l)(x - 3), we have 

-2 3 


x — 2 


x—4 
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Multiplying cross-wise, ^we have^ 

5x=l 4 


6 


or 


x 


94 

C* 5* 


J *?5 ey 

are simplified . 81; =, e 19 

„ , 10 , 3 _ 3 , 

i Example 4. Solve = — — 4* r 


2*4l 


3* — 2 


2# — 3 


3 * 4-2 


Here we arrange the terms in such, a way as to reinove; 
from the numeratlr on both sides, when they are simplified, 


By transposition, we have 


10 


15 


2 


3 


2*4-1 


3*4-2 


2*— 3 


30*4- 20 — 30*— 15 

(2*4- 1X3*4- 2 )~ 

5 


3*— 2 

6 * 4 - 9 



# * 


(2*4- 1X3*+ 2) (2*-3X3*-2) 

1 1 


* • 


(2*4- 1X3* 4-2) (2*— 3X3*— 2) 


Multiplying cross-wise, we have 


• • 


m * 


• • 


(2*— 3X3*- 2) = (2*4- IX 3 * + 2) 
6* 2 — 13* 4-6 = 6* 2 4“ 7 *4 2 

20* =4 


a: 


i 

7> 


Solve the equations : 

1 1 • 


17. 


1 


1 


*4-1 


*4-3 


* 4 - 2 


* 4 - 4 


18. 


1 + 1 


19. 


*42 

1 



1.0 


1 + 1 


*44 *48 


1 


1 


1 


* 


*— 1 



*4- 3 


4 4 


0. 


20 . 


1 


1 


1 


j 


21 . 


*— 6 * — 3 

1 1 


5 


*— 2 


1 


1 


*—10 


* 


5 


*— 7 


*— 2 
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22 . 


1 


x 2 3~ 7x+ 12 


-f 


1 


1 


+ 8x -{-15 


x -f* 9x -j- 18 


^ + 


1 


23 . 


1 


(x-j- a ) 


b 


~h 


1 


1 


x* + 9x+20‘ 


( x-j-b ) 2 — a z 


x 


(a-\-b ) 


+ 


1 


24 . 


2 


+ r 


3 


2 


25 . 


2 - z *— 1 1 

9 3 


+ 


3 


x S£ — (a — b) 


26 . 


.*—4 

3 


27 . 


;r— 3 
6 


x— 8 

4 

at+9 

4 


3x+l ' 3*- 2 

— 9 *-3 

5 N 6 

x—27 ‘ + ’ x ~ 15 ~ °‘ 

9 7 


28 . 


5^4" 7 + 13 

1,8 

T 


5^: -M3 19 

6 3 


2^r — 1 


4^r— 1 


3;*:— 1 6jt — 1 


0. 


Example 5. Solve 


1 


+ 


10 


18 


3x — 5 


Method. Decompose 


x+5 ' 2*— 5 

18 . 

into two such 


3x— 5 


fractions that 


when one o them is combined with 


1 


10 


x • 5 


and the other with 


and thei simplified, x disappears rom the numerators 


2x—5 

on both sides. 

Thus, — - — -p — i? 

x~\~ 5 2x — 5 3x — 5 3x — 5 ' 3x — 5 

3 1 - 15 10 


3 4-15 


3 , 15 

~r 


Combining 


we have 


3x — 5 
1 3 


with 


x-j-5 

15 


and 


3x — 5 

10 


with 


2x-5' 


*♦ 


x-j- 5 3x—5 3x— 5 2x — 5 

3x— 5 — 3x— 15 _ 30x— 75— 30x3-50 


r> 

4 * 


(x-j- 5)(3x— 5) 
-20 


(3x— 5)(2x-5) 
— 25 


(x -f- 5)(3x — 5) (3x — 5)(2x — 5) 
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Multiplying both sides by 


3*- 5 

-5 




we have 


4 


• * 


*4-5 


5 

27 = 5 - 


0 

Multiplying 


* * 


cross-wise we have 

8x — 20 — 5x -f-25 
3* = 45 
x = 1 5. 



Example 6. Solve - 


6 


5 


2 


x 4-6 


Method , 


2*4-3 5*4-2 

Decompose into two such fractions 


that 


when one is combined with 2.x-\-3 ^ other with 


5 


5x 4- 2 


- and then simplified* x disappears front the n 

l 




tors 


on both sides. Thus, 


6 


5 


3-1 


3 


1 


2*4-3 5*4-2 


*-+-6 *4-6 *4-6* 


Combining 

6 


3 


* -> 6 


with 

3 


— 5-— and — with c^TTo* 

2*4-3 *4-6 5*4-2 


we have 


5 


1 


2*4-3 *4-6 


5*4-2 *4-6 


6*4-36 — 6*— 9 5*4-30-5 *— 2 


m 9 


(2*4-3) (*4-6) (5*4-2) (*4-6) 


27 


28 


(2* 4- 3) (* 4- 6\ (5* 4- 2) (* + 6) 

Multiplying both sides by *4-6, we have 


27 


28 


2* 4- 3 5* 4 - 2 

Multiplying cross-wise, we have 




or 


27(5*4- 2) = 28(2*4-3) 

1 35* 4 - 54 = 56*4- 84 

79* = 30 


* 


30 

T5 


$ 
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29 . 


1 


4* 


equations 

2 


3 


*4- 1 *4-2 

,, 2 1 

31 a _ 1 — ! 1 4 - I r i 


* 4~ O 
6 


30 


3 


33. 


2x — 5 x 
1 + 1 


3 


3x— 1' 


32. 


2 



a 


35. 


a 


+ 


x-\-b 

b 



x— a ' x — b 

3 4 

i4pr- 


X 

a-\-b 

\ 

x 


34. 


36. 


7 


* 4*4-1 


4.v - 4 - 


4x+3' 


38. 


*4-1 

7 

*4-2 

a 

x — 1 

a 

x + a 
6 


4- 


— - 1 


4 

7 

x — f- 2 

*4-3 

3 

10 

*4-4 

~ *— 5’ 

b 

a -j-b 


X 


b 


x 

a—b 


*4- b x -4~ c 

1 


2 


3* 4 - 15 x 


5 2*— 5' 


39. 


4 


4- 


7 


3 


5*4-1 10*4-1 2*4- 1 


40 


6 


5 — 6x 


4 


13 


7 


6*4- 19 6* -f- 7 


41. 


6 


2 


2*-3 + 1 


2 


43 . 


7 


45 . 


7*4-1 

1 


4- 


- 2x x—1 

6 15 


42. 


10 


5*— 9 


4- 


14 


9 


2*4-9 


X 4 ~ 8 


+ 


4*4- 1 
3 

4~ 


6*4-5* 

5 9 


44 


b 



C 4- a 


b 


a 


a 


x-\ -b x + c 


*4- 2 *4-3 


x 4 5 


x 4~ 4 


{Hint. Decompose 


9 


*4-4 


into three parts with numerators 


1, 3, 5, and then associate these parts with the fractions on the 
left-hand side so that x may disappear from the numerators 
after simplification.] 


46 


1 


4- 


2 


47. 


x — 6 a ' x 4- 3a 

3 4 

4- 


4- - 


3 


6 


x — 2a 
48 


x — a 

48 


3*+l Ax 4- 1 



8*4-3 


6x4- 1 * 

2. Equations involving fractions which contain the 
unknown both in the numerators and the denominators. 

_ . _ , 4*4- 1 2 

Example 1. Solve ^ -=^- 

5 * 4-2 3 

Multiplying cross-wise, we have 


3(4*4- 1) 

12*4-3 

2 * 


2(5*4 - '-) 
10*-*- 4 

1 and *= £. 




FRACTIONAL EQUATIONS 


Example 2. 


Solve 


4*+- 5 _ 2x-\r 3 
6*+7 3* +2* 


# 


Multiplying cross-wise, we have 

(4x + 5)(3x + 2) = (2x + 3)(6*+- 7) 
12* 2 + 23*+- 10 = 12* 2 + 32* + 21 

- 9 * = 11 

• JF sr — 1 — 

• • ^ Ay* 


EXERCISE 65. 


Solve the equations 


1. 

OOI C 

* i> 

1 r 

t 

II 

m 

CO 

2. 

3. 

4*+-5 
6* — 7 

1-5- 

X 1 1 • 

4. 

S. 

' 11 — 5x 

7-4* 

= 2. 

6. 

7. 

2*+- 1 

2x + 5 

8. 

3* + 2 

• 

00 

H 

1 

• 

9. 

3 — 5* 

Sx -j- 2 

10. 

7 — 3x 

3* + 4’ 


7*-3 
2x +- 5 
2 — 3* 
1 — 4* 


l 2 


9* 


+ 4 = 0 . 


ax + b_c 
bx + ct d 
3x +- 2 4* — 3 


II. 


* 2 -|-*+l __* + l 
* 2 +3*+3 *+-3 


12 . 


3*+-l 

4*H-1* 

7 — 12* 

_ 6x — 5 

5— 2x 

x—3 

ax-\-b 2 

x-\-a 

a*+ c 2 

x + b' 


Example 3. Solve 


x 2, + 2x — 3 


x 


9 


3. 


The left-hand side = ~ Sfe — — = — — - 


(x + 3)(x 


x 


3) 

1 


x — 3 


x — 3 
3. 


Multiplying cross-wise, we have 


3x— 9 


x 


x- 

4. 


1 


Solve the equations : 
* 2 +-*- 


13. 


6 


x 


4 


li 

m 


14. 


* 2 - b* — 12 


x 


16 


2 


19 
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15 


x 


7x+ 12 


x 


9 


2 

ir 


16 


x 2, — x— 20 


17 


x 2 + 4x — 21 
x 2 4-3x—28 


1\ 


18. 


x-+x- 
x 2 4- x 


12 ' 

-30 


A. 


x 2 -4-3x— 18 




Example 4. 


0 Ax 4- 3 29 

Solve — - 1- 


Ix 8.V 4r 19 


9 


12 — 5x 


18 


Transposing the terms 
one side, we have 

29 — 7x 
12 — 5x 


with numerical denominators i 


8*4-19 4*+3 


38 

8*4- 19 


9 

8 a' — 6 


18 


13 

38* 


Multiplying cross-wise, we have 

3 8(29 **r lx) = 13(12 - 5x) 
522 - 126*= 156-65* 

61*= 366 and * = 6. 


Solve the equations : 

x + 1 3x 


19 . 


x 


o 

o 


11 


20 . 


4 

2x 


5 


- 12x-\- 7 

1 : 3*-f- 1 

+ 


12 

8x 


7 


15*4 8 


20 


21 . 


*+4 3*4-2 

—~r 


3*4- ] 6 


9 


23. 


3 2*4-5"“ 

8x — 12 18*4 20 


. 22 . 


x 


b 


a 2x+a 
— r 


x4-b 


ax+b 

ab 


*+ 

2T 10 x 


24. 


91 x 


56 


-4 

21 - 24* 

r 


36 

93 


13*4 9 


35*— 138 


Example 5. Solve 


4* 


2 * 


8 


13 , 9x — 17 
— 5 "* 3* — 7 


5. 


Decomposing the terms on the left-hand side in o integral 
and fractional parts, we have 

4* — 10 — 3 , 9x— 21 4 4 

- 4 — 


or 


2x — 

2(2* — 5 ) 
2*— 5 


3* 


3 3( 3* 

- 4* — 


-7 

7) +4 


5 


3x — 7 
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or 


2 - 


3 


2* — 5 
3 


-f— 3 -f - 


4 


3* — 7 


5 


4~ " 


4 


2x— 5 3 *— 7 


0 


By transposition, we have 


4 


3 


2x — 7 2# — 5 

Multiplying cross-wise, we have 

- 20 = 9* — 21 


8x 


x 


1 . 


_ 6x — 1 25*— 40 7*4-9 

Example 6. bo ve . — — 4- 


3*-f-4 


5x — 6 


* 4 - 2 


Decomi losing all the terms into integral and fractional 
parts, we have 


2(3r + 4W9 5(5^-6 - 10 7(*-f-2) 

“ 7 “ 


5 


3x4-4 


or 


2 


9 


3x 4-4 


4 ~ 5 


10 


5* — ■ 


5x — 6 


7 


*4-2 


5 


x-\- 2 


9 , 10 

4“ 


5 


3x + 4 5*— 6 *4-2 

_3 + 2 
*4-2 

__ 3 

x 4- 2 


+ 


2 


x 4-2 


By transposition, we have 

9 3 


2 


10 


3*4-4 * + 2 


*4- 2 5x — 6 


9 - .{_ is - 9x - 1 2 10*— 12 — 10*— 20 


(3* + 4)(*4-2) 


6 


(*-f-2)(5*— 6) 
-32 


(3*4-4)(* 4-2) (*-!-2)(5* — 6) 


Multiplying both sides by 


*4-2 

~ 2 ~ 


3 


we have 
16 


3*4-4 5*— 6 
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Multiplying cross-wise, we have 


• * 


15 x -18 = 

63 x~ 


x 


Solve the equations 

25. j_ 2-y+3 ^ 

x— 1 x4-l 


48 x 

46 

46 

‘ 63 * 


64 


26 


27. 


5 — 2 x 3 


x 


4 


x 1 


1 . 


X 


28 , 


8x 

-7 

2x4-1 

5- 

4x 

3- 

2x 


+ 


+ 


6 * 4- 1 
3 x -2 
2 3 x 


29 . ^l±i£±®+£!+ 3 £±s =2jc+5 . 


1 


X 


X-i-1 

[Hint. Decompose 


x -f 2 


30. 


2 x 2 - 9 x — 8 . x 2 - 7 x 4- 15 


2 x 4 “ 1 


4 - 


31. 


x — 3 

4 x 4- 3 j 15 x— 7 _ 8 x 4 1 


2 x — 9 . 


4x— 3 


5 x — 4 2 x — 1 


32. 


6 x-f-l 6 x 4-7 
2 x— 1 + 3 x— 1 


25 x 4 - 20 
5 x— 1 


33 


34 


^ 4-2 . x-j -3 2 x 4-8 

-* 4-1 x 4-2 x —j~ 3 

15 x 4 - 11 , 12 x 4-5 8 x 4 - 

• 4 “ 


3 x +4 


4 x 4-3 


x-f -6 


35 


36. 


37 


6 x — 5 6 x — 14 4 x 4-23 

2 x — 3 3 x — 1 4 x — J.* 

42 x — 37 20 x 4-13 _ 11 x 4-76 

6x— 1 ~^5 x4-12 x4-8 

2 x 4-7 , 3 x 4-13 5 x 4-27 

4 


x4-2 


4 . 


x 4 - 4 . 


38 


4x — 7 15x4-11 12x + 1 

~t~ — 


39 


4x4-5 
x 2 -j-4 


mLm 


X 


5x4- 7 

2 — x-f -2 


3x4-4 
2x 2 — 4x 


x — 3 


40 . 


x — 1 x— 2 

2x 2 4x 45 , 3x 2 — 2x 4- 20 2x 2 4 6x4 10 


2 x— j 




3 x 41 


X 43 
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41 . 


x 


2.x 


a 


+ 


x 


2 x — b 


1 . 


[Hint. Multiply both sides by 2 and proceed as before. 


42 . 


3a: «f* 5 4 a: +8 10a:-}- 1 

x + 1 ~3jt+3 + 6at + 3 


^Example 7. Solve 


2x -f- 7 . Qx •4*’ 1 1 

2 a: + 3 6a: — 1 


3 a : H - 7 x •+- 3 
3 a :+1 a :-|-1 


Decomposing each term into integral and fractional parts, 
we have 


(2A: + 3)+4 + (6A:- l) + 12_(3Ar+l)-t-6 (x+l) + 2 

2a: + 3 6 a: — 1 3x+l + a:+1 

1 + £^l)' + ( 1 + «£i)' “ ( 1 + 3^1) + ( 1 + iqn) 

_4 , 12 _ 6 2 

2a:+3 6at- 1 3^+3- i+37 
Taking two terns on one side and two on the other, in 
such a way as to remove x from the numerators on both 
sides when they are simplified, we have 

4 _ 6 = _2 12 

2.x -f- 3 3x -4-1 x-h J ' xz — 1 

12a:+4— 12a:— 18 12a:— 2 — 12a: — 12 

2 ; ! 4- 1) (x -(- 1 )( 6x — ; 

—14 -14 

(2* + 3)(3*+l) _ 0+l)(6.*:-l) - 

Dividing both sides by — 14 and then multiplying cross- 
wise, we have 



(x+ 1)(6at- 1) = (2x+3X2x+ 1) 

6a: 2 4-5a:— 1 = 6a: 2 -}- 11a: 4 - 3 

6x= —4 


So ve the equations : 

♦ 4 ? ^ 1 x-\~2 x -f-4 at-J-5 

x-\-2 x-{-3 x + 5 x-\-6 

2£—_ll x^r 4 _ x — 5 2x -+■ 9 
x— 2 x — 3 ~ x+2 + x-h 1 * 


* 44 . 
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*45 


*46 


*47 


*48 


*49 


* 50 . 


*51. 


*52. 


*53. 

*3. 


lx— 55 . 2^' -17 

T 


x — 8 


x— 9 


6^-71 3x 

x—12^~ 


14 


x 


x — 8 x — 5 x — 7 x — 4 


4? — 10 x — 7 jtr — 9 x — 6 
2x — 3 2x-hl 


x — 4 


x 


2 


5 


x— 2 _x — 4 
.*■ — 1 x — 3 

4(^+1) 2.r+l_4(.r4-2) , 2^+3 

X I : — ^ 5! =—~r* 


2x-3 
x 


x-\-3 2x — 1 


x+4 


,9—x_x+18—x 

x-2^~7^c~l^\ + Q^rx 


2x — 3 , 3;r — 20 

~r =- 


i-3 ic-19 

l 


-r -2 *—7 jr- 4 ' *-5 

2^+11 9jt— 9 4*4-13 15*-47 


X 4- 5 


3x — 4 


*4-3 


3x — 10 


4-4*-f-5 , * 2 4-lQ*4-26j_* a + 10*+ 25 . * 2 + 4x 

*4-2 *4-5 x + 6 x+1 


x 7 - — 4*—20 * 2 4-7*4- 11 x 2 4 - 3* -f- 3 , * 


*-7 


4- 


*4-5 


*4-2 


4* 


15 


*— 4 


Solution of fractional equations by the application 
of the fundamental principles of proportion. 


*Example 1. Solve 


4* -f- 5 _ 2x + 3 
6*4-7 3*4-2 


The equations of this type can be easily solved by 
multiplying cross-wise, but the method illustrated below is 
considered to be neater. 

Multiplying the numerator and the denominator of the 
term on the right-hand side by 2 and rewriting the equation. 


* * 


or 

or 

v 9 • 


each 


4*4- 5 _ 4* 4-6 
6*4-7 6*4-4 

_ ( 4x + 5 ) — (4x 4 - 6 ) _ 

= (6*4-7) -(6*4-4) = 

4x4-6 2*4-3 


6x 4-4 


or 


3*4-2 

6x4-9 


3x 


} 
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♦Example 2. Solve 


— 4x 3 + 2# 


1+6a; 2 — 3x 

Multiplying the numerator and the denominator of the 
term on tiie right-hand side by 2, and rewriting the equation, 

: — 4x 6 + 4at 


• • 


each 


(1+6*)+ (4 


or 


• * 


1 + 6x 4 — 6x 
(1 — 4x) + (6 + 4x) 

- 6x 

1 — 4x 

1 + 6x 

7 H- 4 2 x ■ 
62x 


7 

5 

7 

5 

5 


20a; 


2 


1 


x - 


31 


EXERCISE 66. 


Solve the equations : 
Gjxt-V- 1 3x—5 


♦ 1 . 


*3. 


2x- 

2x 


7 


*5. 


*7. 


4x4-3 
8x— 7 

\2x -f-5 
2+ 3 a: 

3 — 5 a: = 

x 4- P 

x 4 -Q t > x + 


* 2 . 


3 


3x4-4 

l-9x 
4 + 15a: 
px4-Q z 


*4. 


* 6 . 


* 8 . 


9 a:— 5 

_ 3a: 

-2 

6a: — 1 

2x 

-3’ 

3 — 4a:_ 

1+2a: 

X 6^* 

2 — 

3x 

1 + 2a: 

_ 5 — 

-6 a: 

2 — 3a: 

1 + 9a: 

3 + ^a: 

1 

— X 


2-f-adx 1 — ax 


_ . o i ( x + 1 )( x + 2) a;+3 

♦Example 3. Solve ) — ~ — — -~= — -= 


(x 4- 3)( x 4- 4' ) x4-7 


Removing the brackets, we have 

a: 2 + 3a: + 2 


x4-3 


a: 2 +7a: + 12 a; + 7 

Multiplying the numerator and the denominator of 
term on the right-hand side by x , we have 

x f . + 3 a: 


Ihe 



• * 


each 


x z + 3x + 2 _ ; 

a; 2 + 7a: + 12 x z 4-7x 
(x 2 + 3a: + 2) — (x 2 + 3a;) _ 
(x 2 4-7x+12)-(x 2 4-?x)~ 12 — 6 


2 1 
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x+3_ 1 
x+7~"E 

8x 4* 18 -X-4-7 


5x 


x 


11 

pi 

C Z' 

Otherwise 


By alternando , we have 

x 2 + 3x+ 2 _x 2 + 7x+ 12. 


x -{- 3 


x+ 7 


Decomposing each fraction into integral and fractional 


parts, we have 

x-\- 


2 


x+3 


x-\~ 


12 

x+7 


2 


12 


x-\~3 


x 4" 7 


1 


6 


x+3 x +7 

6x+ 18=x+7 


x 


Solve the 


21 


following 
illustrated above : 


equations by both the methods 


*9. 


* 11 . 


(x+2)(x+3) _ gHhS 
(x+4)(x+5) x+3‘ 

x 2 + 6x+ 8_x-j-6 

x 2 + 8x+15 x+8' 

♦li ~1~ 3 X x ~f~ 5) x+ 8 

(^ + 4X^+1) x+5' 

^Example 4. Solve ) 

\2x + 5/ 


* 10 . 


* 12 . 


(xj-3)(xj-4 )_x-i-7 
(x-\- 5)(x-\-6) x+ 11 
x 2 + 7x+10 x-\-7 


*14. 


x 2 +10x +24 x+10 
2 — 5x — 6x 2 _6x- j~5 
2—2x—3x 2 ~3x+2 


x+ 3 
x 4* 5 


By alternando , we have 

(2x+3) 2 _(2x+5) 2 


x+3 


x+5 


4x 2 +12x+9 4x 2 +20x+25 


x+3 


x+5 


or 
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Decomposing each fraction into integral and fractional 


parts, we have 


4* + 


9 


*4- 3 


9 


4 *4- 
25 


*4-3 *4-5 

Multiplying cross-wise, we have 

25*4-75 = 9*4-45 


25 


*4- 5 


• * 


• 

* « 

16*=- 

30 

r 

t 

• * 

x— — 

15- 

Solve the equations: 


*15. 

/*4-2\ 2 _*4-4_ 
\*4-3/ *4-6 

*16. 

*17. 


*18. 

\*— 5/ *-10 
/3*— 5 \ 2 _ 3* — 10 
\3* — 2 / 3*- 4* 

(ax — £\ 2 __ ax — 2b 

*19. 

*20. 

*22. 


*21. 

\ax — c ) ax — 2c 


*Example 5. Solve (* 2 4- 3*— 


*4*3 
*4-5 
2*— 3 
2 * — 5 
*j-3 v 3 
*4-5 
ax — b\ 3 
ctx — f- c 


* 4 - 6 
* 4 - 10 * 


* 


3 


* 


5* 


*4-1 
* + 7* 


ax 


2b 


ax 4 - 2 c 4 - £ 


5) 


7)(* 2 4- 2* 

f* . ?f - •• = (* 2 — 3*4- 7 )(* 2 — 2* 4- 5 ). 

Dividing both sides of the equation by 

(* 2 -3*4- 7X* 2 4- 2* - 5), we have 
* 2 4- 3* — 7 _ * 2 — 2* 4- 5 
*2-3*4-7 _ * 2 4-2*-5‘ x 

By componendo and dividendo, we have 
(* 2 4- 3*- 7)4- (* 2 - 3*4- 7) _ (* 2 - 2* 4- 5) 4- (* 2 + 2 * -5) 


(* 2 + 3*— 7)— (* 


3* 4- 7) (* 2 — 2* 4- 5)— (* 2 4- 2* 5) 


or 


2* 2 


2* 2 


6*- 14 


4*4-10 


Dividing 
we have 


both sides by 2* 2 and multiplying cross- wise, 

— 4*4-10 = 6*— 14 


or 


» • 


10 * 


24 


* 


2 *. 
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♦Example 6. 


s °lve 16 gg) 

1- 


1 +x 


Multiplying both sides by 


x 


l + x 


we get 


16 


1 


x 


1 4 " x 



1. 


Dividing both sides by 16, we get 

/l -*\ 4 = 1 _/l\ 

\1+V 16 \2/ 


From this, we get 


1 — x 

14- X 


1 

7* 


1 

T 


Solve the equations : 
* 23 . * 2 — 2x + 3 x+5 


x 2 -[~2x—3 x — 5' 


*24. 


x 


3xr-f-4 


x 


*25. 


3x — 4 

x 2 4 - 2x — 5 x 


x 


2.r-f 5 


2 x—5 

— x -j- 3 


— 2x + 5 x 2 -\-x — 3 
*26. {x 2 -f- 5x -f- 9)(.*r 2 -|- 3x — 

*27. (x 2 -7x+l5)(3x-5) = 


*28. 


x 


2x+5 


x 2 -\-2x — 5 


7) = (x z -3x + 7)(x 2 — 5x— 9) 
(x z — 3x •+» 5)(7x— 15). 


3x z -j-4x — 1 3x 2 — 4 * 4-1 


*29. 81 


. 


xJ 


*30. 


2 - T \ 3 __ /2 

2 +x) \2 

* 3 4-3*_76 
3* 2 4-l 49* 


4. Literal Equations. The methods generally employed 
in the solution of literal equations are similar to those used 
in ordinary equations. However, a few typical examples are 
added below. 

Example I. Solve a(x — a)-f b(x— b)—2ab. 

Removing the brackets, we get 

ax — a 2 -\-bx — b 2 — 2ab. 
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By transposition, ax+ bx — a 2, + b 2, + 2ab 


or 


x(a + b ) 


x 


( a+b ) z 

(a + by 

a+b 


a 



b. 


Example 2. Solve (x -a) 3 + (x + b) 3 4-(.*4 -c) % 

= 3(x 4- a)(x 4- b)(x 4~ r). 

By transposition, 

(x ^ a) 3 + (x + b) 3 4- (x + c) 3 - 3(x 4- a\x + b){x + c) = ° 

i'actorising the left-hand side, we get 
£{ (x+a) + (x+b) + (x + c) } [( (x + a) — (x+ b) } 2 4-{ 1 1 r a ) 

-{x + c)) z + { (x + b)-(x + c) } 2 ] =0. 

On simplification, we get 

b(3x + a + b + c) { (a — b) z + {a — c)' 1 + {b — c) z } =0. 
Either the first factor = 0 or the second = 0, 
but the second being a constant cannot be equal to zero 


1 1 ence 


(3;c4-a4- b + c) = 0 


* * 


a + b + c 
3 


c * •> c , x 4- a x -\r b x-\~c n 
Example 3 . Solve ; 1 -t 3 

b+cc+a a -\-b 


0. 


Decomposing 3 into ) 4- ) -f 1 and associating one with 


each fraction, we have 


x \ -a 

b+c 




x 4~ b 


HH a 


- i)+ (i 


^•4- f 

Tb 


+ 1 


0 


or 


x + a +-b + e . x + a + b + c xi -a-\-b + c 

1 



OT 


b-\-c 
(jr + a + £ -f r) 


c-\-a 


a+b 


0 


1 1 1 
4 f- 


b + c c+a a + b 


0 


Since the second factor is constant, 


x 4" (a. 4“ b 4" C ) = 0 


x 


a + b+c ). ' 
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♦Exam pie 4. Solve (x — 2a ) 3 -f- (xr— 2 b) 


we get 
or 

or (p 


or (x—2a) t q for (x —26) and 

P 9 -f-^3 - 

p 3 ~r* —r 3 —q 


2(x—a—b) 


2r 3 


+pr+ 


(r— ?X 


But P—r= r—q t for each =b 


a 


• ♦ • 


or 


P 2 -1- Pr -f r 2 = r z + rq -f- q 2 
P 2 -f - P ^ = fq ~Yq 2 


P 2 — q 


rq—pr 


or 


(PYq\P — q)=z — r(p—q ) 


P + q 


r. 


Substituting the values of p % q and t in (ii), we get 


whence 


(x-2a)+(x-2b) 


( x—a—b ) 


or 


* Example 5. 


3x — -f* 3b 

x=a+b. 

% 

O . mx+b nx+a 
Solve 1 -!~r- = m + n. 


X -f- CL 


x+b 


By 


transposition, 





nx-\-a 
x-Y& 



or 


mx-Yb—mx — mb nx+na — nx 


or 


x -j- b 

b — mb na — a 


X^‘(t 


'' 


x+b 


x-Ya , 1 


Multiplying cross-wise, we have 

(x -Y a (b — mb) —(xY- b)(rta — a) 
or xb — xmb -Y ab — abm 

= xna —xaY &bn — ab. 

By transposition, 


, n 


or 


xb — xmb — xna-\- xa — abn — ab — ab -f- abm 
x(b — mb—na i-a) = ab(n--2 + m) 


x 


ab{m,-Yn — 2) 

a ■+■ b — mb — na 


literal equations 
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EXERCISE 67. 


Solve the equations : 

1. a z {x-a) + b\x-b)=abx. 

2. b(x- 2a)+ a(x- 2b) = (<r - £) 2 . 

3. x(x — a)+x(x— b) = 2(x— a)(x— b). 


4 . (x-~ a) 


7 . 


8 . 


9. 


12 . 


*13 


(x-b) 


0 . 



5. {x-'df +{x— b) z = 2(x — a— b) 
a— x 2a — x 3a — x 

6. t - 


a 


2 a 


3 a 


a . b 
bx ax 

= a 2 4- b 2 . 

• 

c—x 2 

*> 

1 

* 

11 

1 

1 

b — x 2 

bx 

c b 

cx 

* 

bx ax 

~a + l> 

r 2 v 

+ -f =«*+* 

ad 

2 +c 2 . ' 


10. (x — a) 3j r(x — b) z + {x — ^) 3 — 3(x a )(x b)(x c ). 

11. (*-a) 3 4-(£ — x) 3 +(a — b) 3 = 


0. 


x— b , X—a , x ~ 1 
a+ 1 b 4 " 1 ^ *}■ 6 


3. 


x-ab + x-6c + x = ca = ^ 


b + a 


b+c 


c + a 


*14 


bc(ax — 1) _j_ cajbx— 1) . abicx— 1) 


b + c 


c+a 


a + b 


a — j- 1 ' '1 < 


x — a 2 , x—ab x — ac 
*15. — + : = 3a. 


b+c 


c+a 


* 16 . 


x—a 


+ 


x 


a 4* b 

-b* 


b z — bc+c 2 c 2 —ca + a 


+ 


x 


a 


ab+b 2 


2(a+ b 4- c) 


[■Hint* 2 (a 4"^4'^) = 4" b) 4" (4 4“ c) 4~ 4” ®)*] 
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*17. 


* 20 . 


* 2 ! 


*22 


a+ b 


a 



b 


x — a — b x — cl x — b 


i , 1 

x 4-a x-\ -b x-\-a+b x 


*18. — + 1 


ax bx 

*19. — — - 4- . — — = 2. 


ax— 1 bx— 1 
1 + 1 


1 


ab—ax bc—bx ac—ax 


a b 


2 c 


ax 4-1 bx -\- 1 cx - fl 


I l 

H 


2 


' x — a x z — a 2. 


* 2 J. J?L + ^L =a+b . 

x—b x—a 


*24 x+2a _ x—2b __ $(a + b) 

x—2a x-\-2b x 

* 2 « ax% + c _ a*+ 6 

A* 2 + ?■* + ** px+q 


*26. — a) 3 = 

*27. (*~27) 3 + (*- 23>a=2(*- 25) 3 





ji? 4* 2 a • '(6 

^ *}* 2b'— cl 

x 

4L-~X 


2{x 4 

% 


CHAPTER XV 


SIMULTANEOUS EQUATIONS ( Continued , .) 

I. Cross-multiplication Method. 

Theorem. If ax + by -\-cz = 


0 


and a'x + b'y -\-c'z-0 


m m m 


• m 


then 


x 


y 


bc'—b’c ca 


' — c' a ab' —a' b 


Proof. Multiplying (i) by c' and (ii) by c we get 

ac' x + be' y +- cc' z — 0 


a* cx + b' cy + cc' z = 0 
Subtracting (iv) from (iii), we have 

(ac' — a'c)x 4- (be' — b'c)y — 0 d Baad th ! 

(be' — b* c)y = — ( ac ' — a'c)x = (ea'—c a)x. 

Dividing both sides by (be* — b'c)\ < a), we have 


y 


x 


ca 


C Cl 


be' -b'c 


(0 

(ii) 


(iii) 

(iv) 


y 2 

Similarly, — ; —n — ~~rc 

* ca —c a ab — a b 

x _ y — z ( v ) 

• - » . ■ ■ — t » m m • • • ♦ \ v / 

be' —b' c ca —c a ab —a b 

D is theorem is very useful. The rule of writing down 
the denominators under x, y and z may be thoroughly 

grasped. 

Rule . Write down in two rows, as given below, the 
co-efficients of y, z, a:, y in order, from the original 
.equations after they have been reduced to the standard 



form, and multiply the co-efficients diagonally as indicated 
by the arrows and put down 
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(*) be' — b'c as the denominator under jr f 
(*i) ca — c'a as the denominator under y, 

(i«) ab' —a' b as the denominator under z. 

This is known as the rule of Cross-multiplication. 

P z=l t the equations (i) and (ii) become 

ax\ by -\-c = 0 

and a'x-\-b' y-\-c' — 0 

and (v) becomes 

* __ y _ 1 

be* — c ca' — c'a ab r — a'b’ 

Note. The original theorem is useful in solving simultaneous 
equations of the first degree, involving three variables, provided two 
of them are of the form ax+by + cz = Q, and the corollary gives us an 
elegant method of solving simultaneous equations of the first degree 
involving two variables. The following examples are illustrative : 

Example 1. Find x: y: z t if 


4x—5y-f-2z=0 
2x—7y± 4z — 0 

Arranging the co-efficients of y, z, x, y, we have 


— 5 2 4 —5 

-7 4 2 -7, 



whence, by the rule of cross-multiplication, we obtain 


x 


y 


z 


(-S)(4)-(-7X2) (2)(2)-(4)(4) (4X - 7) - (2V - 5) 


or 


x 


y 


z 


204-14 4—16 


28 410 


or 


x 


y 


6 


12 


18 



Example 2. 


x _ y _ 2 
1” 2 3 

x: y : z=l: 2 : 3. 
Solve the equations 
2x— 3y-i-3z= 0 
x—4y-j-5z= 0 
x~\~ 2y 4* 2z = 32 



SIMULTANEOUS EQUATIONS ( Continued } *• 
From (i) and (ii), by the rule of cross-multiplication, 



X 



y 

(- 

-3X5)— ( 

- 4X3) 

(3)(X) 

- (5X2) 



^ _ 

y _ 

2 

or 

-15 + 12 

3 — 10 

-8 + 3 



y _ 

2 


or 

-3 

-7 

-5 



JC __ 

y _ z 



or 

T - 

7 5 



Let 

a; 

~3~ 

y _ * 

r 7 5 



• 

• + 

X — 

= 3£, y = 

II 

‘■5k. 


Substituting these values o t x, y, 2 r in (iii), we get 


or 

or 


3£+14£ + 15£ = 32 

32k = 32 


x—3. 


y = 7, 


k=l 
= 5. 


Example 3. Solve the equations 

4x — 5y-t-8 = 0 
2x—3y J r 6=0 > ... 

From (i) and (ii), by rule of cross-multiplication. 


x 


y 


1 


299 





(2)(-4)-(l)(-3) 


(0 

00 


(— 5)x6— (— 3)x8 8x2 — 6x4 4 x (— 3)— 2 x ( — 5) 


x 


or 


y 


1 


30+24 16—24 


12-f-10 


x 


or 


y 


1 


6 


8 


2 


or 


x 

3 


y 

4 


1 


x=3, y — 4 


20 



Find x : y : z, if 

1. x—2 y-\-z = 0 ) 

9x— 8j/ + 3-2r=0. j 

3. 4x—13y+8z=0 ) 

7x+ 0y—9z=0. j 

S. ax Ar by-j-cz = 0 ) 
bx+cy-\- az=0. j 

Solve the equations by 


6. 

4x — 2y — z 

= 0 


6x— y — 4z 

= 0 


X+ y+ Z: 

= 25 

8. 

x + 2y+z = 

: 0 


2x—5y—4z= 

0 


4x+5y+6z = 

24. 


9. 4(x-i-y) = 3(2z— y) 

5(x — 2 y) = 3(2 y — 3 z) 
3(x— 2) + 5(y — 3) -f- 7 (z 

10. X5x=l0y=6z | 
3*+4y + 5^=172. j 


11. 

4x— 

13 y + 

8z= 

= 0 


7x-\- 

6y — 

9z= 

= 0 


6 , 

8 

20 

= 8. 


+ 

b 



X 

y 

2 


13* 

lx- 

5y + 

2 = 

= 0 

/ . 

5j*r+2y — 

3z= 

= 0 

#■ * 

2^c 3 +5y 3 — 

z 3 = 

= 15. 


x-\-z 

15. x—y=y—z=—£— 

17. 3*-+4y=15 ) 

Gy — 5x= — 6 . f 


AL GEBRA 

68 . 


2. 6x— 8y-\- 7z=0 j 
2x— 7y+\lz = Q. ) 

♦. 2x~- 3y+ 4z=0 } 

7x~h 2y — 6z=0. j 


od of Cross-multiplication : 

7. 5x+6y J r8z=0 1 
3x -f 4y -f 6z = 0 > 
x+5y-{- 16z=3. j 


4) = 53. 


12. x— 2yAr z=0 ) 

2x—5y-\-4z=0 ( 

3x z + 4y 2 5z 2 = 48. J 


14. x+y+z = 0 ) 

ax-\-by-\- cz = 0 

— + — = 
b — c c — a a — b 

y + z _ z -\-x _ x --r y 

10. — ^ 3" 9 * 

x-ty-t z=23. 

18. 7y=9x l 

3y— 4^4-1 = 0. J 


3 . 


SIMULTANEOUS EQUATIONS ( Continued ) 


301 


19. 7jtr+4j' = 5 

5x-\- 6y = 2 
x+y . 3x 


21 . 


5y 


23 


25 


2 

x^ , y_ 

14 18 

lx - ?ny- 
mx = ly. 
x . y 

j + ~ 
b a 


4 

= 1 . 

pi 

f 


2 


\ 


20 . 

22 . 


x-\~S 5x+3 

y+2 4y + l 

3x-\-y — 2p = 0 
Sx-\- Py— 3 = 0. 


2 




24. x— ay+ b =ax — y-\-b 




d. 


26. If x-\- 5 y— 18 and 3x-\- 2y=41, find the value of x 

27. Find the values of x and y from the equation 

(3x— 2y 8) 2 -\- (5x + 13y — 3) z =0. 

[Hint. As the sum of squares = 0, each = 0.] 
Example 4. Solve the equations 

— — = 18 ... 
xy 

— + — = 19 

•* y 

By transposition, we get 

3 4 

— + — - 18 
x y 

2 + 1- 


8 y. 


(i) 

(ii) 


0 


19 = 0 


(iii) 

(iv) 


By the cross-multiplication method, we get 

1 1 


x 


y 


l 


1 


( — 76) — (—90) (-36)- (-57) 


15-8 


1 


or x 


1 

14 " 

= 21 “ 

7 

1 

14 

« ,1 

• __ 

• • “ 

As 

2 and — 

X 

7 



1 

1 

= 

: - 7 T and 

y = =-. 


21 

7 


3 


2 


3 


302 


MATRICULATION ALGEBRA 




xam pie 


5. Solve the equations 

5* -4 4y = 9xy 
3x+2y= 5xy 

D ividin g (i) and (ii) by xy, we get 

y » 

1 + 1 

f - y x 

4 5 

or — 4* - 

x y 

i + i 

x y 


(i) 

00 



9=0 


5=0 


(iii) 

(iv) 


By the cross-multiplication method, we get 


or 



1 ^ 



X 


— 

25+27 


1 

1 


X 

y 

1 

2 

” 2 

2 


1 

1 


1 


y 


l 


18-1-20 12-10 


X 

X 


y 

1 and y 


1 . 


Solve the equations by the method of cross : multiplication 


* 8 . 


30. 


32. 


3 
x 
2 
x 

3 

x 

4 

x 

1 


4- 


-4 


-4 


4 

y 

5_ 

y 

j4 

y 

5 

y 

i 


18 


29. 


19. 


5 


31. 


6 . 


3x 5 y 

1 1 

__ — 4 - 

4x 6 y 


2 

19 

12 


33. 


3 

2 _ 


X 

y 


2 

3 

= 19 

- 4- 

X 

y 


3 

5 

= 11 

-4 

X 

y 


2 _ 

3 


= — 5 

X 

y 


2x 

3 

\ 

y 

= 5 1 

5x— 

2 

Li r 

= 3. 1 

y 


4 


I 
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2 

5 _ 

l 

3x 

4y 

12 

3 

7 _ 

_ 1 

4x 

6 y 

■ - i 

3 

a 

b 

\ 

— 

1 = 

= m 

X 

y 


b 

. a 


+— = 

= n . 

X 

y 


8 JU 

6 


x-ky x—y 



= 25 



x-\-y x — y 





1 

5x 

1_ 

3x 


+ 


+ 


V 

9 

y 

2 


2_ 3 

ax by 


5 


2 


5 


14. 


ax by 

10 y + I4x 

4 #-* €y 



9 xy 

lxy M 


40. 2 y — x — 4 xy 

1 - 2 = 9 . 

y x 

2. Simultaneous equations with three variables. 
Example 1. Solve the equations 

4x 2- 2y — 32 — 2 ... (i) 

3x-\- 4y — 2z= 10 ... w (ii) 

x—5y+4z = 5 ... (iii) 

Multiplying (i) by 5 and then subtracting (ii) from it, 

17x4r6y—\3z= ... (iv) 

Multiplying (iii) by 2 and then subtracting it from (ii), 

— x-\-14y — l Jz=0 ... (v) 

By the cross-multiplication method from (iv) and (v), 
we get 


1 


41. 


2 + 5x y-\~ 4 2xy-j-9x~r2 


3x 


2 


6x 



X 

_ y _ z 


— 60+182 

13+170 238+6 

Af 

^ y 

2 


122 183 

244 

or 

II 

II 

?MCO 

II 

H 1^ 

k (Let each be equal to k.) 

• 

• • 

x— 2k, y — 

3k and z= 4k. 

Substituting these values in (i), we get 


8£+6£— 

12k = 2 

or 


k = \ - 

m 

• « 

! Xss2, y 

=3, 2=4. 
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Example 2. Solve the equations 

x “f“ 5 y ■+* 6z = 3 
2x—3y J r 7z—22 ... 

V + = 19 

Multiplying (i) by 2 and then subtracting (ii) from it, 

13y -+* 5z = — 16 


ffi 

(ii) 

(Hi) 


or 


13y +5z -f-16 = 0 


Multiplying (i) by 5 and then subtracting (iii) from it, 

24y *j- 22.gr = — 4 


(iv) 


or 


12y + ll*-f-2=0 


From (iv) and (v), by the method of cross- multi plication, 

1 


(v) 


or 


y _ 

10-176 192 - 26 143 - 60 

1 


y 


y _ __ 

166 1 66 83 

— 2, z — 2. 


Substituting these values in (i), we get *=1. 

EXERCISE 69. 

Solve the equations : 

L x+y-\-z=l 

2x+3y4-z=4 

4x -f- 9y -f z = 16. 

3. 3x — 2y-f-4z=5 
5x — 7 y-\- 8^=8 

ll#-10y+16;? = 21. 


2. 4x — 3y ~\~2z— 8 
3x—4y4~5z==6 


4. 


— 6x -{-5y-\-7z— — 

x-\-5y — 4^ = 5 

3 x-2y-\-2z = 14 

10# -f- Sy -f- z — (>. 


1. 


5. x+2y + 3z=3x-\- y + 2z = 2x-\-3y+z=6. 


* 6 . 


* 8 . 


Ill ^ 

-+-+-=6 

x y z 

x y z 

3 4 5 

----h- = 10. 

x y 2 

X—2— 1 

2y J rz = 11 

2x4- 3y = 23. 


*7. 






4 5 

5 3 
4x + - J r- 

y z 

3 4 

y 


13 




7. 



6 . 


y 


SECTIONAL REVISION IV 

TEST PAPERS 

PAPER 1 


1. Explain the terms : 

(n duplicate ratio and sub-duplicate ratio, 

(ii) triplicate ratio and sub- triplicate ratio. 

2. Prove that a ratio of greater inequality is increased 
and a ratio of less inequality is diminished by subtracting 
the same positive quantity from both the terms. 


3. If 


6 a — 5b 6 c — 5d , . , a 

s» — , shew that t 

6a^-5b Qc-\-5d b 


d ' 


4 . 

5 . 


a c 

If T = 

b d 


& . a c c 

shew that each is equal to -y 


Solve the equations : 

a b 

0) — r + 


2c 


ax r-bl 


(ii) 9 


x 


bx -\- 1 

3 


cx 3. 




X — CL 

x+d 


6. The co-ordinates of P and Q are ( — 7, 5) and (+ 8, — 4) 

respectively. Find the length of PQ correct to 2 places of 
decimals. , d 

7. Solve graphica ly the equations I 


x-hy = 1 f 
x—y — 5. ) 

PAPER 2 


1. Find the compounded ratio of the fol owing three 
ratios : 

3 a : 4 b, b 2 : 5 ac and 5c 2 : 6 ab. 

2. If 6+ x: 8+x be the sub-duplicate ratio of 4 : 9, find x. 


If a : b—c\ d , then 


4a +- 3b _ 4c 3d 
4 a — 3 b 4 c — 3 d' 


\ 


3 . 


30 $ 


matriculation algebra 


** ** a+b—c b+c—a cAca— b' Shew that eadl 

I 

these fractions 

a + bArC 

: 5. Solve the equations 

(i) (x 2 + 5x- 4)(x 2 + 3x— 2) m (x 2 -5x± 4)(x 2 -3*-h 2). 
.... 6 x-)r 5 3 xAr 2 

. ^ a^+3“4Fpi - 

6. Find the equation of a straight line passing through 
(3, 0) and (-3, 4). 


PAPER 3 


1. What must be added to the ten 
equal to 9 : 10 ? 

2. If x : y= 5 : 6, find the value of 


3x -j* 4 y 
4x -}- 3 y 


3. Two vessels contain a mixture of wine and water in 
the ratio of 5 : 3 and 3:1. In what ratio must liquids be 
drawn from each to give a mixture of wine and water in the 
ratio of 2 : 1 ? 


4. If x=-^-,, find the value of 

a-\-o x — a x — b 

5. Solve the equations : 

... 5 — 6x_ 2 -f- 3x \ j 

' ,1 ' 3+4^; 5 — 2x' 

fii) (*+2 Xx+3)^x+ 5 
{ J ( x+4)(x+5 ) ' x +9* 

6. Find the equation of a straight line which is parallel 
to 5# + 4y = 3 and passes through (6,-4). 

7. Solve the following equations by the method of cross- 
multiplication : 






► 
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PAPER 4 


1. If 7x — 6y = 5x+ 2 y, find the value of x : y. 

2. The bases of two triangles are in the ratio of 5 : 6 and 
their altitudes are in the ratio of 8 : 9. Find the ratio 
between their areas. 

. CL-\~b 

3. It a : b : : c : d, prove that ~ 

4. If /, m y n are in continued proportion and it (m—n) 
= 2 m, prove that l—n=2 { — - — ). 

Solve the equations: 

. 2*-3\ 2 x-3 

(0 


5. 



2x—5 J x— 5* 

(ii) (x — 3)(x x + 7) = C* + 2)(x + l)(x b , 

2x— 3 

Draw the graph of the function 


6 


7. Solve the equations : 


17 


-+ 

_ 


X 

y 

12 

2 

l 

2 

z 

y 

3 

1 , 

l 

3 

—4- 


4 

X 

Z 


1. 


PAPER 5 

0 77Z 7TL 

Prove that -=0, — — 0 and- = 00 , where m and 71 

H n 00 0 

are finite quantities. 

2. What must be added to each of the numbers 12, 16, 
21 so that the resulting numbers may be in continued 

proportion ? 



3. 

a : b 

4. 


2a 2 + 3a6+46 2 = 2c 1 + 4g th at 

5a 2 +6a4+7£ 2 Sc 2 + + 7 rf 2 ’ H 

c : d. 

If — — = — — = — — — — , shew that 


y-\-z—x z-\-x—y 

x v z 


x-yy — z 


b-yc c-\-a a-yb 


3Gb 
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5 . 


Solve the equations : 

fa, — x \ 3 a — x 

(i) 811 ) 


00 


X 


\a-\rXf 

2 — 5x4- 7 x 


5x—7 


a4-x 
2 — 3x 5 

3x— 5 


6. Find the equations of the sides of a triangle whose 
vertices are ( — 5, 4), (6,— 2) and (3, 2). 


PAPER 6 


0 . 


1. Prove that is indeterminate. 


2 . Find two numbers of the same two digits which are 
in the ratio of 8 : 3. 


3 . 


If — -rr~t prove that a : b—c : d. 


4. If 


pc4-Qd d z a 

be ; etbc 

= — =— , shew that = -r-. — r— — r 

y z xyz x 3 4-y 6 4~ 2 


a 


a 3 -\-b 3 4- c * 


x 


5. 


6 . 


Solve the equations : 

# 2 - 3 *+ 4 _ * 2 + 3*-4 

® 2^~Tte+l~2x z 4-5x--l' 
X 3 +3x^91 
W 3* 2 +l 37* 

Solve graphically the equations y 

6 y 


2x-l 

2x—3 


The average weights of infants for the first 12 months 
are given below in lbs. : 


Months 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

[ ' 1 

11 

12 

Weights 

8 

9A 

11 

124 

14 

154 

16J 

18 

19 

20 j 

21 

22 


Draw t 
you know 


PAPER 7 


. Find the value of 2 


35 


x 2 4- 4x — 21 


when x 


7. 


If 14- x, 2 4~x, 44-x are in continued proportion, find x-- 
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If ai b=*c : d, prove that (6a 


ION IV 


30$ 


Sc)($b-\-5<T) 

= (6a-\-5c)(6b — Sd}» 


If 


x y 


a 


£ prove that (x z + y z )(a? + &*) = ( aX + 


5 


Solve the equations : 

x 2 -f- x — 30 

(i) 


x 2 — 25 
3x— 2 , 6x 

(ii) - + 


2 . 


13 3x 


x— 1 


2x— 5 


x 


5 . 6x 

T 


7 


2 2x— 3 


6 


. . x + V 

Solve graphically and verify the solution of — g- 


5 


3 

2x— 3y 


5.1 


PAPER 8 


I The soldiers in two armies when met in a battle 
were in the ratio of 5 : 3, their respective losses were in the 
-atio of 3 • 2 and their survivors as 69 : 41. If the number of 
survivors in the smaller army be 16.400. find the original 

number _of^ _ ^ mean proportional between 16, 49 ; 

(ii) the fourth proportional to 12, 15, 18 ; 
and (iii) the third proportional to 24, 30. 

3. If 2 pssm+n and -> shew that rrt : x=n : y . 

4. If a, b , c y d are in continued proportion, shew that 

ab+bc+cd is the mean proportional between « 2 46 2 -f c 2 and 
£2 ^2 + ^ 2 . 

5. Solve the equations : 

. 2x 4- 7 . 3x-J-13 4"27 

(i> — ~ + 


(ii) 


x + 2 
x — 8 


x +3 


x4~4 




5 x — 7 a: — 4 


^—10 x — 7 x — 9 x — 6 

6. Find the speed of a train if 90 minutes are saved in 
150 miles when the speed is increased by 5 miles an hour. 

7. Find the vertices of the triangle formed by the 

straight lines 


Sx -\-5y 7 

3x + 7 y— 23 
5x — 2v — 11 


0 

0 

O 


V 


CHAPTER XVI 


% 


INDICES 

I. In a s t 5 is the index and it indicates that a is repeated 
as a factor 5 jtimes, or a 5 =axaxaxaxa. 

This definition of an index does not obviously involve 
the idea of direction. An index used hitherto is neither a 
positive integer, nor a negative one — it is a non-directed 
integer. Thus a + 5 or < 2 _ 5 has no meaning. Agajn, as^an 
index indicates the number of times a factor is repeated, 

1 1 s 1 1 " ' r-If j-fflf 

or # 3 is also meaningless. 

In order to include the directed and fractional indices in 
the domain of Algebra, we have to extend the meaning of an 
index. 

\tfe have already established the following laws of indices 


from the ordinary meaning of an index : 

a m x a n = a m + n 

... (i) 

a m -i-a n =a m - n 

... (ii) 

(a m ) n =a ntn 

... (in) 


Now the problem is to put such interpretation on a + m % 

a~ n ' an and a° that they may be included in the domain 
of Algebra. 


■ ‘ The extension'of Algebraic domain, with a view to include 
such mysterious and foreign elements , is possible only if these 
elements would obey all the rules which constitute the 
Algebraic government. 

Starting with the assumption that these foreign and 
mysterious elements do accept all the rules of Algebraic 
government, we lay down the following principles : 

... (i) that a+ n means exactly the same thing as a m ; 


t 
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(H) that a", a°, #-• are subject to the ordinary 
i of Algebra. 




m 




2. Meaning of a” • 
By the law of indices, 






2 2 2 

a*xa 3 xa 3 


*+l+ 


a 


«i 


2 \3 


2 3 


X 



a 


\ CL M ~ ^ — u> • 

Taking the cube root of both sides, we have 



a 


2 

3 


</ 


A 5/ 

Similarly , a* = ^ 


and 


7 

a 1 1 




For further generalisation, 
By the law of indices, 


we proceed as below 


m 


m 


m 


a S* x a n x a n X ... to » factors 

m 

a* 

m 


!!L4- ~ -{-...to n terms 

n n 




(a« )“=<*»" ■;=«' • 

Taking the wth root of both side s, we have 

• </ 


a 


7k 



Hence a "is the «'* toot of and in future we shall 

M 

always take a n =_\/ * 

' _< ;*.</ 


m 


n 


a 


i 


fya, and so on. 


^or. o 

. ft 3 3 / 

Thus, a = *Ja t a — V a, 

i_ i_ L , . __ 

Since a n xo n xo n x factors a 

l 

and a n — 

m tn 

n 


Lx m 

ft 


m 


a n 


(</ a ) 


a 


or a 


m 



(</*) 


m 



Thus, a * may be interpreted either as the n th root of the 
power of o, or as the wth power of the n th root of a. 
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Meaning of a 0 . 




By the law of indices, 


a ° x a 



*. S *, t 














both 



a° x a 




a "» 


Hence for all finite values of a. 




4. Meaning of a~ 


By the law of indices. 




Dividing both sides by a m , we have 






Also 





Cor. 


- m 



tr 


Hence any quantity with a negative index denotes 



reciprocal of the same with the same positive indsx and vice- 


versa . 



Example 1. Find the value of 21 


i 







21 


\ 



21 


3* =81. 


Example 2. Find the value of 9 




9 


1 


1 



(V9) 3 


1 


1 


W~l!T 
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Example 3. Multiply together Vi a 3 > >ar ~ 4 


3 1 _ 1 

and a 4 


, « 3. * . ■ • • 4 

The required product = a^Xfl 2 x<i 4 Xfl 

= ^+f+ 4 — £ 





a 6 . 


Example 4. 

and negative 


Express #i a -3 -7-(v / «) 
indices. 


s without radical signs 


av; 




a 


3 


5 

X 


1 


1 


a 


s 


a 


4 

T> 


3 

fl 4 


a 




3 

T 


a 


EXERCISE 70. 


express 
indices : 


the following without fractional and negative 


1 


<z 5 . 


2 . 


3 . 

X 5 


3. ^ a x6« 


— 2 


4. 9^ X P 


5. 




i-a 


3 


6 . 


4 


x 


2 

3 


7. 




8. 


2 »*/ —7 


X 



a 


9. 4m 


4y 


a: 


12 


•_ 2w / 

x~ 


Express the following without 
indices : 


radical signs and negative 


10 . (*/xy 


11. 


12 . 


1 




13. 


1 


3/ _\_4 * 


(^«) 


i4. jyx e -t-(^/x) . 


15 


• </ 


m 
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Find the value of 


16 . 4 
20 . 32 


h 

-t 


17 . 


8*. 


21. 27~ s . 


IS. 16 4 
22. 125 s 


19 . 


64^. 


23 . 81 


24 . 128 


-i 


25 


_3 

343 3 


26 


* </ 2 


243 2 27. 


£ 

q-2 


28 


1 \-2 


216 


29 


1 


Vl 6 l 


. 30. r^J (16“<)(12 


* ■* 


Simplify : 

31. 16*4 49 2 . 


h 


32. 




8 


-h 


27 


-h 


->2 

V u ■ 


g'5) 3 

10 * 


34. 


AT-t-* 


-1 


*-l 


35. 


a 


2 m + 71 


Xa 


3 m—6u 


a 


i m — 3 7i 


EL .To prove that (a m ) n =a mn for all values of m t 
Case I. When n is a positive integer. 

(a m ) n = a m x a m x a m to n factors 

_ /rOT+m+m+,.. to n Urtn$ — €L mn m 

Case II. When n is a positive fraction. 

Let «=-, where p and q are positive integers, 

9 

£ 

(a m y - (a*ny =- o/(a?)p '' \ jj || 


Now 




a * 


a 


tnn 


Case III. When n is any negative quantity 
Let « = — A then p is a positive quantity. 


Now 


(a m )n=z(a m ) 


P 


1 


1 


(«") 


a"* 




a 


mn 


Example 1. (9 s ) =9 S 


3 v 3 

A 4 =9 


* 


a /9 


j. 
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Example 2. (21 


4 


27 




27 


a 



n 


6. To prove that a n b n =(at>) n * or values of 

Case I. When n is a positive integer. 
o/ i b fl —{Q x & x # • • • to 7z factors) 

^ xibxbxb ... to n factors) 

= (abxabxab . . . . to « factors) 

= (ab) n . 

Case fi'E. When n is a positive fraction. 

__ ^ where p and q are both. positiv e integers, 
<7* 

p—nq . 


then 


Now (#£)” 


p 

(ah') q 


V ( 




J/(a n y(b n )9 — 2j(a n b n ) q 


(a»b n ) 


a n b n . 


Case ill. 

Net 72 = - 


V/hen 72 is any negative quantity 


-—pi then is a positive quantity. 

Now (a£)” = (<?6) = * 


1 




(aby 

a -Pb-{>—a n b n 


Hence generally ( abc ... )» = a ? ' x b n xc n . . . 
of 72. ' 


for all values 


a n , 

Cor. - ir - — a n b~ n 

b n 


b 


) 


Example 3. (8~ 2 x9*) 


2 
3 


(S' 2 ) 


2 
3 


(») 


V 

* * 

% 


8 5 x9 


-4 


c-yg) 


X 


-2 4 x 


1 = 1 6 
3 3* 


1 

V9 



* 


21 




•3 IS 


MA TRICU LA T/ON ALGEBRA 


Hrnmple 4. x ^a*b x 


a 


a 


4 2 3 1 x _1_ 

3 /; S X a w -b* X 

+i+* x a-+l-* 


4 


X ^ 
ab z . 


EXERCISE 71. 


Simplify : 

I- 


4 


I 


9 


2 . 3 . (x - ^ -2 ) -3 . 


( x G y T ) 


s. (y^v) 8 . 6. (y« 12 ^ 


-aW4 


> 


£/m 


8. V *' 6 8 


y"x&x*y 12 


a^/ w 6 

Vivlv^. ie. \/<A 'A* x aV“W 3 . 


II. (27a 3 ^64^-3)f 12. (125a 3 -?-27<H0- 

13. { (ab~$)-* x <*"#$ ) -6 } i 

14. xy~ 2 2 3 A-^(x 3 y 2 2 ~ 3 ) 


•> « 



x *+i-c xx *-i +<y I ^ 

■«• wr*(srM 


l J r nt 


V 




2 2 

17. Which is greater (2 3 ) or 2 3 , and by how much ? 

7. Algebra cal operations involving fractional and 
negative indices. 


As in the processes of multiplication, division, factorisation 
and square root, it is necessary to arrange the terms in 
ascending or descending powers of some common letter, the 
student should have sufficient practice in such arrangements 
while dealing with expressions involving fractional and 
negative indices. 
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Example 1. Arrange the following expressions in ascend- 
ing powers of x : 

(i) x-hx° + x- 1 -\-x- 2 +x 2 , 

(ii) 3xb + x~ X +lx-$ + x* l +x 0 . ' 

(iii) x^-2x~% + 3x-^ J rl~1x* + 5x. 

(i) Since 0> — 1 and — 1> — 2, the e : . a g-' 

ment of the terms in the i irst .expression would be 

x~ z -\-x~ f x 0 +x+x 2 . 

(ii) Since 0> — $ and — I, the proper arrange- 
ment of the terms in the second expression would be 

x- 1 + 4x~i + x v + x* + 3x 

(iii) Since l = x° and 0>-| and — t the proper 

arrangement of he terms in the third expression would be 

— ^ -f- 3x ^ 1. x° 5x — 1x z . 

Ex. Arrange the above three expressions in descending 
powers of x. 

Example 2. Multiply ab~ 1 + l + a 2 <5>~ 2 by a 2 b ~ 2 -fa — ab~ x . 

Arranging both the expressions in ascending powers of a 
and proceeding as usual, we have 

1 -\-ab~ x a 2 lr ~ 2 
1 — ab~ 1 4- cC z b~' 2 ' 

1 -f- ab ~ 1 -}- a z b~ z 
— ab ~~ 1 — a z b~ z — a 3 b~ 3 

4- a z b~ 2 4" 4* c^b ~ 4 

1 4 -a z b~ z 4- 

1 3 2 . 1 

Example 3. Divide 11* 3 — 64-^ — 6.ar 5 by x 5 — 3. 

~ Arranging the dividend and divisor according to. descend 
ing powers of * and proceeding as usual, we have 
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x* - 3)^ - 6x^ + llx* - 6(x^ — 3x^ -f- 2 

3 2 

x*-3x s 


2. I 

— 3# 6 4- llar^ 

sl i 

-3* 5 +9* 5 

2*^-6 

2^—6 

, * " -"*■ " *- y 

EXORCISE 72. 


1. Arrange the following expressions according to 
ascending powers of x : 

(i) 4* 2 + 1 + 3x~ l + 5x~ 2 — 7x. 

(ii) 3-j-6^- 3 4-5^ 3 4-^- 2 4-7^- 1 . 

l i i. -JL . 

(iii) * 4 - 44 - 6 *~^ 4 - 5 *» 4 - 3 * 2 »--* «, where n is a 

positive integer. 

(iv) — 2 4 - * 4- 6 * 3 ^ 4 - 5x **, where « is a positive 
integer. 

2. Arrange the following expressions according to 
descending powers of y : 

(i) 2-\-x~ z y' 2 -\-x 2 y- z . 


(ii) x^y 3 



(iii) 3 y 
Multiply : 


x y 


l-\-x 5 y 
- 2 4-1 — 5x 2 y~ 


3. a 

4 . a 


5. 


2 

8 


- 14 -a 3 by cF+a 3 
cfib^ -\-b by a? -\r$. 

h 


a+3b^ 4-4 ^ 3 by a—3b 2j r^c i . 

h . n k . o_& 


6. o* 4 - 2« 2 4 - 3* 5 + 2 a 6 4-1 by 1 - « 


2 a 


x 

6 


7. 

8. .. 


*r'V 


—A , i 

- 14 -y-i-j-j; ^ by 


-A -A 

* 2 y 4-y 


— j 


222 


\ 1 

aV 


It 1 1 J. X i 

cFc 5 —b*c* by a* -V b 5 -Y c . 
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Divide : - . 

11. a?b 3 -f- 1 — cfi — b 3 by 1-t-^ ^ a? -)r a? b 

12. x* 4- a? X s 4* a? by x*-)ra?x*+a?. 

z. _2 _2 2 

13. * 2 j/- 2 -f ^~ 2 y 2 + 2 by ■* 3 y 3 y^— 1. 

14 * 1 — ^ + 2 ^ 4 "^ ^ 1 +-# * 4 “*^ 

IS. x J r ci by x^-^a^. 16. x 4- r . 3 4" 3* • 

17. 8a? 4- b~* — c-\- 6a 2 b~^ c 3 by 2a 2 + b 2 — 


Exampie 4. 

(a 5 — -f ^ 3 ) 


2 ( 


a 


i v/ I 

6 K** 



Find the square of a 5 

/ 1 \ 2 / J.v 2 i 

— {a 5 ) +( — b 1 ) 4- c 3 

I,, i v 2. 2 2 

_<yj )( < :3) = -5 


.1 1 
b 1 4-c 3 



^ 7 ) + 


JL I 


-j_ 4. c* — 2 a & b ' 1 -\- 2 a s c 3 


1 2 

2 b 1 C z 


18. 19. «+« *. 20. + 

21 . a s-2a 4 + a". 22- X + a'^ + 4 . 23 . 


2 3 

Example 5. Resolve into factors a?— 

«i_^ = («i) a -(A)*=(a i -i 4 ) { (a4 2 +(« J 

= (a 2 — ^ 2 )(#4" b 2 + ^). 

24. Do questions 3, 4, 7, 8, 16 and 17 by formula. 

25. Multiply a 2 « + a w £~"-f £ -2n by a n — b~ n , using a formula 



26. 

27. 


3n 

Divide a‘ 1 


3 n 


n 


n 


b “* by a 2 — £ 2 by factors. 



3 

a 2 


3 

£ 2 


i 1 
a* 4-5*. 


a— 6 by 
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Example 6. 

(i) C* 2 ” 

(ii) (* 3 * 


Simplify (i) (x z ” *) , 


(ii) (x 3 


«-K» 


) • 


y 

1*9 

) 


u 


n 


_1\1 2 


•) 


X 


2*2 


n— 1 


(x(3“- 1 )] 


9 




#*+l 


9.3 


-1 


_ * — 14-] „ n 

x z =x z 

2 n— 1 
3 .3 


X 


X 


Simplify: 


29 . 


«+lv 4 

X* ) . 


(- 2 


✓ «-h*9 

30 . (. x 3 ) . 


31. 27*-f-3 3n+1 . 


32 . [(a m ) m --7z] m±l 


71—1 


4- a 


n — 1 


X 


n^-1 


n— 1 




a 

n — 1 


* ). 


L ■ 


33. (x 

( 71 71 v / ** *v 

a z — 6 Z )-=-(# 2 + £ 2 ). 

35. Compare f(2 2 ) J and 2 2 . 

36. Find the value of 3 OT .3 n when m — 2 4 and n = 2 3 . 


Example 7 . Simplify 


2 m + 1 . 3 2m ~ n . 5 **+ ”.6 n 
6 w, .10»+ 2 .15 m 


The expression 


2 W, + 1 32#n-« > 5OT+n # ^3«.2 n ) 


(3" l .2'*).(5*+ 2 .2*+ 2 ).5’".3 

2^71 3^777+ n—Tf^ 5 w +7* 
2tn+n+2^m + nt'fym+n+-2 


m 


( 2»t+»+2/ 

1 1 _1 = 1 

2 *5 3 2 


3 2 


77* 


3 2 

1 


m 



cmfn 
+ 



1 


25 50 


Simplify : 



2 n . 6 * t + 1 . iO w - n . 15 w+ -«~ 2 
4«.3 2w+ 7I .25 w_1 
2«(2»- 1 )" v ,2-2* 

2 w + 1 .2 n—1 (2 W ) W 

3*4 x 10 4 x 5*7 x 10 -6 x 4*4 x 10 3 

1-87 x 10“ 4 x 9-5 x 10 3 x 3 x 10" 4 


38. 


3«+4_6.3«+i 

3»+2 


40. 


INDICES 


6~ n X 36 2n ~ 2 

4| * & n -2 x 12-1 

Prove that 


* 43 . 


2 »+ 2 M ~ l _3 
2n + i-Y n ~2 


42 . 


3 n+1 


072+1 


■ (3« +1 ; 


1 \M-1 


* 44 . 


5 3 . 2^.10 1 

— 5 3 f 

15* -6 4 .4 8 


25 


Example 8 


a 


b 


3 

a 2 




1 


h ti 
a~ — 6 


a 


b 


The expres 

sion= 


-f ^)(« 2 — 






^ 4* ^ 


a 


i l 


(a 2 





ok _i_ 


a-4-a 


" ^ 





+ — (< 4*^^ 4^ 


+ 2a ^ b^ + b — 



i 



a—a^lfc — b 



i 


Simplify : 


45 . 


\r 



<7 + 


47 


49 


<7 
1 

P 


X 3_y-3 

x—y~ x 


m 



6* 1 1 

1-^ 

rJ|M 

i 

IV 

/ 

<7 / . 

i y* 


a*+F 


a*±b 



hi 


a*b 


•1 


46 * 


x —x 


1 


P 


48 





.r) 


n 



2 




n 


- 1 a 


\ b + c 


X c 


x e \c+a 








1 
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50. (2x^-rx "O — ( 




A 


X 




x z <4-y 9 — x 


*53. 


*52. 


-z 


x z y 2 — 
a- 2 (be- 1 


x~*y 


Z 


y~* .(x —x '-'yCy -y- 1 ) 


xy+x~ ml y - 1 


b~ 1 c) - \-b~ 2 {car 1 — c- x a ) + c- z (ab~ 1 — or * b) 


Prove that 


*53 


V 


x- 1 +y 


ZT+ 


y 


2xy 


x 


*54 


(? - m 



1 + 


7T 1 

1 


y 2 —x 


n — \ 



*55. Simplify 


1 


1 + a v ~ x 4- a z - 


+ 


1 


l+a x -*-{- a*-y 


4- 


1 


1-4 -a*—*-\-a x - z ' 


f Hint . 


1 


a 



l 1 4 ~ ct y ■* ~t’Cl z ^ cl x 4 ^ +a 2 

*56. If x = 2* — 2“*, prove that 2^r 3 +6^=3. 

v _i 

[ Hint . Cube both sides x= 2 3 — 2 3 , and put x for 


(2^_2”3).] 


2 


* .1 ■ 11 

*57. If a l =b m = c n and b z ~ac t then -—4- — ■* 

l n m 

58. If a x =b y and b x =a y > then a=b. 

59. \ia x — by t? = c t c £ =a t then xyz= 1. 


x\ x 


*60. If x y = y x , prove that (~j) y=xy 


£-i 


[Hint, Proceed analytically : 


X 

X? 


--1 


iC-^1 

X 

II 

(yy) 

X 

X 

if yy ■ 

= x 

if y x 

• 

II 
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indices 


3 to x— 4-3- 


8. To draw the graph of 2* from * ^ ^ an<J 3 in 

JfflSSrf ^in'es. we prepare the followina table 


2 



Takinsr 1 cm. as a unit along *-axis and -S cm. as ? unit 

taking these values, we obtain th© 

ilong the other, and plotting tuese v^iuc , 

olio wing graph : 



As there is no limit 



We note that 

(i) 2 X increases as x increases, 
to the value of x, there is no limit to ti value of 2 X . 

For x=0, 2 X = 
for x positive, 2 X >- 1 
for x negative, 2* *< 1. 

2 X is positive for all values o x. 

From the graph, read off the approximate vr lue 

, — *5 

and 2 * 

(ii) Use the graph to solve 


Ex. 

of 2 


m 

co 










m 
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9. Exponential Equations. The equations in which the 

unknown occurs as an index or exponent are called 

exponential equations. Thus a x =n is an exponential 
equation. 

Example 1. Solve S x m 3 X ♦*. 

As 

the equation can be written as below : 

3 2x = 3 X + 2 . 

As the bases of this equation are equal, therefore its 
indices are also equal. 

Hence 2x=x+ 2 m 

or x =2. 

Example 2. Solve 6 X + 2 + 5 = 221. 

By transposition, we have 

6 X + 2 = 216 
A 6*+ 2 = 6 3 ~ 


or #+2=3 
or x= 1. 

Example 3. Solve 4*- 8 .3 X ~ 1 =3. 
The equation may be written as 



A (4.3)*=4 2 .3 2 =(4.3) 2 
or 12* = 12 2 

x = 2. 

/4\2x- 3 / Z\x- 3 

Example 4. Solve yjj = (4/ 



«) - or 

2x—3 = 3—x 

or 3r =6 
or x=2.- 
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Solve the equations 
i 2* + 5 =4* + 1 . 


2 . 


gje- + 1 == 3 X + 3. 5* 4-6—631. 


4. 3** +5=86. S. (V6) 


x+4- 


(■^6) 


2x + 3 


6. (^16) 


2* + 9 


(^64) 


2^+7 


(^25) 


2x—i 


(&U$) 


x-+8 


8. 7^-i. 3^- 2 = 7. 9. 


3^-2. 5^-1 =5. 10. 9* 


9 

3 X ’ 


II. 5 3 * -4 =1. 


[Hint. 1=5°.] 


12. a x ~~ 3 = b x ~~ l 


I" Hint. Divide both sides by b x ' 3 and put 1 




13 


sy-^rr 8 


7/ 



5/ 


14 



3J*^ 



Example 5. Solve 3 

5' r+y 


Zx—y q 



7 y- 7 

3/ 


1. 


The first equation may be written as 


or 


3 2x ~ y - 
2 x—y 


3 2 

:2 


The second equation may be written as 

5 *+* = 5 

^ y=0 

From (i) and (ii), we get 


x 


| and 


Solve 


*15. 

3*\ 9 y = 

81 l 

*16. 

2 X + 1 

— 

4 J 

2*— y = 

8. | 


3 x -2 

= 

9 2 

*17. 

a*-* = 

: a*+* 

*18. 

a x+x 

. a 1 * 

-y 


at y + 3 = 

+ 2 V 


fiy~ z . 

pz- 



xAry + z ~ 

= 3. ) 



, c x ~ 

-2 

*19. 

yc + y + z _ 

= 27 x ~ v+ *”) 

*20. 

a x M? 

+ 1 

»• s 

43 > + 2 _ 

= 16 x + z > 

► 

a 2y . 

c?*- 


*£Lx + 22+ V 

— 43x4 v m ) 






y-3 


1 


b 


a 

a 


20 


(0 


(«) 
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' 21 . 2 X ~ V . 3 x -*y = 2y 

3 X ~ 2 . 5 X ~* =5 3 >+ 1 . 3*K 
[. Hint . Put the 1st equation in the form (2.3) x - 
and the second equation in the form (3.5) x ~~ 2 = (3.5) 3y 


(2.3^ 


* 22 . 


3 2x ~ y . 4 2x =4 y . 


| 

/ 


$3x + 1 5 3x—2y + 1 . — Q2y 


10. Theorem. If 


a 


b d / 


..I. t. r .i_ (pa n +gc n -\-re n 

then each of the ratios =( — - — — — — — 

\ x 2.W i l **£n 1 


where q, r. 


pb n +qd n \r{»\ ... 

n are any quantities whatever. 


Let 

Then 


a 

1 

a 


d 


/ 




bk, c= 

ii 

£ 

II 

pa n = 

= pb n k n 

gc n - 

9 

= gd n k n 

re n - 

= rf n k n 

etc., 

etc. 


Hence 


pa n *-gc n *-re n +- =(pb n + gd n *-rf n *- ... )k n 


pa n + gd 1 ••• __gn.* 

pb n -\- gd n + r{ nj r ... 

Taking n th root of both sides, we have 

|H * . \ i i 

pa n gc n ~t~ » » • j n __ ( p n \ n 



pb n + gd n 4- rt 


k 


a 

b 


c 

d 


/ 


m m m 


nple. If 


a 

1 


c 

d 


e 

T 


prove that each of these ratios 


is 


vt 


or 2 -Sc~ 2 * le~ 2 

3b~ 2 - 5d~ 2 +7f~‘ 


Let 


a 


i ■ ■ * 


k. 


e 

b d 1 

a — bk, c—dkt e—Ik 


' 9 



INDICES 


% 


3a- ^ 

Sc~ 2 

7e~ 2 


3 b- z k~ 2 
— 5d~ 2 k~~ 
7 i- 2 k-K 

-2_i_ 7/»— < 




5c 


or 



3 a 2 - 

-5c~ 

2 ■+• 7 e ~ 2 

3 6- 2 - 

-5d~ 

-2_|_7/-Z 


£-2(36 


£ 


or 


3a~ z — 5c 



UI V3^-2_5flf- 2 4-7/- £ / 

Taking the sq. root of bot sides, we bai£B| 

~3^ZT5c - 2 + 7e^y i = j k * ^ 



EXERCISE 


If 


a 


b d f 


1. 


v 


a 


c z + e 


t,*-d z +f z 


3 




5rf-2+7/-2 


, prove that each of these ratios is equal to 


a 3 + 2c 


3e 3 U 


b 3 - 2d 3 



7d* + 6f z 


4 . 


4 c 3 +5e 3 \h 


3b 3 — 4</ 3 4-5/ 


S. 


Vi 


2a~*+5c 


4- 7e 


2b~* + Sd-*-\-7f 


4\ — 1 

^ 


/a 7 — w 7 4- ne r \ 4 


lb 1 — 4- 


, & 
lt i 


d 


prove that 


7 . 


'x/ 




b z 4-d z Mb 4- nd 


8 


( ~J aJ r +J 6) 


a 


6 










(<A + 





9 . 


A /3a a 4-4g» 
-S'' 5a 3 



V36 2 + 4rf a 
^56®^ = 


6rf 3 





If 2=7 
b d 


{ 


prove that 


10* 


*%/ 


pa? -\-qc 


re 


pb z + 






II 


</°r. 


c z e 


e z a 


b z d—d z i—i z b 


V 



a 2 - 

-c 2 — £ 2 

6 2 - 

-d z —f z 







CHAPTER XVII 

INVOLUTION AND EVOLUTION 

1. Involution is the process of finding the powers of 
quantities. The powers of monomials have already been 
treated. Here, we propose to discuss the method of finding 
the powers of binomials, trinomials and multinomials. 

We already know that 

(x+a) {x + b ) = x z 4- (a 4- b) x+ab and 
(x+a) (x -f b) (x-\-c)=x 3 +(a+b+c)x 2 -\-(ab+6c+cd)x+abc. 

Here we observe that 

(i) the degree of the product is the same as the number 
of factors ; 

(ii) the first term is the product of the first terms of the 
factors ; 

(iii) the co-efficient of the second terms is the sum of the 
second terms of the factors ; 

, fiv) the co-efficient of the third terms is the sum of the 
products of the second terms of the factors, taken two at 

a time ; 

(v) the last term is the product of the second terms of 
the factors. 

Putting £ for the sum of like terms, we have 
(x+a) (x+6) (x+c) =x 3 -)rX z la+x%ab+(Lbc. 

Similarly, 

(x ci)(x -f- b)(x-\- c)(j£+ d) — x* -f- ft x^cibc A- &bcd. 

Example 1. Find the continued product of 

(x -f- 1 ^(x -f- 2)(x + $)(x — 4). 

Putting a for 1, b for 2, c for 3 and d for— 4» • 

we get the product 

= x 4 - 4 - x 3 4* x z £ab 4- x%a>bc -f* abed, 

%a = 1 -f- 2 -f- 3 — 4 = 2, 
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^=2+3 — 4+6-8-12= -13, 

'Zabc = 6 — 8 — 24 — 12 = 38, 

abed — — 24, 

the product =x 4 + 2x 3 — 13^ 2 38j*t 24. 

Example 2. Find the continued product of 

(x±a + b\x— a -V b)(x + a— b) . 

The expression = { #+(a+6) }{ ■#+(— a+b) }{ ■^+( fl! 

The co-efficient of x 2 in the product 

= (a + + ( — a + + (a = a + b , 

the co-efficient of x in the product 

— - a b) -{- (a + b)(a — b)+( — a-\-b)(a — b) 

— — « 2 + ^ 2 + « 2 — b 2 — cl 1 +2 ab — b 2 

= r-(a — b) 2 , 

th e 1 ast te rm = (a + b) ( — a + b)(a — 

= — ( a 3 — <z 2 £ — ab 2 J rb 3 ). 

the product 

=^ 3 +^: 2 (aH-^) — — b) z — (a 3 — a 2 b — ab 2 + w J ). 


EXERCISE 75. 

Find the continued product of : 

I. (x — l)(x — 2 )(at + 4). 2. (jr— 2)(^r+3X++ 4)c ? 

3. (x + 2)(x + 3)(x +4), 4. (x — 2)(j; — 3)(x — 4). 

a. (x-a)(x— b)(x—c). 6, (x:+lX-^-h 2)(^— 4X*— S)t 

7. (at— 2)(x— 3X*+ 4X^+5). 

8 . (x—a)(x—b)(x—c)(x — c). 

9 . \x+p + g)(x+p— q)(x— p+q). 

10. (x+y-\-\)(x-\-y— V)'x— y + 1). 

Example 3. Expand (x-\- a)*. 

(x + a) 4 = (^ + + a Y. x + a)(x-\- a) 

In this case the second term of each factor is a 
The co-efficient of x 3 in the product=a+«+a + a=4a, 
the co-efficient of x 2 in the product 

= a.a + a.a -\~a.a + a.a-i-a.a J ra.a = 6a 2 , 
the co-efficient of x in the product 

=s a.a.a+ a.a.a+ a.a.a-\-a.a.a= 4 a 3 , * 

the last term =a.a.a.a.=a*. 
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!• 


(x -fi a)* —x^-\r 4 x?a +* 6 x 2 a z -f- 4sC®* -f- « 4 - 



Expand as in example 3 : 

tl. 

!3. (a:— a) 4 . 

2. Expansion of Binomials. 

We already know that 

(*+ «)* = 


12 . (;r-f-a) 

14. (x—a) 


a 


(#— a) 3 

(*+ a) 4 

(*-«) 4 
Otr-f a) 5 


^r 3 -{-3^ 2 a+ 3;ra 2 + <* 3 

3 _ 


:r 


3^: 2 a + 3 xa 2 


x* +4x 3 a-{-6x 2 a 2 + 4 xa?-\-a* 

x *' — 4 X s a 4- 6 x 2 a 2 — 4 xa? + ® 4 
x 5 + 5x*a + 10 x 3 a 2 + 10 x z a? + 5xa* +a s 


(x—a) s ~x 5 — 5x*a+ 10x 3 a 2 — 10x 2 a 3 + 5xa* —a 

From the above cases, we observe that : 

(i) The number of terms in the expansion is greater tnan 

the index of the binomial by one. 

(ii) The first and the last terms in the expansion arc 

respectively x and a , each raised to the same power as the 
binomial. 

(iii) In each successive term, the index of x decreases 
and that of a increases by one 

(iv) 

equal to the index of the binomial. 

(v) The co-efficient of the first term is one, and that of 

each succeeding term is obtained by multiplying the co-effi- 
cient of the preceding term by the index of x in that term 
«nd dividing the product by the number of terms already 

obtained. The co efficient of the last term is one. 

fvi) The co-efficients cf the terms, equi-distant from tne 

middle, are equal. i . . 

(viO If the sign between the two terms of the bmomia 

\ ■ _ . _ t a.. if 

positive, all t he terms 


The sum of the indices of x and a in any term is 



the expansion are positive, and if 


terms 


ire negative. 
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Example 4. Expand (/£•+- #) 8 « 

The total number of terms in the expansion = 9, 


the first term = * 8 » 


'the second term ^~x 7 a = 8x 7 a. 


the third term = — x G a 2 -— 2%x e a z t 


the fourth term = —^-x s a 3 — 56x s a 3 t 



% 

The numerical co-efficients of the sixth, seventh, eighth 
nd ninth terms are respectively 56, 28, 8 and 1. 

Hence, we have 

(x-\-a) s -X s d- 8x 7 a 28 x*a z + 56A? 5 a 3 + 70 x*a* -r S6x 3 a 9 
28 x 2 a G + 8xa 7 + a s . 

^ * i * 

Example 5. Expand (2a— 3£)« 

The total number of teems in the expansion^ 6, 
the first term =(2a) s , 

the second term=^(2a) 4 (3£)= 5(2a) 4 (3£), 



the third term = ~(2a) 3 (34) 2 = 10(2a) 3 ( 36)*. 


The numerical co-efficients of the fourth, fifth and sixth 
terms are respectively 10, 5 and 1. 

Hence, we have 


(2a- 3b) 5 =(2 a) 5 - 5(2a)*(3t>) + 10(2a) 3 (3£) 2 - 10(2^) 2 (3£) 

i , • ... +5(2*X3*)*-(3., . 

; = 32a s - 240« 4 £+ 720a 3 £ 2 - 1080a 2 £ 3 + 810a<* 4 - 243£ s . 


22 
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Expand : 




15. (*+l) s . 

16. (a— 

■#)». 

17. (fi+qy. 

18. (I-*) 6 . 

19. (2 +w) 5 . 

20. (3 -a) 4 . 

21. (2*-l) s . 

4 

22. (1- 

3x)«. 

23. (I-*) 10 . 

24. (2 + 3*) 6 . 

25. (3 a- 

- 2«) 5 . 


27. (« + ^) 4 . 

28. (* 

-w 

m 

Simplify : 

29. (* + 1) 4 — (* * 

\ 

-l) 4 . 

30. 

(*-i) 5 +(*+i) s . 

31. (*+a)® — (*- 

-a) 6 . 

32. 

(3p+i^y 


Example 6. Find the co-efficient of x z in the expansion of 

(*+2) 3 (*-l) 4 . 

The given expression 

=(* 3 + 6* 2 + 12*+8)(* 4 -4* 3 +6* 2 -4*+l). 

The co-efficient of x 2 can be obtained, by multiplying 
(+6* 2 ) by (+1), (+12*) by (-4*) and (+8) by (+6* 2 ). 

Hence, the required co-efficient 

=(+6)(+l)+(+12X-4)+(+8X+6) 

= 6 - 48 +48 = 6 . 

• ■*- 

• • l j* j ? " * ^ 

Find the co-efficient of : 

33. x z in the expansion of (2*— 5) 2 (3*+l) 4 . 

34. x 3 in the expansion of (*+l) s (*— 2) 3 . 

/ 3\ 2 

35. x 4 in the expansion of (l—*) 6 ^2* + - ) • 

*36. x s in the expansion of (l+3* + 3* 2 +* 3 ) 3 . 

*37. x 6 in the expansion of (x 3 ~x z —x-'r l) 3 . 

Note. If * is small as compared with 1, (1+*) 71 is approximately 

n{n— 1 ) 2 
equal to 1 +nx + — ^ * • 


Example 7. Find an approximate value of (1G02) 5 . 


We 


(2000 4 - 2 ) 


( 


1000 
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Now ( 1 + 1000 )• =1+5 (iOOo )" t '2 (1000) + 

1 4 . 

= 1+ l00 + 100, 000 + 

= 1*01004 (approximately.) 

[In the expansion of Jqoo) * WG neglect the te " ms 

beyond the third, because their value is very small as 

compared with 1.] 

Hence (i 002 ) 5 =(1000) s (1-01004) 

= 10 IS (1*01004) < 

= 1,010,040,000,000,000 (approximately.) 

Find an approximate value of : 

*38. (1*005) 5 . *39. (1*02) 10 . *40. (1*0003) 25 . 

*41. Re. 1 at 4% per annum compound ■ . ' • rest ; Uer l'- 
years amounts to Rs. (1 + -04) 10 . Calculate the value of this 
amount to 3 decimal places, by the above method. 


EVOLUTION 


3. Since 

and 


( + 4)x(+4)= i b 
(— 4)x( — 4)= +16 

V -f 16 = 4- 4 as well as— 4 


Similarly, V +x z =+x as we ll as x. 

Or briefly, J + 16 = ±4 and = ±x . 

Thus, the square root of a positive quantity is both positive 


and negative . 

Since no two quantities, both positive or both negative , can 
give us a negative product, therefore a negative quantity 

cannot have a real square root. 

. - 1 * fci ip 

Examples 

(i) a/ + 16a*x 6 = i4a 2 ^: 3 , for (dh4<z 2 jr 3 ) 2 = 4- 16a 4 ^: 6 . 

(ii) V — 8a? x* = —2ax z t tor (—2ax 2 ) 3 = —8a 3 x s . 

(iii) -\-27x 6 =+3* 2 , for (-}-3^ 2 ) 3 = 4*27^ 6 . 

(iv) ^ + 16 a & = rb2# 2 , for (4z2^ 2 ) 4 = 4- 16a 8 . 


SM 


MATRICULATION ALGEBRA 


(v) & — 32a*° = -2a 2 ,{or(—2a 2 ) 5 = -32a 1 °. 

(vi) &+ 32a 10 =+2a 2 , for (+2a 2 ) 5 = -f32a 10 . 


Hence the rules: 

(i) Any even root of a positive quantity may be either 
positive or negative : 

(ii) Any odd root of a quantity has the same sign as 
that of the quantity itself. 

(iii) A negative quantity cannot have a real square 


root. 

EXERCISE 76. 

• A . r> •• * * k - 

Find mentally the square root of : 

- I. a 4 b x6 c 2 . 2. 64 a G b 8 c 10 . 3. 

a 14 b ia - 1‘44 a 6 (x—y) 4 

4. 1*21. 6 jio '• * .36 6 8 (* + y ) 6 * 


81 a G b 2 c* 

X 1 * 


Find mentally the cube root of: 

6. 1230 6 £ 3 £ 9 « 


8. 343 . 


a 3 b 6 


.# 9 y ia 


7. 

9< 


ts 


64# 3 £ 6 tf 

27 a 6 £ 9 


64 • x \Zy\*' 


Evaluate mentally 


ID. 

12 . 


&l6x 4 y a z x2 » II. v — 128a 1 4 £ a 


</ 


32 


13 


5 / a«10/i»25 

* 'V 243“ 


SQUARE ROOT 


4. Since a 2 -\-2ab-\-b 2 *=ia-\-b) 2 
and a 2 — 2 ab-\*b 2 = (a by 2 . 

... yo 2 + 2^ + £ 2 ) = y (« -f £) 2 = « + ^ 

and J(a 2 -2ab+b 2 ) = J(a-b) 2 =a-b. 

Thus, we can write down the square root of a trinomial, 
when it can be put in the form of 

a 2 2ab b 2 or a 2 -rr2ab-\ b 2 . 
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f 

Example I. Find the square root of 2Sx z — 30*y+ 9y z , 
Reducing the expression to the standard form, we have 

/(25* 2 -30 xy\ 9y z ) = */(Sx) z — 2(Sx)(3y)+(3y) z 

v .... = y(5x - 3y) 2 = ±(5x- 3 y). 

Example 2. Find the square root of -j-— 3 x z y -b9y z . 
Reducing the expression to the standard form, we have 

a /(^t ~3.* 2 y + 9;' 2 ) = \/(*y) ~ 2 - (^■)( 3 > / )+C 3 > , ) £ 

= V(f- 3;/ ) 2=± (i r~ 3y } 


EXERCISE 77. 


Find the square root of the following : 


I. 4a 2 -l2ab b9b z . 

3. 9x*+30x 2 y 2 + 25y*. 

5 . a G — 2a 3 -{-1. 

7 . x 2 x “I - 






y* 1+ 4x* 

\a z —%ab+*±b' 1 - 

a 4 — a 3 b \ \a z b z , 


2. 

4. 

6 . 

8 . 





16at 4 -f- .. Ox 2 + 25. 

81a 2 — 18a^ 2 + 6 4 . 

1 — 12x-{-36x z , 
x*y 7 l-x 2 y + £. 

lb 4+ a 2 ' 

x 4 —£x z y 2 + jQ. 





Example 3. Find the square root of 

4(a + £) 2 — 4(a 2 — ^ 2 ) + (a — ^) 2 . 

Reducing the expression to the standard form, we have 

{ 2 (a + b) } 2 -2 { 2 (a + b)(a-b) } + (a-b ) 2 . 

the square root = 2(a + b) — (a — b) 

• — ci + 3b, 


$36 


i TRICVLA TION AL GEBRA 


Fi :f. square root of : 


IS. 

17. 


%x* -r l) s 4- 4(x 2 1)4* 1. 

(3 a z -r l) 2 + 14(3 a 2 + 1) +■ 49. 





% w» 


t n 

i /. 


t- 

\ y 


2 \ +4 


\ >' 


2 



«* + £) 2 - 12(a 2 -£ 2 ) + 9(a 


n r 


I 


(**+!)• -(**-!) 


21 




9(a-}-£) 2 4-^ a 4-^X JC< 'r>')4"« 3cZ -j-2xy-l-y Z ' 


Example 4. 



Find the square root of 

* l +^-+ 12 (*+ 


X 


1 

X 


J’f®* 


The expression 





JL \+36 [v 38 = 2+36.] 

2 K x +4)+ 6 * =^(*+I)+® } 


the square root=A+6-|- 


1 

x 


L:amp ?2 5. 


T 


* o 


V 




Find the square root of 

(*'+£)' -i*+T y '+ 21 - 

ss:on = (.v*+-l ;i ) -6(i 2 +-i+ 2^+21 

-(^+^) 2 - 6 (^+^)- 12 + 21 

(^r^y-<^+^)+ 9 

- ) +3 * 
=K* i+ -^)- 3 r 

i uOt — -T* — 3 ~j 2 * 



EVOLUTION 


Find the square root of : 

1 1' 


23. + 


x 




X 


24. 


25. 


x z 4- 4* 4 f 

1 


* 


1 


( 


+ 6 . 


26. * 2 + 


27. 


1 

V x 2 


x 


1 


1. 




28 





1 







29 



1 


a: 


^ + 4 J r + 8. 


4 


30 


x Zj r 


j 


x 



4 . *-V 


4. 
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Example 6. Find the square root of 

^ ;ry-h-* 2 “4;r-4-4-l-2j/. 

£r^ ;: :V " : 4 ’ ■' 

Arranging the terms according to descending powers of 


we have 


x 


® — 4# — ^y4‘4-j-2y + 


y 


4 




+ 


y 

9 


* + ( 


2+^)*= {*-(2 + * 


9 



the required square root=#—2 ^ * 

Example 7. Find the square root ^_ fe3 + ^ _ 3(te+ 2S 

Here, break up 19;r 2 into two parts, such that the first 
two terms and one of then- xay be a perfect tqu.ae. 

Thus, the expression 

=x 4 — 6x 3 + 9* 2 -f 10# 2 — 30*4-25 
ss (x z — 3x) z 4- 2.5(x z — 3x) + 5 2 = { (x 2 -3x) + 5 } z 

• # the required square root = . 2 3^*+-5. 
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Find the square root of : 

31. x 4 — 4.r * -+- 6x z — 4x + 1 . 

32. 4x* + 12x* - llx z - 30*4-25. 

% ■ ; ■ 

33. x 4 -\-2x 3 y-\-3x 2 y 2 -\-2xy 3 +y 4 . 

35. 


36. 


37. 


9 * 4 — 30 x 3 y -f- 49 * 2 y 2 - 40*y 3 4 - 16y 4 . 

?l+rl + 3 + 2 J + 2 Z. 


y 


X 


y 


X 


» , * , 2 , x y 

x+ m rZi ~2 


2X2 


yz 

2 


x* . 2x . y z , 2y . z 


y 


+ 


2 

-h~ + 


2 2* 
4-ZU+H 


x x 


y 


38. ( ab -\-bc-r ca )* — 4afc(a 4* f ). 

[Hint. 4abc{a +c)= 4a£(a£ 4- &). Put a: for («£ -f-Ar).] 

39. (2**4-5jry 4-2y*X6**+5*y4"y # )(3* 2 +7^y-|-2y 2 ). 


«QL 


(t) 


+ 


*(*— y — *) 

9 




[Hint. From the second fraction take -=-.j 


41. 

42. 


x 2 + 2* + 1 *f 


2 


+ 


1 


x — 1 .v 4 — 2 x 2 -\ m X 


(a-b) 4 -2 (a* +d 2 )(a-^)* + 2(a 4 4- A 4 ). 


Find the fourth root of : 

43. x 4 — 4x 3 + 6* 2 — 4* 4- . 

44 . Shew that (*4-lX*+2X*+3)(*+4)+ 1 is a perfect 

square. 1 ''-■•SjI] 

45. Shew that (*4-3X*+4X*4-5X*+6)+l » s a 

square. 


Example 8. Find the square root of 4 w 4-9*— 2"* +1 .3"* 

The expression = (2 2 )-+ (3 2 r - 

=z(2 Tn y + (3 n ) 2 —2.2 m .3 n 
v ' =(2 «-3«) f 

. . the sq. root -2"* — 3*. 


El/OLUTIdN 


Find the square root of : 

46. x Zm — lx m+n -r^x Zn . 

47. 16 m 4-9 n 4-2 2m+1 .3”. 
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18. 


2bx Zm ~ 20* ,w + n 4- 4x Zn 














D. 


(enerai rule «or finding the square root 


So far we have been extracting the square root of Algeb- 
raic expressions by factors, but there are expressions whose 
square roots cannot be conveniently determined by factors. 
Thus we stand in need of a method which is applicable in all 


cases. 


V * 4 % 


Such a method is based upon the following formulae 


(<z+ b) z = cl 1 4- (2<* + &)b 


* • * 


• • • 


(<z4 - ' 

(a 4- b 4- c -j- <L) Z 


2 =a 2 -\-(2a-\’lj)b -\-(2cL-\-2b -\-cy 


(0 

(ii) 


a z +(2a+b)b+(2a 4 2b+c)c 


4” (2d 4” 2b 4“ 2c -{- d^d «■». (iii) 


ppose we have to find the square roo of a 2 4 -2ab-\-b z . 

Here, the first term of the sq. root is obviously = Ja z — a. 

If a z t or the square of the first term of the sq. root, 
subtracted from the given expression, the remainder 

= 2 ab J rb z . 

The second term of the square root (i.e., b) can be derived 
from the second term of the expression by dividing it by 
twice the first term of the square root. 

Now this term must be such as to give us ~ab-\-b z when 
Multiplied by (2&-^bj, z.£. t twice the first term of the SQU&re 
root plus the second term. 

As it is so, therefore b is the second term of t ! «e square 
root. 

* * 

a+b is the square root of a z -^-2 ab b z , 

lA 
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above 


Steps of process . 


(i) The first term of the 


Abbreviated Process . 


a 


2a^^b 


a 2 -\-2ab-\-b 2 fa+b 

a 2 ‘ 


+ 2ab+ b z 

4 -2ab+b 2 


X x 


sq. root= .Ja 2 =a. 

(ii) The square of the first 
term of the sq. root = « 2 . 

(iii) When a 2 is subtracted 
from the given expression, the 
remainder = + 2ab + b 2 . 

(iv) The second term of the 
sq, root = +2ab-r-2a= +b. 

(v) ( + 2a-t-£)£=-f 2a£-f b z . 

i.e. t the 2nd term of the 
sq. root multiplied by the sum 
of twice the first term and 
the second term is equal to 
the remainder. 

Example 1. Find the square root of 9x 2 — 24*y4 16y 2 . 


First form = J 9x 2 = 3x. 


2nd term 


24^y -f* 6x 
4 y. 


3x 

6x—4 y 


9x z 

9x 2 


24xy «f 16y 2 /3xr 
24j*ry+16y 2 

24 xy + 16 y 2 


4y 


x 


X 


If we have to find the square root of a multinomial, first 
we arrange it in descending powers of one of its letters and 
apply formula (i) or (ii), as the case may be. We find the 
first two terms of the square root, as explained in example 1. 
To find the third term, we divide the highest term of the 
second remainder by twice the first term of the square root 
already obtained ; the quotient thus got is the third term 
of the square root, provided it would satisfy the condition 
given below : 

(twice 1st term -f twice 2nd term 4* 3rd term) x 3rd term 

= the second remainder. 
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Example Z Find the square root of 6x 3 + 4 

The expression when arranged in descending powers of 
x is **- 6 **+ 13 * , - 12 ^l- &tJ+13 x*-12x+4/^-^+2 

** ' ** *-12x+4 

* 2 — 3X i - 6^ 3 + 9* 2 

- 4a; 3 — 12a; 4" 4 


6a; 3 4- 1 3a; 


2a; 2 — 6a; 4* 2 


4- 4jc 2 — 12a; 4-4 



(0 

(ii) 


Here the 1st term- Jx*=x 

When (a; 2 ) 2 or ** is subtracted from the expression. 


(iii) 


the first remainder 
6 x*+ twice x z 
the square root. 


6a; 3 4- 13a;* — 12a; +4. 

3x y which is the 2nd term of 


(iv) 


(v) 


(vi) 


Multiply (twice x*-1x) by -3* and ^btract the 
product from the first remainder; the result 
4-4* 2 — 12*+4 is the second remaine d 

_j_ 4 x z + twice a; 2 = 2, which is the 3rd term of the 
square root. 

Multiply {twice x 2 + twice (—3a;) 4-2] by 
product is equal to the second remainder. 


o . 
o • 


the 


x 


3*4-2 is the required sq. root 


Example 3. Find the squa r of. of 

. » * ; ^ ; - t , jf* 4- —24- 4a; a; 3 4- ^ * 

In arranging the terms in descending powers of a:, -2 must 

4 

be placed before — 

Arranging the terms in descending powers of x and 
proceeding as usual, we have 
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. , , x z , . _ 4 / „ x 2 

x*—x 3 -\-~+4x—2 — (x z - 

4 * 2 \ 2 x 

x z x 4 



Example 4. Find the square root of 

x 3 4* 3^ ® — 2x*y ^ — 2 x^y 4 4 - 2x ^ y- -t . 

Arranging the terms according to descending powers ot 
and proceeding as usual, we have 


x* — x^y 




3 

i**- 

2* 4 

*4- xy ' 

i + 2 Jy* 

— 2 * 2 y* -f-jp 

3 

I 

1 3 

.r 2 










5 _ 

2x J y 

* + xy~ 

-* 


2x^ - 

£ - 

i ! 

1 — 

2x*y ~ 

"^4 -xy' 

-i 









4-2*M- 

2x-y* + y 


2x * — 2 * 


~*+y 

i 


4- 2x*y^ — 

2x^y* 4 - y 


x x x 


.% the square root — x*—x^y ^4-y • 

EXERCISE 78. 

Find the square root of : 

I. 16;v 2 — 56;ry 4-49y 2 . 2 . x 4 4 - 6 xr 3 4 - \Sx 2 4-18.^ 

3 . 16x l -24x 3 + 25x 2 -12x + 4. 

4 . v 4 — 2ax 3 -j- 5a 2 x 2 —4a 3 x+ 4a* 

5 . * 0 - 12x s 4-60x* - 160.r 3 + 240* 2 - 192* 4- 64. 


6 . 

7. 

9. 

Id. 

12. 

13. 


evolution 
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* 4 , x 3 
64 + 8 


^4*1* 


Sv 


8. 9 * 4 


o 9 

18* 3 + 9 ^+^* 


&*+**+&** +&Y 

9* 2 — 24 * + 19 — — + 4^2 


+I6a 2 £ 2 +9a 4 £* -5o0 

-• a -+^-i+ 4A 


II. **-2**-f 

6a 3 b 3 . 


3* 2 

2 


a 


** , y 
14. -s + 


6 a 


15. 


4 £ 2 

9* 2 5 , y__ 

4j* + 2 + 4** 


y 


* 


y x 


2 16 


7 


4* 


2 3 * y 

— — ■■ ■ - — "I 

y * 


' ( 


16. 


4** +9^. 


* 2 + 


1 

x 


\+ 12 **( 


x 4* 


— ^+ 18. 
*/ 


17 . 

18 . 

19. 

29. 


1 


a6+ 4^e+ 2 


2( <x 3 + 


2 a 3 


*r2m +2nJL. jc2tn—2n -J- ^ -J- 2x^ m 

_ a _ i A . >1 ? I i R-v2m 


A x*ft ft • 


9 X 2m+Z + 4*2«-2 + 1 - 6* 2m + 3* *+ 1 - 4*"*- 1 • 

4 JW 
** 


+ 


y 4 


x ( X% A? 

\y 2 * 


21. (*-- y) 4 + * 4 + y * 


22 . 


23. 

24. 


y* a: 

16*"* +25+4** 

h 


a 

12* 4 


M Q 

24* 4 

3 


i + A* 3 + 5-* 4 + ^ 7 i v 

x z y— z + 2 xy~ x -\-x~~ 2 y 2 + 34 * 2 * y- 

+l+2«^ + 2<r* + 2«^ • 

i xt rAAt nl * 


25 

fourth 

27. 16* 4 -96x 3 y +216* 2 y 2 -2X6^y+81y. g 

Example S. Find the square root of 1.10 + 4.10 + 
+4.10+1, taking 10 as the^va mbie^. ^ 

\ jjq* 4 4.10 3 -f 6.10 2 -|-4.10 -)-l / 

1 . 10 4 \ 


1.10* x 1.10* • 

/ 

(2.10 2 +2.10) x 2.10 
(2.10 2 +4.10+1) X 1 


+4.10 3 +6.10 2 

+4.10 3 +4.10* 


+ 2. 10 2 +4.10+1 
+ 2.10 2 + 4.10 + 1 * 


x 


X 


X 
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The above process can be reduced to the arithmetical 
form by omitting the superfluous powers of 10, as shown 

below 

12 1 
14641 

’ ‘ ' „ : ' 1x1=1 


(20 + 2) x 2 


46 

44 


(240+ l)x 1 


241 
2 4 1 


* * * 


28. Find the square root of 4% 4 +8% 3 + 8% 2 4-4%+ 1, and 
hence extract the square root of 48841. 

29. Find the square root of % 4 + 2% 3 + 7% 2 + 6% + 9, and 
hence extract the square root of 12769. 

Example 6. Find the square root of 1- 


4% up to 4 terms. 



1 - 4%7 

1 

1 



-4% 

2-2% 

| — 4%+ 

I 

H 

•f 

1 

2% 2 


1 

1 

CM 

4% 2 - 

4% 


1 — 2x — 2x 2 — 4% 3 


4^^ 

4% 2 + 8% 3 4 + % 4 


8x 3 -4x* 

8x 3 + 16% 4 + I6x s + 16x^ 


l-2%-2% 2 -4% 3 . 


. . the square root up to 4 terms = 

Find up to 4 terms the square root of : 

30 . a 2 - 1 x 2 . 31 . 1 + -*’ x 

Example 7. Find (i) what may be added to, (ii) what may 

be subtracted from, or (iii) what : value be j * flve “ ° *? ,s 

that the expression 16 ** - 16* 3 - 20 x*+12x+m may be a 

perfect square^ ^ _ 20x * I2x+ m( 4** - 2* — 3 


4% 2 


16% 4 




8x 2 - 2x 


8x 2 — 4%— 3 


16% 3 -20% 2 
16% 3 + 4a: 2 

24% 2 + 12%4-w 

24% 2 + 1 2x +9; 

m 
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Obviously, the given expression will be a perfect square 

( i) if —tn^r 9 is added to it, or 

(ii) if m — 9 is subtracted from it, or 
(ii i' if m — 9 = 0, or m— 9. 

3; What may be added to, or subtracted from 9.r 4 -f 12 a* 
+ 7*2-1- 2 a: -fa, so that it may be a perfect square ? 

33. For what value of x will x 4 — \2x 3 -f 3Sx z — 9x — 5 be a 

* 

perfect square ? 

34. Find the condition so that x z 4- px -f q may be a per feel- 


square. 


*35. Find the values of a and b for which x* -f 4jt* 3 -f lO# 2 
+ axi-b is a perfect square. 


CUBE ROOT 


6. The cube root of an expression is found out by the 
application of the formulae: ■ U 



(a -f b) 3 *= a 3 -f 3a z b-\~ 3 ab z -f b 3 
(a — ^) 3 = a. 3 — 3a z b+ 3 db z — b 3 


Example. Find the cube root of x 3 — 6a: 2 -f 12 a:— 8. 

Reducing the expression to the standard form, we have 


x 3 — 6x z -f 12at — 8 = (x) 3 - 3(2)(x) z + 3(2) z (x) -(2) 3 = (x- 2) 3 . 


\ the cube root =a:— 2. 


EX ERCISE 79. 


Find by formulae the cube roo of me following : 

I. x 3 +12x* A8x+&k. 2. x 3 -9a: 2 -f 27 a: -27. 

*■ 6 1 ' 

3. 8a: 3 — 12a: - 1 r 4. 27x 3 — 21x 2 y-\-§xy z — y 3 . 

jc X 






CHAPTER XVIII 

* 

SURDS 

0 

1. When a root of a number cannot be exactly obtained, 

% *• ' U -P* . v • 7.'*’ •. _ _ m ' '** 

it is called an irrational quantity, or a surd. Thus, -3^4, 
^/f are all surds. 

If a root of an Algebraical expression cannot be denoted 
without the use of a fractional index, it is called an 
irrational quantity or a surd. 

Thus xy+y 2 , Z/x 3 A -y 3 , / V — are a11 surds. 

y 

In our mathematical work, we frequently meet with 
numbers and expressions which are in the form of surds but 
are not really surds . 

Thus, J 25 and */x* + 2xy+y z are in the surd form but they 

are not really surds; for ^ 2 ^ = 5 and ^/x z +2xy+y* = x hy. 

A product partly rational and partly surd may be 
expressed as a complete surd , as illustrated below: 

Example 1. 3V5 = (3 2 )^. 5- 

.5^ = (9.5)^ 

= a/9L5 = V45. 

Example 2. 4-^6 = (4 3 ) 2 ,6& 

= 64^ .6^ 

m (64.6)^ 

= $/ 384. 

A surd may sometimes be expressed as the product of 
a rational quantity and a surd, as illustrated below : 

Example 3. a/50 = a/25 x 2 

= (5 2 x2)£ 

= (5 2 )^ x 2^ 

= 5a/27 
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Example 4. 4/56=v8x7=(2 3 x7) 


3 


( 2 3 )5 x 7* 


2x7 


3 


24/7. 


EXERCISE 80. 


Express as a complete surd : 


1. 4 V6. 

2. 

4. 3 V5. 

5. 

7. x Vyl 

8. 

Simplify : 


10. V48. 

11. 

13. V250: 

14. 

16. 4/* 6 y- 

17. 

>19. 4/— 5120. 

20. 

Surds are said 

to be 


sVZ. 


y3 


x 


2 p 


p Jy 


V63. 


^567 



V* 3 ”. 


a. 


18. 


4 / 250 * 7 y 4 . 


be similar when they have, 




similar surds, and 3Vl25 and 7V5 


15 V 5. 


Thus, 3V5, 7V5 

are also similar surds, for 3V 125 

The reduction of sards, to similar surds is necessary tor 

he processes of addition and subtraction, as illustrated below 

I. ^128 + 4/54 = V 64 x 2 + V 27x2 


Example 


4/4 3 x2+v / 3 3 x2 


4/2(4 + 3) = 7V2. 





Example 2. V 768 - V243 = V256 X3 — V81 x 3 




V4^x3 
4V3- 


V3 


3V3 


^3(4-3) 


V3. 



Surds are said to be of the same order when they have 

all got the same root-symbol. Thus, V7, V x—y t V 5 3 , v a s 
are all surds of the same (the second) order. 


23 
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& & z * V x+y are all surds of the third order. 

Va, ^x z t V x z —y z are all surds of the nth order. 
Surds of the second order are called quadratic surds and 
of the third order are called cubic surds. 

Example 3. Express a 3 , y a 4 and y a 5 as surds of the 

same order. 

* given surds are of the 2nd, 3rd and 4th orders. The 
required order will be indicated by the L.C.M. of 2, 3, 4, or 
if will be of the 12th order. Thus, 

s 

12/^Ts- 

J/ a * = a 3 = a^= 1 £/a 16 , 

, and */a* =cfi — aJ* = i ya rT . 

Hence the required surds are 

X V a la . *4/« 16 and 

Example 4. Which is greater 5 or -v^4T 
The common order being 12^ 

4/5 = S*=S^ = i*/! 5 = '*/l25 

and -y4=4^=4^= >yi«= ’V256 - ; 

.*. y 4 is greater than 4^5, 

Example 5. Arrange *J 2, *v / 4 and ^6 in descending order 
of magnitude. 

The common order being 12** 


J2 ■■ 

— 2^ = 

6 

= 2 1T = 

= ,3 /2 6 = 

= , 3 / 64 , 

yl : 

II 

II 

4 

= 4 1 2 - 

II 

< 

11 

= 'V256, 

V J/6 : 

It 

Htf 

CO 

II 

3 

= 6 1 2 = 

= »?/6 3 = 

= * 4 / 2 16 . 


Hence the required arrangement is v^4, ^6 and V2. 
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EXERCISE 81. 

Reduce to the simplest form: _ 

1. 4V5‘-KV20-V45- 2* JT2-2JW+J* 

3. Jtt-jri + JlS* 4. 2 3/4 + 5^32-^/108* 

5. 2^40+3^/625-4^320. 

6. 4 v/ — 27 + v/~— 8 + 5 4/ 

7. J2tix 3 + V80P — $SJx z y. 

8. ^/a' £ x 3 - J a* x— J§a*x. 


9. 3£/8a 4 — v / '125a 4 + 4 / 27a 4 . 

x Reduce to surds of the same order : 


10 . J6, 4 / 3 , 3/2. 

12. v/jt 2 , 4 /*. 

Which is greater: 

11. 

i/2, i/4. 4/8. 

13. or 

14. 

J Tor i/ 3 ? 

15. 4/4 or ^/S ? 

16. 

4/6 or 4/10 ? 

Arrange according to descending order of magnitude 

17. V2, 4/4, 4/5. 

18. 

J\ i/ 5, i/ 6. 

19. 2V3, 3JT, i/1. 

20. 

^6, */8. i/Yl. 


2. Multiplication and division of surds. 

Case I. When the surds are of the same order. 


Example 1. «^8x ^15 = 8^ x 15®=*(8x 15)* 

= (120)^ = 4/1207 
Example 2. 16 + 4/4 = 10^ -f- 4^ 



Case II. When the surds are of different orders. . 

tr 

Example 3. 4/8 x ^3 = 8® x 3* = 8^ x 3^ 

= (8 2 p' x (3 3 )^ = (8 2 x 3 3)^ 
= (64 x 27p = 12/1728. .. 
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Example 4. 


matriculation algebra 





8 1 


3 

6^ 


* 



Case 111. When the given surds have the same quantity 
under the radical sign. 

Example 5. ^3x ^3=3* x 3 6 

_ 34 + 6 31% 


Example 6. 



= 1 i/s. 

Case SV. When simplification of surds is a necessary step 
before multiplication or division. 


Example 7. 


Example 8. 


4. *Jl?. x 2. v^45 

= 4.V6^2 x2.V3 2 .5 

= 4.6V2"x 2.3V5 

= 24V2x 6 'n/ 5 

= 144 V 2 x V5 
— . 144^/10. 

6V7T-f-2V63 

= 6V5 2 x3^2. V 3 2 X 7 

= 6.5V3"-2.3V7 
= 30 ^/ 3 6^/7 

_ 30 V J _ 

6^/7~ 


5Vf. 
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EXERCISE 82. 


Simplify : 

1. v / 7x-3 / 9. 

4. yu+ys 

7. v^6x 4^9. 

10 . 

13. a/36xV54. 


2. */5 x 
5. ~ 6 /l6 ~ 







8 . 





II. ^18 -4- v 24. 

x a/ 88. 


6 . 

9. 

12. 4^48-4 


* 4/l it 
V X 






8x #7 * 

/ £b „ 


14. 



3^ 128 x v^54 



16. 

17. 

22 , 

25. 

v 3 


or more 


x 


Vi.4. 17. J 18 4- - 



/£ ^2. v^4. 


20 


V8. V3. v 4. 

5 V 12 4* 10 a/ 27 . 23. 


15 . 

is. HHHJHI 

21. 



4 3v‘ 1 < 





24 . 




•> compound surd. 

6v / 74-2v / 8 and 6 
The process 
to that, ot compound algebraic expressions 



is similar 





Example 1. 

(4a/ 3 4- 3. v /2)(2<S(/3 — 5.*/ 3). 

p4*/3x2 V5 

— 8 a/ 15 — 60 4* 6 --J 10 


r\ 

£ 


V5 -5 V3 








3V^ x 5*v 


f r z 

r , * • 









cxunipnc 2* 

■■^EL 


/r A / O \ 2 




.6V24- 








-- 7 s 

1 1. / 


60V 6+72 






147-60^/6 



EXERCISE 83 


Multiply : 


1 . A ' 2 4~ 'V' 


7 3 by „ 




2. 



Vo by v o — , y 





O / ? 
£, *V ^ 



I 

**. 

a # 


Ca/3 


O v ^ -r 

6-- 2V 6 by 5 



2 



o j 

C'yJ 


6 . 


6. 5v 2 
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7. 6V3-I-3V5 by 6V3-3V5. 

8. a/ 5 -f- a/ 3 4- v^6 by a/54 - a/ 3 — a/6. 

9 * 4 / 9 + '¥36 by ^24-^3. 

Find the continued product of : 


10. (2 -a/3), (a/3 


a/ 2). 


H. 


a/ 6) 


a/3). 


12. (1 + V2 + a/3;, (1 + a/2 -a/3), (1-a/2 + a/3) 


■ ( — l-f a/2+ a/ 3) 

f ind the square of : 

13. 2a/6h-3a/ 5* 


15. 3 V3—4. 

17. 


£ 2 . 


1 0. 2 a /8x - 1 + 3a/i - 4*\ 

21 . Find the cube of 1 + 2^/x. 


(4. 3 a/ 7 — 4 a/6. 
16. *-A/i2lTi. 

18. a/ a 2 -r 2£ 2 - 


a/ a 2 


20 . 


2b 2 


3A/a 2 + ^24-4A/ a z — b 2 


4. Rationalising Factor. When the product of two 
irrational expressions or surds is rational, each is said to be 
the rationalising factor of the other. 

Thus v^5 is the rationalising factor of a/ 25 and & 25 is the 
rationalising factor of &S for ^25 x v^5= ^125 = 5, and 
(' N /5-j-^/3) is the rationalising factor of (a/5 — and 

(V5-V3) is the rationalising factor of (-75 + ^3), for 
(a/ 5 + ^/3)( a/5 — ^/3) = 5 — 3 = 2. 

The rationalising factor of a monomial surd can be found 
easily, as illustrated below ; 


> The rationalising factor ofv'a 2 or a $ is obviously or 

&a, for tya z x */a = a* x = + b = a . 

^Similarly, the rationalising factor of ^a 2 . Jb. or 

isa^M-or */a. Jb. */c z , for JF. Z/cH 

%/ a. b • v // c 1 


a 


2 


b^c^ x 


a^b-c 


2 . 

a 


= a.b.Cm 
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From these and similar examples, we can establish the 

-* • - c - c monomial 


surds : 


Rule, (i) Change the radical sign of the surd into the 

fractional index. 

(ii) Find the least fraction which when added to this 
index will make it an integer — such a fraction is the index 

of the rationalising factor. 


Example 1. Find the rationalising factor of 74 / 2 3 .'$ / '3 5 .v 


3/ 

1* 


7^2 3 * 4 / 3 s - v / 4 2 = 7.2 3 . 3*. 4*. 

Since f is the index of 2 and § + -| = 1» 


%/2 


Since § is the index of 3 and £ + 3 


2 , 


3 


&3 


Since § is the index of 4 and |-j- & = 1 


4^ or v^4 is the rationalising factor of %/ 4 Z . 

Orthe rationalising factor of 7 .%/2 3 *%/3 s '%/ 4 2 is 4/2 2 • v^S 3 -4/ 4. 

The rationalising factor of a binomial quadratic suf4t can 
be found by merely changing the sign between the two terms, 

from — into 4- and from -j- into — . 


Example 2. Find the rationalising factor of ajx 4- bjy. 
Since {a*jx+bjy){ajx—bjy) = (a'j x) z —(b J y) z 

— a z x—b z y , 

( ajx—bjy ) is the rationalising factor of 

^4 b y')* 

The rationalising factor of a binomial qua dratic surd is 
jailed its conjugate. 

EXERCISE 84. 


Write down mentally the rationalising factor of ; 

1. 2^2, V45, V54, V* 1 *. Vx-1, J'aWl 

2. J2. 3. ^4. V3. 4. JX V 6 . 


354 


MATRICULATION ALGEBRA 


5. 

8. 



14. 

16. 


*J 3 "4" a/ 2. 6. 

« + *Jb. o 

a^/x—b^/y. 12. 
V — J a—x. 

Vx^~i — 


a/5— a/3 7. 

V5. ^6. v'T 3 . 10. V 5. V 6*. ^73 


V a/ 


4V3 + 2VS. 


13. 3V2-2V3. 


15. ^t+a / 


;r 


1. 


1. 


Example 3. Simplify 5 a/3 - 4- 4 V2. 

5V3-4a/2 = ^|. 

4 a/ 2 

Rationalising the denominator, we get 

5 a/3~ = 5a/3x V 2 y 5 V6 y 5 a/ 6 
4^2 \J2 xJ2 4X ”8” * 


Example 4. Given V3 = 1*732, find the value of 
3 places of decimals. 


3 


2J3 


up 10 


Rationalising the denominator of this fraction, we have 


8 


8xa/3 = 8a/3_8V3 

6 

= 2*309. 


2V3 2^/3 x a/3 2.3 

8x1-732 13-856 


6 


6 


Simplify : 

17. 5V3-f-7V5. 18. 7V4-^-5V2. 

19. 4V5V4V2. 20. 2V5-=64/3, 

Given J2 = 1-414, y3 = 1*732 and = 2-236 find the 
value of the following fractions up to 3 places of decimals: 


21. 

4 

22. 

W"* 

3 

23. 

5V3' 

2V2' 

24. 

1 

3^/5* 

25. 

3 

2V5' 

26. 

Example 5. 

Given ^3 = 

1*732, find the 

value of 


7 

4^3“ 

6 

5^3' 

2 --f V * 
2-V3* 


Rationalising the denominator of 


2 + a/3 

2-V3’ 


we have 





SURDS 




the fraction 



(24* V3)(2+ V3) 

(2— 73)(2 + 

4+3+4 <v /3 __ 7 + 4 73 


4-3 
7+4x1*732 
13*928. 


7+6-928 



Example 6. Rationalise the denominator of 

(a- \- a z — !)(#+ — 

_ a 2, — ix«+ aZ -f) 


d + -V 


a 


1 


The fraction 


(a- 
a 2 +a 2 


1+2 a J a z — \ 


a 


2 — (a 2 — 1) 


2a 2 — l+2a Va 2 1 _ 2*2 + 2 a J a z 


a*— a 2 + l j, 

1 - 414 , */3 = 1*732, 75 = 2-236 and V 6 = 2*449, 


Given 72 = 
find the value of : 

72 + 1 

72- 1* 

7 3 + 72 



27 . 


28 . 


1 

V3-2* 

7 


V5 + 2 


29 . - 7 ? 


30. 


3V3-2V2* 


32. 


33 . 

34 . 


35 . 


7 3 -V 2 

Solve *7£+S=^ up to 3 places of decimals. 

Evaluate (x + ~j i* *= V 3 - 7 2 * 

1 

Evaluate : when# = 3+ 7 8 * 


^5-2 
15 

473-372* 





x 


Reduce to an equivalent fraction 

denominator : 

2 + 3 V 2 „ 472 + Vs 


with a rational 


36 . 


37 . 


39 . 


3-272 
7#+i+7 #— 1 

' j 1 

7 #+l — V JC — 1 


373-272 


38 . 


a 


+ 7 a 2 — b 2 


a 


Ja?-b 2 


40 . 


7# 2 +i+ 7# 2 — 1 

7# 2 +i-V# 2 -i 


The rationalising factor of a binomial cubic surd can be 
found by the application of the identity ( a±b){a-*ab\b ) 


= a 


±6 3 . 
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Example 7. Find the rationalising factor of %/a+ */b. 


Since (or* 4- b^ j ~ a$b&-l- (b^\ 



h 


■+■ ( b J \ = ayb. 


y<?f 

*• ( a ^) O^j or a . 2 — ab b 2 is the required 


rationalising factor. 

Write down men I 
41. ^5-^2. 

44. ^6+^3. 


42. ^ 4 + & 3 

45. 


43. ^6-^5. 


x— J/y. 46. tyx+IVy. 
The rationalising factors of homogeneous binomial surds 

of higher orders can be found by the application of the 
following identities : 

(i) (a— b)(a"- 1 +a*- 2 b+an- 2 b 2 + 

for all values of n. 

00 ( a 4 b) (a n ~ 1 — a n ~~ 2 b-f- a n ~~ 3 b 2 
w hen n is even . 

(iii) - - b)(a n ^ —o, n — '3^2. 

when n is odd. 


J-309 


Example 8. 


ZTa 



= a n —b M t 

— b n ~ x ) = 

= a n — b n 

-j -b n ~ 1 )= 

= a n + b* 


Vb 


ly a — /yb — a 


x 

6 


,i 

b 5 . 


In (x— y)(x* + x 3 y+x 2 y 2 + xy 3 +y 4 )=x s — y 
if we put a 5 for x and b ® for y, we get 

, 4 ,x 4. ax 2 . 2 1 3 4 

(a° — b 5 )(a s *-f-a a b 5 +a 6 b c, -j- a B b* + b s ) 

X S j s 

= («*) -(* 5 ) =a-b, 

, a ,x 2. 2 x a 4 
.’. (a* +a b b a ya 5 b^ + 0? b b + 6 5 ), or 

Vat 4- VaFb -f Va^b 2 4- Vab 3 -f &b 

nsr factor. 











SURDS 


the 


4/3- &2- 


48. 


^5-^3. 


^3 + ^ 2 . 



50. ^3+4/2. 


52. 4 /5 + 


Example 


Find the rationalising factor of 1 + V2 4-^/3. 


* ,• . * H 


1 + J2 -hV3= { (1 + V 2 )+V3 } • 


Multiplying the expression by (1 

# ^ \ / / t 1 / o\ 


{(l + -/2) + V3 } {(i+V 2 ) 



^3, we g 


(1W 2 ) 2 


1 + 2 +2^/2 


2V2. 



Again, multiplying 2 V2 by J2, we get 




2 ,/ 2 x V2 = 4 


the rationalising factor is (1+ V 2 



)V2 


Find the rationalising (actor of: 


53. 1-V2 + V 3 - 


54. 


/3+V 2 


55. ^3 - v-'t' 3 


56. v / 2 + v^3 


57. 3,75-2,^34-1 


58. 3V2+2V3 


Example 10. Simplify 


1 


I 


— f 


2^/3 ^3-hV2 3 


2 + V3 


V3 


The expression = (2 __ 0734- V 2 )(V 3 



-U 


4(3 +^/5) 


2 + V 2 _ V2 


(3-y5)(3 + V5) 


4-3 


3 


2 + V3-V3 + V 2 


5-lr V 2 4: 


9 



Example 11. Simplify y6 +/ y 12 + ^24- 


The denominator = V®4'V^2 + *s/ 2 ^_ ^ ^ 


^64-2^3+2 <>/ 6 4^/3 V° 


3^6 - 3^3 = 3 V 3( V 2 - !)• 
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the fraction 


9 3V3 XV3 

3V3(V2 — 1) 3 V 3(^/2 — 1) 

V3( Vf-f 1 ) 

V2"-i“U/2~l)(J r r-»-l) 



V3U/2+1) 


Simplify : 


59. 


2-1 


+/3(^/2 -j- 1). 


1 


1 


60 


61 


& -j- ci ^ - 

-i 1 

a — Ja z — \ 

i 


1 

a — V* 2 - 

-b z 

a -f- a z — b z 


5 

T ' ~ JI r 


62. 


63 


64 


3 V 8 + V 12 - 

V3 

-J21-J 32 


V5+1 

2 (V 3 - 1 ) VS- 

-V 3 * 

2^6 

■4" 

3 V 2 


4 V 3 

■v/2 +• *ys 


V 6 + V 2 ' 

Cl -)- /y/ CL^ — 

i 

a — a z - 

-1 


a — a 2 — 

■ i 

Cl -t" ^ ** 

1 



65. 


1 


V X 2 -f~ 1 "h *v/ X 2, — 1 X 2, r+- 1 — <v/ X 2 — 

Vi 2 -f- 1 — V — 1 + 4- J x *=l 

66. Find the value of (2-\- ^/3)~ 3 — (2 — -73) 


-3 


5. Properties of quadratic surds. 

Theorem 1. The square root of a quantity cannot be Partly 
rational and partly irrational . 

For, if possible, let 

+/x = a-{~ ^/b ; where ^/b is a true surd. 

Squaring both sides, we get 

x=a 2 + b -f- 2a .Jb. 


Hence *Jb 


x 


CL 


b 


2a 


i.e. % a surd is equal to a 
impossible. 


rational quantity, which is 



Theorem H. 





, ly-aif Jbr where x and a are both 

‘ * if. ^ /» -nr >r // y — /7. 


ineoiwu ”* , ' A nY „ true surds \ then x^a ana y=b. 

rational and Jy an V be greater than a 

:* ^ u not equal to « than let ^ u - 


For, if * is not equal to a 


and be equal to a-Vh, 


* • 


(0-M) + Jy^ a + J b 


• • 


A + *Jy~ 


Thus, the square root of a rational 


b — hAr fJV‘ 



and partly irrational, which 



theorem I. 


Hence x = a and consequently ,,,• .> 

m .'li MZ ■ 1 m 'W 9 *1 *■ if W m ml ■ \ I 


• = aiiu . \ 

Fr Tell the flaw in the following process : 

3+V25 = 6 W 4 
3 = 6 and 25 =4 



Since 



« * 


It is important to remember that theorem II holdo 
ii is» imp . ,., v jc -.nrt not merely m 


Note. It is important lu iw m«»r*lv in 

,ood only when Jy and Jb are true surds and not merely 


^UUU 'W ' - 

surd form, as in the above example. egressions 

sf the form a+J. . means of a few 


ji me 101 in wtv v| , 

heorem II and is illustrated below by 


means of a 



Example t. 



the square root of 314- 4 V 21- 


Let 


rJaAr rj b. 


Squaring both sides, we 2 e t_ 
31 -f-4-v/21 — a -\-b-\-2'J ab 

• bv theorem II, a + 6 = 31 

• * w J | — ■ 


CO 


and 




= V(31) 2 -(4V21) 



(Hi) 


By adding (i) and (iii), we get 


2a — 56 or a = 28 


and by substituting the value of a in (i), we get 

a. * * 
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31 -f 4^/21 = a/ 28 -f ^/3 

— 7 4 ^ 3 . 

Example 2. Find the square root of 21 — 8V S 

Let V21 — 8^5 

Squaring both sides, we get 

21 8v 5 = — 2 V 

a-\-b — 2 1 

and 2 v / g^^8v / 5 

— b—'J (a-f-^) 2 — 4a£ 

= V(21) 2 -(8y5) 2 

= V441 -320 

WIH = 11. ... 

From equations (i) and (iii), we get 

« = 16 and <5 = 5 

V 21 — 8^/5 = V 16 — V5 

= 4 — a/5. 




Note. In most cases the square root of expressions of 

the form a + yb can be found by inspection, as illustrated 
below. 


Example J. Find the square root of 7+ 2^/10. 

Here, we have to find two numbers which when added 
give 7 and when multiplied give 10. 

They are obviously 2 and 5. 

Thus, v' 74-2 a /10 = a/5+v'2. 

EXERCISE 85. 

Find the square root of: 

I. 52 + 14^/3. 2. 17-12V2. 3. 41+12^5. 

4. 19 +8^/3. 5. 14-3^20. 6. 94+6^/245. 

7. 43-30 J 2. 8. 27-10V2. 9. 87-12^/42. 


SUXDS 


Find by inspection the square root of : 

10. 7+4V 3 * 8 + : ^a/15. 

13. 12-1-2^/35. **• 21- 

16. If V(21-6V1 0) = V^-Vy fi nd 


12 


8^5*. 


15. 



2jl 

the value of 


x 


and y. 

Example 4. Find the square root oi J 32 — V 24. 


V32- V24= V2( Vl6- Vl2) 


V2(4-2V3) 


V(32- V 24 ) = ^ /2 V(4-2V3). 


/. V {06 — — ^ ^ ^ v x 

Now proceeding as in examp e 2, we find that 

4 — 2^/3= **/ 3 — 1 


•• V(V32- JZi) = &2( 

Find the square root of : 


1 ). 


17. Vl8 ! VlO. 


18. */ 27 — a/24- 


19. 


^/7o-}- -/ 72. 


20 . 



128 


'V 


/ 120 . 


21. 5V3+2V18' 


4r I • K/ yW ^ ^ V * v * 

Find the fourth root of : 


22. 6^/5 — 'J 17 


c“* 

O. 


23. 68-J-48V2. 


24. 7—4^3. 





25. 28-16^3. 


26. 124-32^15. 


xample 5. Simplify ^/2(1+ a/3)'\/(2 — 

Extracting the square root of 2 'J 3, we find 

1 


«/3). 


J2 




/3 


72 ( ^ 3 


1) 


1 


0 • 


the expression= V2(l+/3) /2(v , 3-l)-(/3+l) 










far- ~ + * W^. 














U/3- 

= 3-1 = 2. 


1 ) 


Simplify : 


27. V6 -VC17 + 12V2)- 


28, 


2- J3 


*J (7 — 4^/3) 


29. (1 + V3XV2-73)V(5+2V6). 


30. 


V(9 + 2V20)+ V(9- 2 V20) 


V(9 + 2V 20) - V(9 - 2 V20) 
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*31 


-/(5+2V6)+V(5-2VS) V(5+2y§}— V(5 

I I ■ MBMBMMBi + ' ■■■MB' ' 


*32 


3 


2 


5 


/(7+2 VlO) + V(8 - 2^15) V(7+2V6)' 


*33. Evaluate 


1 


+Jx 


when ^=3 +2^/2. 


*34. Find the value of 


1-M 


+ 


1—x 


i+ja+xr i-j(i-x) 


when x 


rr . . , i a/ 3 2-{-'%/3 4-f-2V 3 

Hint . 1-f - ■£■= 1-4 — 35- = — - — or - 


2 


2 


4 


and vl+^ 



4*1-2^/ 3\ a/34-1 


Similarly, 1—x 


2 


-V 


and ■>/! — x 


2 

V3-1 

i— _ _ _ 

2 


4 

/3 4 

- or - 


2V3 


4 


V6) 


V(5 + 2 V6) - V(5 - 2 V6) V(5+ 2^6)+ VV>-2*/$j 


V 3 

2 


*Example 6. Find the square root of 124-4^/3— 4 a/5— 2 

a/15. 

Let 'J (12 + 4 V3-4^5-2 V15) = ^-|- Jy-JZ 

Then squaring both sides, we have 

12 4" 4^/3 — 4 a/ 5 — 2^/15 = -^ 4" y 4~ ^ 4~ 2-%/ — 2 a/ x? — 2a/ y? 


.*. ^4-y-Kf = 12 _ ... ... ... (i) 

2Vxy = 4a/ 3 ... ... ... (ii) 

2a/^ = 4a/ 5^ ... ... ... (iii) 

2*Syz= 2a/ 15 ... ... ... (iv) 

From (ii) and (iii), we get 

4a? A/y^ = 16Vl5 ... ... ... (v) 

But 2^/yz = 2+/ijT .*. 2x =8, or #=4. 

From (ii), y = 3, and from (iii), z=5. 


Also xr-fy4-^=44-3-f-5=12. 

.-. V(124-4V3-4V5- 2a/15)=24- V3-JS. 


SURDS 
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Find the square root of : 

#■ ■* ■ 

*35. 6+ V8+ Vl2+ V24. 

*36. 10- V244-2V10-2V15. 

*37. 9 + 2^3 — 2^5— 2-/15. 

*33. 1 5 — 4-/ 5 — 4-/ 6+2+/30. 

6. Equations involving surds. 

Example 1. Solve x-\- 1 6 = ,/,# + 2 . 

Squaring both sides, we have 

.v -f- 16 = x -4-4+4./ 

! fence 4/;*:= 12 

/* = 3 
x = 9. 


Example 2. Solve 

-x /. x — 

-3 = 

: '\/ Ax 

o 

— v) 

Squaring both sides, we have 




x “1“ 2 x — 

3 + 2/(.* 2 -x- 

-6): 

= 4x — 

3. 

By transposition, 

2 ~J(x 2 — x- 

"6) = 

= 2x — 

2 




= 2{x - 

-1) 


+/(x 2 — x — 6)=^: — 1. 
Squaring both sides, we have 

x z —x — Q — x 2 — 2x- s r 1. 

By transposition, x = 7. 

Example 3. Solve ^r-fV x 2 + 'J (4x 2 - 1 ) = 1 . 

By transposition, -J x 1 - + V (4a 2 — 1) = 1 — 

Squaring both sides, we have 

x 2 + J(4x* - 1) = 1 — 2*4- .r 2 

■ /. J(4x* -l) = l-2x. 

Squaring both sides, we have 

4x z — 1 = 1 — 4x - i i -4x z . 

By transposition, 4^=2 

x= h. 


9 


24 
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m , 


EXERCISE 86. 


Solve the equations : 

1 . *sf Sx< d — 4* 

3. ^ ■ 1 ■ 1 x, 

5. V.rTil = 11 “ Jx. 

7. a/ 3x4- 4. 4* 4 *■“ <\/ = 0, 



22 . 




2. * a/ 3?*f 1 — 3^ x— 1» • 

4. '■v/# -f- 7 == 1 4r*Jx» 

6. < s/5(^-{*2)=2*H'>/5jt. 

8. VlO* 2 — 25 = 3 - 4r/ I 


9. +J x 


a 


2a, 


10. a/# 4“ a/ 7 4- 


21 


\ 


a/7+ 


x 


II. X -f- y*y Cl 4" X 


2 a 


a/ &4~x 


12. &7-4x = 3. 


13. $/x — 3 = &x 2 — 2x r 11. 14. &'x 4-4=; tyx 2 4-5x4-25. 


*J x — d 44rx 


2 


Jx 


16, *J ^Ia/ 


x 


a/1 


x-h 


«/x4-U-'J 




4=3 


18. a/2^4-14-a/2 


x-7=4. 


v 3 a' + 1 — + J 3 x — 11 — 2. 20. ->/ 5x — 1= : 14-'\/5x 

J 7x — 10 -f- lx 4- 1 = 1 J . 


2 . 


'J x z 


— 3x *j"5 — \/ x z — x 4~ 1 — 1. 
^/x 2 4-11x4-20— 'J x 2, -f* 5x — 1 


3 



v x4~l ~ — a/ 4X"j"l» 


a/3^+1+a/2(at-6) = V5^+9 

a/ x *4~ 5 *4” a/ x “4~ 6 — + J 4x 4~ 1 1* 


JBxample 4. Solve */4x4-0 — *j4x— 7=2. 

If we subtract (4x— 7) from 9), we get 


(4*-f 9)— (4*— 7 )e=16 


« # # 


[Identity.] 


Dividing this identity by the given equation, we get 






(4*4-9)- (4*- 7) 16 

a/4*4-9— a/4*— 7 2 

a/4^H-94-a/ 4*— 7 =8 


8 


<s 


[Equivalent equation.] 


ik _3 










■ . 








SURDS 





Adding the given equation and the equivalent equation. 





we get 


2 4* 4* 9 


or 


.s/4*4-9 


4*4-9 









The method illustrated in the solution ot this example i 

j J * J 




called the Method of identity. 



p JYietnoa oi wcuw^. , , , 

vUp ctpns involved in th( 
State in your own words the step 


method of identity. 


Example 5. Solve 


/ 2 * 2 


1 ,J‘l * 2 — 2 — ~l 


(2*»-l)-(2**-2)=l [Identity.] 


, it.., hv the «iven equation, we have 

Dividing the identity by me giveu h 

- •» “ x ' 1(7 — A /ax 


(2x l — !■) — (2* 2 — 2) 


1 


V3) 

— in ■ 




„/ 2 x 2 — 1 -f- v 


/2x z r-2 7 + 4V3 


49 — 48 


/ ?x s^ 2 = =7-4V3.. [Equivalent equation. 





2 


1 


equation and the equivalent equation 



we get 


2J'Zx* -1 = 14 


V2 


2 


1 = 7 


2* 2 


t 


49 


* 


25 


±5. 



Solve the equations by the method 


27. V 4* 


V4*-li = 2 . 28. 


.>/ 5* -j- b 4" a/ 5* 4~ 4 — ■ 2 * 


29. V 5^4-6— V5* 


14 = 2. 30. -/9*— 2 



31. 


,y 6 % 4 - 14 - '■'Zb#— 8=9. 32. 7 x 1 - 8 4- V 7 x> 


n. J 3* 


TiW3* 2 -15=84-2Vl5 


34 . 


^J^x^^22—2'J * 2 — 18*11— 6a/2. 



35 


V 3*T2* = V4^h3 -V 5*4-4. 









[//taf. ( 2 * +• 1) - (3* 4- 2) 


* — 1 = (4*4-3)— (5* 4- 4) 



identity.] 


"N 
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* Exam pie 6. 


v l+x+'jy i 


x 


&2 



Cubi ig both sides o the equation, we have 


(l+^)+(l 


3^(1 






vi+ 


(y^l-bx+^l— x) } = 2, 



x 




2 for 


w wboMvte 


4*v I 


3v^l— ^t' 2 . ^2 = 2 


the above and get 


\ 


t # 


^2. v / l-x 2 ^0 




or 




X 


2 


0 










or 


1 — x 


0 







1 





s elution 


1 ^ t -i. ■ S by the above method : 

*3#. Z/x+l - -v^ x— 1 = ^2. 

m. & (a + + & (a -Jx)= */b. • 

*38. y ax -k-b — vK ax —b—2i>. 

* 

*6f . (a-\-x)^-\~ («— x)* = 3(<2 2 — x 2 )K 

*40, & iJ- 13- y x — 13 = 2. 


Example 7. Solve 

-T — 9 


xr 


9 


*J x-\- 3 


3 


rJ X 3 


2 


V-v+3 


H- 3)(^/ — 3») 
y x-^-3 


r 

Hence the given equation becomes 


y s * — 3 — 3 


yx—3 

2 


2 , 7 * - 6 = 6 - y&+3 

3yx= 15 

yx = s 




25 . 


y^r-3 






Solve the equations 


* 4 L 


7 > 


* 43 . 






* 45 . 



* 47 . 



Rationalise the denominator s 


* 48 . 



14-Vl 




l* S. 


— x 1 

sj 3x 

Solve 

Jx~-J3x 

By eornponen _ 

(Jx+ V3x - 1 >+ (Jx — J3x 












Squaring both sides, we have 

x= 

41 X- 



*■ % 






x+\ 

«J .x~ 4 - 1 -b V x 
3x - 4 - J 4x 








X 


v22+1 


x+2- 



















CHAPTER XIX 
ELIMINATION 



/ 


m 

Let us solve the equations (i) x4-5=9 > 

(ii) x-{-3 —8. \ 

Obviously, the first equation is true when x=4 and the 

second is true when x — 5, out boiu of them are i sever true 
simultaneously for any value cf x. 

Thus, these two equations are not cmzsi&fent for one and 
the same value of x. 


Now, let us solve the equations (!) x-y-n—9 * 

(ii) x4 -# = 8. y 

The first equation is true when x~9—a and the second 
is true when x = 8 — b and both are simultaneously true for 
the same value of x if 9 — a— 3— b or if a—b~l. 

Thus, these two equations are consistent for one and the 
same value of x if a — b = 1. The condition discovered here 
is general and helps us in constructing pairs of consistent 
equations, tor example : 


x 4-3 = 9 | 

x -}-2=8 j 

* 4 - 4=9 | 
x4-3 = 8 C 


...here 3 — 2=1 ami x=6, 
...here 4—3=1 and x=5„ 


x 4-5 = 9 | 
x 4-4 = 8 j 



• _ 

3—4=1 and x=4, 

% 


and so on. 

- It is by removing x from die equations x4-«=9 and x+b 
=8 that we have arrived at the condition a—b~ 1, which is 
necessary for the consistency of these two equations* 

The process involved in throwing off the unknown from 
the given equations and arriving at a condition or relation 


ON 


* 
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n ecessary 


discovered is called 


x, e: nee to find the value of » unknown quantities, we require 
Note. Since to un _ __ vsnuir* erne more 




n Sons? for their elimination we ****** & ***** 

equation or in all n + 1 equations. 


exhaustive treatment of elimination is beyond the 
^ Here we shall illustrate by means of 

a a _ m 




this book 


examples some important 



Gxar 


Eliminate 


m: t+w—O 


ax 


0 


# ♦ * 


From (j), we get x 


n 


m 




n 


Substituting - - for X in (ii), we get 

7ft 




(9 



(ii) 





*)*+*.(--) +*=o 

v>if ' m 9 










m 

fantt+cm* =0, which is the required eliminant. 









or an 





Example 


Eliminate x and y from the equations 


a X x + b x y ■+• c | — 0 


a 2 # -J- b^y "1* ^ 2 
a - 3 ,x + b 3 y 4 * c 3 


0 


0 



(i) 


(ii) 




i ~ 3' ' a 

From (i) and (ii), by the method of cross-multiplication, 


X 


y 




c \ a z 


C ^ 



X 


b x c^ b \ 


a x b 2 — a z b t 


,y 


C 


C 1 


a i&z~~ a Jb x 


Substituting 


a 


b x c 


i 


3* 


a x b z —a z b x 


•f b<x. 


c*a 


12 


c~a 


2 1 


a x b 


a i°\ 


4^a — 0» 


or aJbc 2 


2 "2*'l a- 2 

b<X x ) — b z {Cya 2 




fvhidi is the required eliminant 
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Hxam pse 3. Eliminate x from the equations 



ax 1 -j- bx J r c 


0 




a! x 2 -{- b' x -j- c f =0 


0) 
0*0 


* * . < _ ^ . „/ '* # ^ w 

From (i) and (ii), by the method of cross-multiplication. 


x 


X 


1 


be' - b' c 


ca 


C CL 


ab ' — a'b 


x 


m « 


X 


1 



x 



be' —b f c ab'—a'b 

' x. (i* . ’ * 

(be' — b'c)(ab' — a'b)~(ca f — c'a ) 2 , which is the required 


eliminarit. ' " Pi 

Example 4. Eliminate x from the equations 

* % *_\ ^ 

} * m m * • * m * 

I 111 ax z \bx -\-c — § ... ... 

m 

h I x 2 ~rpx + g = Q 


... tf) 

Multiplying (ii) by ax and subtracting the resulting 

equation from (i), '#^1 iSSI iHi'HI 


or 


apx 2 -\-(b—ag)x^-c= 0 
apx 2 -\-(aq — b')X — c = 0 


(iii) 

Now, taking (ii) and (iii) and proceeding as i i example 3, 

we find the required eliminant. , ,1-iI 



* 

ft 


\ w i 


EXERCISE 87 

Eliminate x from the equations : 

1. x=2 

4 

mx—n. 
ax *j* b — 0 


2. ax — b 


x~ 


m 


4. 


0 



- 










5. 






a' x-\-b' =0. 
ax-\-b—0 
px Zj rgx 


x-\-m- 
2 “I - bx “J - c 
6. px “I - g—0 


ax 


0. 


0. 


ax 3 + bx 2 -\-cx-\-d=Q 



Eliminate t from the equations : 


7. x—ai 2 
y — 2a/. 


8. »=«-{-// 
s — ut+bft 2 


i 


9, Eliminate r from the equations : 
l(r~a) = m(r—b) 

l(r—c)~m(r'—d). 


? i 





Eliminate x and y from the equations 

, ax-\-by — 0 

lx 2 - -4- mxy 4- ny’ £ — 




Hint. Take 


x 

y 


as the variable 



Eliminate x> y> 2 from the equations 


II 


:-\-by J rCz = 0 


a' x+b' yA-c' z = 0 
a " x 4 b" y 4 c” z = 0 . 

W 


12 . ax A- by — 2 
by Ar cz=x 
cz 4 - ax » y 


13. 


x 


y 


a. 


y 




X 


b % 


x — y 


c. 


14. 


a 


V 


y-yz 


2 -tx 


= b, 

/ * 


z 



V 


c . 


Eliminate /, m y n from the equations: 


15 


7nz-\-n y — l 

71 X 4- / Z - 772. 

ly mx — n. 


Eliminate t from the equations 


16. t- -f/Z+x^O 

t Zj r gt + y =0 











■kninate l from the equations 




w 


17. xl z 4 - yf + 


/i 


0 






^ x* l z A- y’ l A- 2 — 0 
Eliminate x from the equations 

18. x z + d = 0 
ax z 4- bx -K = 0. 

j Hint. F«t the first equation in 

1 9. ax 3 4 bx -| -c —0 





















a.' x 3 4 b f x 4- c * — 0 


21 . x 


pxA- Q 


x 3 4 qx 4 r 



' 


the 

fosm 

20 . 

ax 3 


X 

% 

22 . 

ax 2 


x 3 


’ 




o f .a ; 2 4 Q.r 4 



0 

0 





Example 5. Eliminate x from the equations : 


ax 


m 


CX» 


b=0 

d=0 


P * • 


0> 

(ii> 


Prom (i), x m = — and from (ii), x* 

••• w-©'- M'-ir 


^ \« 


) an( j 



</y« 


(t)‘ 


\ w 

* or ancfi* =b n c m is 


the required! 


eliminant. 


Example 6. Eliminate from 


£ 

the equations « .r + — — w 

£ 

ax — = n. 


% 


x 


By adding, we get 2ax — m -\-n 


. 


By subtracting, we get 


2b 

x 


m — n. 


< 


Multiplying these results, we get the eliminant 


4 ab — m 2, — n 


Eliminate x from the equations : 


U 



ax'*" *j"^ : 

— o f 

cx 3 -i ■ d 

=0- ) 

, 1 

\ 

*-r — : - 

=« 1 

X 

mm 

1 

, / 

^ S 

=£. 


i 

Eliminate 

a . 

7« _ 

— \~ 


m 

A 

a 



24. 


px 3 —q 
mx* — n 


0 

0 



26. 


2 # 4 - 


i 


2x 


3 

x 

3 

x 


m 


n. 


P 


m 


a 


Q 




■ 


Example 7. 


Since 



Or 


x 


X 2 4- 



4-2 = b 2 . 


Substituting the value, of 


1 


x * 4 - — » we get 

x 2 



a 


±2=b 


or 


^2_^2^_2=0. which is the required el im inant 
Examples. Eliminate *. v trom the equations 

bx- 
X 2 4- ^ 



Squaring the first and the sec ond equations and adding 
the results, we have 

a^x 1 4 - b 2 y 2 4- 2tf fcry 4- £ 2 * 2 4 -a z y- — 2 abxy — c % 4 ~d 2 
i ... a 2 (^ 2 4- y 2 ) + b 2 (X- + V 2 )^r 2 ±d 2 . . ■ 

Substituting the value of x 2 4* y 2 . we have 

a 2 _i_^2 4 -rf 2 . which is the required e iminant. 

'ii 




Eliminate je from the equations : 


28. 

X 2 

1 

** | 

29. 


1 

( 

t 

t # 


* X ~ 

-3 = 

J 

$ ^ 

4fc* * 

B V 

r 

30. 

=/> 3 1 

i 31. 

u 

1 

1 

• 

* 1 


r — — - 

'-q- 

* 

# 

;c 


» 

I 

1 

32. 

X * 4 — — = 

jr 4 

• 

■Q. 

II 

33. 

1 

1 


f 

0 


x-\ = 

jr 

-Q. 

\ 














% 








* 
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34 


x 


1 


X 


a 


x 


1 


X 


b. 


* 


Eliminate x, y from the equations : 



ax -f- y — m 



36. ax—by = 0 


n 


bx+ay = r 


1. 


x 2 +y z =1. 


Eliminate x , y from the equations: 


a. x 


-2 


y 


2 — b 2 and x 3 — y 


3 


v: 


Dividing the second equation by the first, we get 


x + y 


b 2 


a 


(x+y) 2 — (x— y) 


or 


4*y 




a 


xy 



b* —a 


a 





Also x 3 -y 3 ~(x-y) 3 + 3xy(x-y) 


Jb*- 


a 


a 


d 


a 


4 — 4ac 3 + 3b* —0 is the required eiiminant~ 




' 'mk ./ 




Eliminate x and y from the equations : 




pfl 




37. 

x + y — a* x 2 +y - 

=b 2 , 

x 3 + y 3 - 

“f 3 . 

38. 

x + y=a t x 2 —v z = 

= b 2 . 

x 3 — y 3 = 

= c 3 . 

39. 

x+y = a, x 3 + y 3 - 

= b\ 

x* + y 4 = 

= c 4 . 

*40. 

X + y + 771 — 0. } 





xy+xm+ym 


yV 


xym 



[Hint (i) From the first equation find the value of x+y 

and from the third the value of xy> and substitute them in the 

-second equation.] .. 




00 



or 


(m 

3 . 


x){m—y\m— m'+=0 


m 


(x+y+m)m z +(xy+xm+ym)m—xym^O 







*4l. 




y 


a. 


x 


[Hint. Apply, componendo-dividendo 


results.] 



x — y = a, y — z 


b. z 


Eliminate ^ from the equations : 


a 


x 


b 


a 


1 + ** 


1 "l* X 


II in t . 


i a 


x) - 4 - (a + x) _ b * I 

(1 -f c) +■*) l+x J 



x( 1 - £ ) 





sf: 44 Eliminate x and y from tne equations 


3x t )' 


x + y 3 y + x 


[Hint 


p Q r 

Proceed as in Q. 43.] 


45. Eliminate x from the equations : 


x + x 


-2 


P 


x 


Q 


m 


m 


[Hint. Add these two equations, take out x common an 



substitute the value of x + x z *\ 


i * 




Eliminate t from the equations : 


*46. x—a^. 


1 + t z , 2 1 

i_ /2 * y »• x _ 



t z 






{ Hint . 


form 


x 




* t 


1 -\-t z 


a 


\ — t z 


, then 


add and subtract. Multiply the results.] 


4 


47. x 


2a t 


2b t 


1 + / 


7>yV 


1-t 2 


2a 2 b 

[Hint. Add and subtract the values of —and — . Multiply 



X 


the results.] 
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48 


Eliminate tn and n from the equations 


y — mx-jr— , y—nx 4 - > 

m W 7i 


mn 


£ 


[//zVz t Subtracting the 2nd equation from the first, fac. 
torising the results and substituting the value of mn, we get 
the eliminant.] 

*49. Eliminate x and y from the equations: 


V 


a-* — p % xy b ~ 1 =(?, xy 


c- 1 


\Hint. 


Divide the first equation by the 2nd, the 2nd by 


the 3rd, and proceed as in example 5.] 

SO. Eliminate x, y s z from the equations: 

x z(yj r z)=a 3 , y z (z-\-x)=6 3 , z\x+y)=c 3 , and xyz = abc. 

' # 

f Hint. Multiply the first three equations and substit. 

} x 2 (y -f- z)+y-(z-r x) -r z 2 (x-j- y)+ 2xyz } for (y l z) (2 !- -* ) 

(x-yy).] 


51. Eliminate x from the equations: 

o „ „ 1 
x J -f — = 4(« 3 -f£ 3 )> 

X 


4(a 


b 3 \ 


1 Hint. By adding: and subtracting get the values of (*+ 


1 


an 



x 


1 

x 


\ then proceed as in example 6.] 


SECTIONAL REVISION V 


v* 

K.I 


Test Papers 


PAPER 1 






2\4 


(i) Prove in lull (d) (x‘ z ) s =x 1 ° t ( b ) (3x~) 


81 a: 8 * 


l 


f. 


(ii) Write inshorter form (a) 2,700,000, 

(b) 2-3 x 2-3 x 2*3 x 1,000,000. 




(iii) Simplify (d) x° X 1- (b) x°xx. 


2. Find by expansion the approximate value of 


(i) (10001)* 


J. 


(ii) (1-004) 5 . 

— 2<y) 4 


(ii) (3* 


Expand (i) (3£f2«?) 4 , 

Find the values of a and b for which x 4 


4x 


2x z 


-+ ax+ b may be a perfect square. 


5. Find the square root of 57 — 28V 2. 


6 . Solve the equations 3 


4- 


9 A - }> 4-^ 






4 3 * 


16 




8 - +■ 2j ’. 


PAPER 2 



f. Express the following facts without using the index 


notation : 



(i ) the velocity of light is 30*02 x 10 10 m % m. per second ; 

(ii) the distance of a star named L Centuri is *26 x 10 14 

miles; jl 

(iii) 30x 10* x 2*4 x 10 3 = 72 x 10 9 . 

2 2 

Z. (i) Compare the values of [(3 2 ) 2 ) and 3 2 

(ii) Write down the values of (1)°, (1)~ 4 , ( — l) -3 , 

13 i ' ' <-i)- 3 . 

X If a x = m, a* = n and a* ={m y n : *)z, shew that xyz — 1. 

4. Simplify (1 -fjt) 6 — (1 — jc) G . 

* 

5. Find the square root of 31 — 12V 3. 

6. Solve the equations (i) =C3'8)' ir+1 - 

(ii) 5 jr - 1 .3 ar “ 2 =5. 
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PAPER 3 

Express the following facts without 
m< fees : 


(i) the mass of an atom of, hydrogen is 1*6x1®— 24 gr. 

(ii) the diameter of an atom of oxygen is 3x10"-® cm. 

(iii) the wave length of yellow light is 27 x 10-* inches 





2. If a 



3 and b 

i 


(i) (ab)~ 1 t (ii) (a-f£)“ 

Find the co-efficient of x 3 


2 write down the values of: 

n%i\ r.\-x 


X 



(a — b) 


(iv) a 



in the expansion of 

0*4* l) s (x 



2 )* 


ind the square root of 5 a/o 4a/120. 


a 


b d 


y t shew that each 

i 


a /(- 

\26 


2ar ~ 3 — 5c~ 3 4- 3e 


3 


5 rf - 3 4 - 3 / 


3\-l 
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/ PAPER 4 
































Write down the values of : 

0) 2- 3 , (ii) 3-2, (iii) (>)-2 (iv) (§}-*. 

2. (a) if 16* =1, finder. 

.301 

(b) If 10 —2 approximately, solve thceqt 

' (i) 10* =200; (ii) 5* =10.' 

3. Rupee one with compound interest 

12 

after 12 years amounts to Rs. (l-h*05) _ 

Calculate the value of the amount, to 3 places of 


ttlfliVf 


ls: 



5% per a nnu m 



4. Simplify 


2 + JZ 


4 


2 


/3 


t 


J2+ V2-h V3 y/2 - J2- 




/ 


5. Solve the equations : 
fi) \/ ^+9 = l-f- 




x — 4- 


(ii) 


v ,r-f- Ay/ a/1416at=1+ ,/x. 


6. Eliminate x and y from the equations : 


x 4 


1 


x 


a. 


y -'■■■ 


1 

y 


b. 


xy 4 


1 


xy 


—c 





SECTIONAL REVISION V 


PAPER 5 



./ ' 




1. If a 


V 


I 


1 


— , express fT 


a 


a 


in terms of e. 


2 . S i mpli f y (i) V (2 +■ V 3 ) — V t. 2 




(ii) 


'V 

/54-2 


V 


o). 
















•J (9— -4»/5) 




3 . 


6 


2 . 


i 


1 


Find the square root of x z -{ — - 2 -{- G'. .r — — ) ■+■ 7. 


x) 


* % 


4 . Find the cube root of 


x 6 -f 3x 5 — 3j« 4 — Ylx 2 4- 6.r 2 4 12 a' — 8. 


S. Solve the equations : 

(i) V 5*444 V 5* — 1 = 5. 


<z* — 1 


V 1 
2 


.... 1 

(,i > v^I+l = 4_ 

Eliminate x % y and z from the equations: 
( v 4 z) z = ay z, (z - f *) 2 = bzx % (x +y) z — cxy 

PAPER 6 


I. Write down the values of : 




(i) (81)4 (ii) (81) l,2S , (iii) 

(i) Multiply a® 4 x*y* 4- y 2 by 


Z/Z2 


k - 1*5 


$ $ . * 



(ii) Divide x — y by x 


k 


y 


k 


L Find the square root of : 



\y 


4 . Solve the equations (i) 3* _1 = 2 -f6. 


+ yi-x = 2 '2 


5. (i) Rationalise the denominator of 


(ii) Simplify 


1 


V3 


V5-V3-2 

<y o ■b-%/34 2 

Vs ‘ 


2(V5-V3)' , '(V541) 2(V3-lV 


6. Eliminate y from m = y x and ?i 


x y 


k 1 -V 
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3. 


PA PER 7 


.1 . (i) One factor of a+6 is a 5 -f 6 s , write down the other, 
(ii) Find the continued product of ' ’ r^jj 


i i x I i i 

x * — y* t x* + y* * * “ 4- y . 


2. Expand (i) (i-f*) 6 , (ii) (1 — at) 6 . 


1 


Find the square root of x* + l+2x+x :i -$- — 4- 


x 


X 

4 


4. Solve the equations (i) <J x-\-‘l r x— 2 



*J x +2 


V #4-34- *J x -^ 3 , * 

(u) 73 +t- “ * ' 

5. (i) Evaluate 4/(17 -12,/ 2) correct up to 3 decimal 


places. 


(ii) Simplify 


(x”) 


2 

r 


_2 ) ^ 
(#«) * 


I y* 


J m/J . 

. Vx" j 


6. Eliminate # from x 3 + 


1 


x 


] 


a 3 and x -\ — = b. 

x 


PAPER 8 

m 

\ S 

1. ' Draw the graph of 2 X from x — — 2 to x=+2 ana 
read on it the approximate value of 2' 5 . 

2. Solve the equations 3 4r ~ 3y . 5** = 5 3y ) 

5 2^— y4-l . Q2x+±=Qy. ) 



J 





# 


Expand (i) (x +af, (ii) (x— a) 5 . 

Find the square root of 4 jv 4 — 12^ 4- 29 x 2 — 30^r+ 25. 

92«-M_2«+2-i-2 

Simplify 22m+1 _ 2 - w — • 


Eliminate a: and y from the equations : 




i — y and x z -\-y z — 1. 

y 


1 / 


^CHAPTER XX 

OUADRATIC EQUATIONS, PROBLEMS AND 

GRAPHS 

1. Such statements of equality as 

3x 2 = l2 
3x 2 -~3x —0 

2x(x—2)=(2—x){l — x)+5 

are equations and not identities because they aie uot true 
for a I values of x, e.g. t none oi uiem is true for x — 7. 

When all the terms are transposed to the left-hand side,. 

these equations read 

3* 2 -12 = 0 
3x 2 — 3,r — 0 
x 2 — x — 7 =0. 

Each of 1 them involves the square of the va iable x but 
no higher power and is called a Quadratic Equation in x. 
The general form of a quadratic equation is 
* ax 2 -j- bx 4- c — 0 

where a, b and c are independent of x. 

When there is no term in x % as in 3x 2 —12 =0, the equation, 
is called a pure quadratic ; when there is a term in x % as in 
3.r 2 — 3x = 0 or x 2 — x—7=0 t the equation is called an 
adfected quadratic. 

Solution of *ure Quadratic 
2. Illustrative examples : 

Example I. Solve the equation 7x 2 —63. 

Dividing both sides by 7, x 2 — 9. 

taking the square root of each side, vve have 

x= ±3. 

Por when x = + 3 or — 3, 7x z — 7 < i3) 2 =63. 

^ This Chapter is not included in the Punjab syllabus. 
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Note. Since the square root of x' 2 =^±x, it seems necessary 
‘to write the answer as . ±x=±Z; but on analysis, we find that it 


leads to 




r (i) +x— +3, (ii) -\-x 


3, (Hi) 


x— +3, (iv) — x 


3 , 


out oi which (i) and (iv) give the same solution viz.,x — -b 3 




and. (ii) 


9 > 


(Hi) 


t) 


Example 2. Solve the equation 5(x— 3) 
Dividing both sides by 5, we have 


*» 

2 - 




180. 


3 


r\\ 



(x— 3) 2 =36. 


the 







X- 

-3= 

= i6 

i.e. 

x— 

-3 = 

= 4-6, 

and 

X - 

-3= 

= - 6 , 


■3T 


+ 9 

-3. 


V * 


the two roots are 4- 9 and —3. 


Example 3. Solve the equation ( 2 x— 5 ) 2 =x 2 — 20x-t-/3. 


Simplifying the left-hand side, we have 


4vT 2 


By transposition. 


20^4-25=^t 2 

4-' 2 


20*4-73. 




x z 


20 * 4- 73 4 - 20* -2 5 . 


• * 


3* 2 = 48. 

1 —16. 


Dividing both sides by 3, 

I Taking the square root of both sides. 





Exampl 


Solve the equation 


x 

1 


±4, 


4~ 


i 


1 4- * 1 — * 


4 

l+x 2 


Simplifying the left-hand side, we have 




1 — x 



x 


4 


1 — x 





2 





or 


1 


x 


2 


1 4 - x 

4_ 

1 -t~ 


2 




Dividin g both sides by 2, we have 


1 


i 


2 


1 — x 2 1-h* 


2 


By cross-multiplication, we get 



1 - x 2 — 2 



• ' 
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183 


By transposition, 3x* 

x z 


1 


or 


•I 9* 


Taking: the square root of both sides, 


1 


x 




/3 


EXERCISE 88. 


I 


> ol ve the following equations : 

2 . 









10— 2x 2 =*£* 2 . 


~\2 


3. (x-5) 


.X 


5. 

7 


9. 


(x— 2X^—5} 

i r la * 


35 


4. (x-f-1) 2 — 2x~\“S. 
lx. 6. ( 2 x— 3 )(x— 1} = 1 2 — 5x. 


x- a 


b 


b 


8 . 



lx 2. 


204-3* 2 . 


8r* 4*11 *= Wr*|- 14. 

- 5<x 2 - 2) = 3(x* 4- 5) - 12 . 


10. 29 — 10** = 83 — 16* 2 


II. 2**4- 17 


JC ** i 


im 


12 . 


r 


15 


x 


-2 


■r ■% 


13 


4 


4 


1 


x 


3 .r-f-3 3 


.-2 


14. 


1 . 1 


2.r 2 




*•? 

* > 


15. 


16. 


1 

-f-+ 


= 1 . 


17. 


1 i 1 

i f- x ' i — x 

12/— -4-1 
\ 2 


6 


1 -rx 
108. 


Solution by Factorisation 


3. The solution of adfected quadratic equations depends 
on the principle tbatSfrtf xb—Q, then either a =0, or b—Q. 

Example I. Solve the equation {x-\-2){x— 3) = 0. 

Since the product of two f actors (x -f- 2) and (x—3) is 
equal to zero* ei thei .r 4-2=0, or x — 3=0. 


If x: 4-2=0, x 


2 ; if x— 3 =0, x— 4-3. 


the required roots are— 2 and 4-3. 




For 



x 


21 we have <-2 + 2X.-2-3) = 0x -5=0 




X 


(34-2X3 — 3) =5x0=0, 


« 


Example 2^Solve the equation 2x4-5 —3x 2 . 

Reducing: it to the standard form ax 2 -\-bx 4-r = 0, we have 
by transposition ^ 3x 2 — 2x— 5 = 0- 


334 



AT 


(x+l)(3x:-S).=0 
x4-l=0 or 3x—5—0 


Factorising: 

whence ' 

•\ the required roots are— 2 and -f- 
Verification. (1) When x=-l r 3x 2 —2x—5 

= 34-2 



*>{ 

~K 

0. 


l)-5 




(2) When x=-§ > 3x z — 2x— 5 

= HW~ 

25 20 


9 5 

i “'S 


5 


o 

j 


o 

Of 


5=0. 


Example 3. Solve the equation x 


both sides by x, we have 



3 


Jt / 


% 

- 



x- 


By transposition 
Factorising: 
whence x— 12 =0, or x — 3=0. 


x*- 

c? 


9=35x— 45.. 
15x4-36=0. 
x — 3)=0, 



.* the required roots are 4-12 and 4-3, which' can be 
verified by substitution.. ' 

Example 4. Find the equation whose roots are 4- 7 and — 
The factor corresponding to the root 4-7 is x — 7. 


* > 


i f 


i > 


>» 


v# 


5 is* 


Hence (x- 7)(x4:5)=0, or x 2 — 2x— 35=0is the required 


equation. 


' / 


EXERCISE 89. 


Write down- the roots of the 

®1. (x-4 Xx-6)=0. 

3. (x-5)(x.4-7)=0.. 


5. ( 1 — x)( 3 — x) = Q. , 

7. (x — (x4-^) = 0. 

% (6x-l¥5x4-2)=a. 


following equations : 

2. (x4-4)(x-f6)=0. 

4i. (x4- 8)(x — 9 ) =0. 

6. (2 — x)(54-x) = 0- 

8. (?Jx— 3)(3x — 4) = 0. 

!0. (ax — b)(bx4-c) = 0.. 










(*+ 4) 2 

-f- 


0. 


0 . 


{ * — (/»4-<7> } 



TIC EQUATIONS 


14. (3* 

16. (ax 


7) 
£) 2 


o 



o. 


0 


18 . {x — (p + 4)){x+{P-<l)\=Q' 


Solve the following equations : 

* 2 — 9* 4-14=0. 

2 


X 


21 


- 12 = 0 . 
274 - 12 * 4-* 2 = 


0 


25. 6* 2 4-6 = 13*. 


27. * 


5* -36. 


29. 8* 2 -f3 =14*. 


20. 

* 2 4-10*4-24 = 

= 0. 

22. 

2 4-7*4- 

12* 2 = 

= 0. 

24. 

5* 2 4-4* — 1 = 

0. 

26. 

3* 2 4- 3 ^ 

= 10*. 


28. 

16* 2 — 1 5 9 * = 

10. 

30. 

5(3* 2 - 

II 



Frame the equations whose roots are : 

31. 7, — 3. 32. ±4. 33. 4-#, — b* 

34. — 12, -f-15. 35. m — n. 

Note. In solving equations it is important to note the 
following two principles : 


(i) When both sides of an equation are squared or 
multiplied by an expression containing the variable, new or 
extraneous roots are introduced into it. For example, 

when *—5=0, * = -f-5 only. 

I«f we take the square of * = 4-5, we get * 2 = 4-25. 

Taking the square root of both sides, we have 

x— ±5. 

The original root is 4-5, and —5 is the extraneous root* 
introduced by squaring both sides of the equation. 

Again, if we multiply both sides of equation *=-f-5 by 
*— 3, we get HHHHj 

*(*— 3) = 4-5(*— 3). 

By transposition, *(*— 3) — 5(* — 3) = 0, 

or {(* — 3)(* — 5) = 0. 

Hence, the two Foots are 4-3 and 4-5, out of which 4-3 is 
extraneous /and introduced by multiplying both 5 les of 
* = 4-5 by *— S. 











(ii) If both sides of an equation are divided by an expres- 
sion containing the variable, we lose some roots, the number 
of such roots is the same as the degree of that expression. 

For example, let us suppose 

(5*+ 2)(3x— 4) =(Sx+ 2) (ix- 3). 

Dividing both sides of the equation by 5.r-f 2, we have 


3* — 4=4* — 3 or * 


I. 


If instead of dividing both sides by 5*42. we transpose 
all the terms to the left-hand side, we get 


or 

or 

or 


(5*4 2) (3* - 4) - ( 5*+ 2X4* - 3) = 0 
(5*42) { (3* -4)- (4*- 3)} =0 
(5*4-2)( — * — 1) = 0 

(5*4-2X^4-l) = 0 


• * 


either (5*4-2) =0 and * 


o 

J*- 

5» 


or 


(x-\-l) -=0 and * = 

— if and- 


1 


the two roots are 


1. 


Thus by dividing both sides of the original equation by 


5*4-2, we lose the root * 


jt- 

r> 


Method of Completing the Square 


4. The method of completing the square is very important 
as it enables us to solve quadratic equations which cannot be 
easily done by the method of factorisation. 

The method is illustrated in the following examples. 

Example 1. Solve the equation x z - 3x = 1 8. 

Completing the square by adding to each side the square 


of half the co-efficient o *, we have 


_3*4(*)2 = 184(f) 2 

or (*— f) 2 = V* 

Taking the square root of both sides, we have 

(*-§)= ±? 


* 


O 


±*. 


the required roots are 4 b. —3 


4 



0 




QUADRATIC EQUATIONS 
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Example 2. Solve the equation 6a: 2 + 7a: — 2( =0. 


By transposition. 


6 a : 2 4- lx— 20. 


Making the co-efficient of x 2 unity by dividing both sides 


by 6, we have 


x Zj rlx 


10 
s 




Adding the square of half the co-efficient of x to each 


side, £.e., (A) 2 , vve have 


* 2 + !*-KA) s = V° + «r) 


14 4 * 


Taking the square root of both sides, we have 


x4- 


t-2-i 

- L T2 

7 -l. 2 r> 

12-t]2 


X 


Hence the required roots are 


5 

2 » 


X 4 

^ 3 


EXERCISE 90. 


1 


x 2 —4x=45. 


Solve the following equa ions by completing the 

2. x 2 — 6x — 65 = 0. 

4. 6x 2 — 13x + 6=0. 

6 . 15a: 2 — 11 a :— 12 = 0 . 

8 . 4a : 2 — 48a: — 25 = 0. 


square 


3. 3x 2 -f 13 a: =30. 

5. 8 a: 2 - 14a:- 9 = 0. 

7. 5x 2 —2x~ 3 = 0. 


9. 3a : 2 — 51a: 216 = 0. 10. 


ax 


bx 


0. 


Method of Solving by Formula II 

S. The method of completing the square, when applied to 
general form ax x +bx+c=0, gives us a well-known 
formula for finding the roots of the quadratic equation. 

ax 2 -\-bx-\-c~ 0 . 


Dividing the equation by a, we get 


<+ ft 


«> . b £ 

** i — a: 4 - — = 0 . 
« a 

9 b c 

AT 2 -f -*= — f 
a a 



This formula should be staed in words and connu uvn t 


memory 






Example. Solve the equation 5x z — 3 1 x + 30 — 0 by the 


formula 


* Ir the given equation is put in the general form «**+&* 4- 


0 


a 


+ 5, b 


31. c= 30, and 




b~\~ b 


2 — 4 ac 3 lit: 



31) 2 -4. 5. 30 


x — 


2a 


2.5 


31-4-^961 — 600 31+^361 


10 


10 


31 ±19 


10 


c r» 


EXERCISE 91. 

Solve the following equations by the formula: 


1. 

3* 2 - 

■ 5x — 2—0. 

3. 

3*2 — 

- 7* + 2 = 0. 

5. 

4*? - 

-65* +126 = 0. 

7. 

5 

5 — * 

+ - — 3 

+ 8-* 



-23*+ 12=0. 

11. 

x z \-Px = 2 (* + £)• 


2. 3* 2 -2*-l=0. 

4. 12* 2 -17*+6=0. 

6 

6 , 10 *+ 11 — • 

v X 

8. 7* e +l7*+6=0. 

10. 15* 2 + 2 

12 . Pq{x z — 1 ) — {p* ~ *!“')%’ 


V 
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6 . "problems involving quadratic equations 

■ Since a quadratic equation has always two roots fe 
problems involving quadratic equations give us tw ° d ' ffe 
solutions. The student has to verify to see which of 

roots satisfies the particular prob em. 

Generally one of the two solutions will satisfy the given 
problem and the other solution will satisfy a similar problem, 

if properly interpreted. 


Example 1. Find two consecutive even numbers such that 
the sum of their squares is 100. 

M / 

\ A -l x and x-f- 2 be the two consecutive even numbers. 

x 2 +C*+2) 2 = 100 ... x 

x 2 -j-x 2 -{- 4.V — 100 

2x 2 -f- 4x — - 96 = 0 
x 2 -}-2x — 48 = 0 

(^-i-8)(x-6) = 0 

Hence the roots are —8 and 

Verification. (1) When x= — 8, x-{-2 = —6 and 

( -8) 2 -b(-6) 2 =100. 

(2) When *= +6, x+2 = +8 and 

(_|_6) 2 -f(-{-8) 2 =100. 


- Example 2. The perimeter of a rectangle is 54 ft. and its 
area is 180 sq. ft. Find its length and breadth. ' 


Since the perimeter = 54 ft.» 
Let the length be x ft. 


and 

the area = 

x (27- 

-x) sq. ft. 

m 

m m 


*(27 - 

-x) = 

= 180 

or 

X 2 

-27* +-180 = 

= 0 

• 

• • 

(x - 

- 15)(^ - 

-12)-- 

=0 


Hence the roots are 15 and 12. 


its semi- perimeter =2 7 iu 



the breadth = (2 7— r) ft.. 
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Verification . (1) When the length is 15, breadth = 27— 15 

= 12 and the area = 15 x 12 = 180. 

(2) When the length is 12, breadth=27-12 

= and the area =12x15 = 180. T 

Example 3. AB is a straight line whose length is a units. 
Find a point P in it such that AB.PB-AP 2 . 

Let AP—x units, then PB =(a—x) units. 


tr 


* + 


P 




\ 


A 

AB.PB =AP Z 

a(a—x)=x 2 


P 


B 


or 


r 2 -j-ax — a 


0 


x 


a±.^/a z -{-4a z —a±a*/5 


2 


2 


Hence the two roots are £(^5 — l)a and — £(V5 + l)a. 

The positive value of * corresponds to the point P of 
internal division. 

The negative value of x corresponds to the point P of 
external division. 


EXERCISE 92. 


I. Find a number which is equal to three times its square 
t. The sum of a number and its reciprocal is 



Find it. 

3. The sum of the squares of two consecutive numbers 
is 365. Find them. 


a. 


4. The product of two consecutive even numbers exceeds 

their sum by 442 . Find them. a 

5. r The sum of the squares of t do consecutive odd nura* 


Find them. 


hers 

6 . Two numbers 
by Find them,; 


reciprocals differ 


& 


6 
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quadratic problems * 

7 The area of a rectangle is 255 sq. ft. If its length b- 
diminished by 1 and breadth increased by 1, it becomes a 
square. Find its dimensions. 


8 . 


A. straight line AD is a units in lengfcn 


find a ooint 


P in it such that 

(i) AP Z = 2 AB. PB. 
(iii) AP. PB = 3 PB 2 . 


9. 


(ii) AP z — 2 PB 2 . 

(iv) 2 AP. PB = (b AB) Z . 

The area'of a rectangle is 240 sq. ft. and its diagonal 


is 26 ft. Find its sides. 

10 . The area of a right-angled triangle is 240 sq. ft. and 
hs hypotenuse is 34 ft. Find its sides. 

11. The area of a rectangle is equal to the area of a square 
whose side is 12 ft. longer than the breadth of the rectangle. 
If the length of the rectangle be increased by 25 ft. and the 
breadth diminished by 6 ft., its area remains unaltered. Find 


its dimensions. T OMtj 

l? A cvclist rode 132 miles in a number of hours which 
was less by 1 than the number of miles he rode pe; hour. 
Find the number of hours he rode. . 

13. A cyclist rode 75 miles at a uniform rate. I ; he had 
gone 3 miles per hour slower, he would have taken one hour 
and 15 minutes more. What was his rate ? 

14. A lawn is of rectangular shape. Its length is 24 yds. 
and breadth 16 yds. A path of uniform width whose area is 
equal to that of the lawn, goes round it. Find the width of 

the path. 

15 . The hypotenuse of a right-angled triangle is less than 
the sum of the other sides by 8 ft. and its area is 120 sq. ft. 
Find its sides. 


16. If a cyclist had gone 3 miles per hour faster, he would 

have taken 1 hour and 20 minutes less to ride 80 miles. 
What time did he take ? 


l V < 


The 








cl another. If the larger wheel makes 220 revolutions less 


wheel 


circumference 


IS 


The front wheel of a carriage makes 60 revolutions 


*r 


more than the hind wheel in going 1,080 ft. If the circum 






ference of the front wheel be increased by 2 ft, it will make 



re vo rations more than the hind wheel. "Find the circum 


ference of each wheel 


1 


^ ^ 


The length, breadth and height of a rectangular roo: 


are in the ratio of 8 : 6 : 5; if each of the dimensions be 


increased by a fcot, the area of its four walls would be 1,408 


sq. It. Find the dimensions of the room 


29. A battalion of soldiers is formed into a solid square. 


If t a number of soldiers be reduced by 16, it can be formed 



into a hollow square 6 deep, having in the front 16 soldiers 


more th 




before. What is the number of soldiers? 



Graphs of Quadratic Functions and Equations. 


xanrnle I. Graphs of y=x z and y 




Fabulating the values of x and the corresponding values 


y in y~x z , we have 


pt"# * '1 

P x ~ 

\ 

R 

I 1 

± I 

s 

;±2 

±3 

.. 

If 

±4 

| 

4 t l| 

i i 

i 

S y = | 

D 

[ ' "1 

! o 

n 

i 

4 

9 

' 36 j 

. m • 5 


If we plot these points to the scale 5 mm. as unit for 


abscissae and Qmm. as unit for ordinates and join these. 


^points, we get the annexed upper graph, (p 3113). 








4 




iGTAFHS OF QUA 2 XR A 


CTIO NS df EQUATIONS 


It is important to 


that for any two equal and 


valu 


g£ 


the 


corresponds!!# vahic 


positive. 



TWt lr4Hhr-H^ Tri T " r ;TJ 

■ t S§S& 

nrrr^n-^+: • ■ *• 


quently the graph Hes entire- 




axis 






symmc 


respect to 






-5 


r ^ ■*■ 


the y-axis. 




- 1^*1 



As 





ind efi- 




n itely , y 



increases in- 


definitely but more rapidly 








nttntFP 

i Hlia 



than a'- 



UZ 


graph 



read off approximately the 


values of squares and square 


*> * 4 


> t t~ r t f ■ 

hr ■* * 1 -t"“ 

f -jt- -t -4 H -n. 


4l?"i "T ^ 


t 


rjgWj 





+T 



-H vH i*~;H 

Pm — 



roots. 



example, where 



«» 4 

1 I J T ^ * 



H-t 



fci IT 



fr* 


M 


x 


1*8. 


we read y=3*2o approxl- 


* 


v * 


h i4 


mat el y. 


n-8)*— 3*25 approxi 



+*H — * 






“T^TT 

r H - ri 



t « > » 





ri h 


Kh»* 





mately 


Again, at the point where 


y = 7*75, we 


dz2'8 





approximately. 



<%/7’75— 





Draw the graph of y 


with, tlse 


ongsn 


axes as for y 









u 




1 















that this graph is 



like the graph of y 








just below it and appears to be its image in x-axis, 

Af, * • 1 ^SL - 
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Ex. Draw the graph of y = 2x* 
symmetrical with respect to the y-axi; 
the .r-axis and extends up to infinity. 

Example 2. Graph of the functi 


known as parabola 


and 




it is 


lies throughout 


a 2x 2 — 5x— 3. 

functions, or 

y= 

; of the equation 

— *>-v 2 



5% — 3. 


3; 


and the corresponding values 



these points 
taking 5 small units 
as unit for abscissae and 
one small unit as unit for 
ordinates and join these 
points according to their 
genera] trend, we get the 
annexed graph. 

In shape, this curve is 
similar to the curve in 
example 1, but is differently placed with respect to the 
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answer 


5 -1*5? 


1 Whatare the values of y whenx-1*^ 2*5, 

2. For what value of * is the value of y least ? 

3. What is the least value of y ? 

4 For what value of x is y equa* to zero . - 

5 ! Read the co-ordinates of points P and Q where the 

graph crosses the x-axis. 2 

6. Can you use the graph to solve 2x - 

7. For what values of x do we have ex ox 


5x —3 = 0? 
-3 = 6? 


Example .3 


Solve graphically the equation 

4 2x 2 — 5x — 3 


0 


( 1 > 

( 2 ) 


I 


First Method. Draw the graph of y — 2x 2 —5x 3 

as in example 2. 

To solve the equation (1) we have to find the values, o x 
which make 2* 2 -5*-3 equal to zero, i.e values of x which 

makey = 0. 

Now when y = 0, the graph of (2) crosses the *-axis at the^ 

points P and Q. -I 

'r e values of x at these points are 3 and 4. 

Hence the roots of (1) are 3 and — i. 

Or, the roots of equation (1) are the abscissae of points 

where the graph of (2) crosses the x-axis. 

. * 


1 


Second Method. The equation 
same as the equation 2x 2 = 5x+3- 


2x 2 — 5x — 3 = 0 is 


thej 

I 


; I mate each side of the equation to y, 
then y — 2x 2 and y = 5x-f-3. 

Draw the graphs of y = 2x 2 
and 


y 


ox -k 3 


* # 


(1) 

( 2 ) 


For ( 1 ) when 
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:V« 


These graphs are drawn below to the same scale, taking 





5 small units as unit of abscissas and one small unit as unit 




of ordinates. 




The graohs inter- 



sect at points P and 




O. The value of at 








point P — OM 




i.e.. when x = 3, we 


1 ^ r* o 

nave <Lx- 


5x 4* 3. 


Similarly, the value 


f .r at 0 — 
i.s., when x 


ON 


i 


h we 


have 2x z ~3x-^3 




Hence 


the 


<7 

C4 


lions of the equation 


are 3 and —A. 



-2 -i/a,Q 




In other wer< 


>- + f 


in 




r ** , r*i 4 - - - ► — * 


tfcn of the graphs ef .y=2x 


©> the points o! intersec- 


•■-a 


nci y 



3 are the roots 


the eo nation 2x 2 — 5x4-3 


Third Method. Another method which is simpler depends 


upon the use 



e graph or y 


as illustrated below : 






To solve graphically 2 


!.t 9 i -2 

•/V 


5 


vV 


3=0, 


let 




✓v 


( 1 ) 


then 


2v 




3=0 ... 


( 2 ) 



For (3) when 


L t 

p'= j 0 

±1 j ± 2 1 ±3 

! L 

i ±4 

« m m 

\y— 

T i 

o| 1 
{ 

r— 

. 4 ! 

9 

! 16 I 

"• 1 


Por (2) when 








* * ■' Fl . 
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These graphs are drawn below 


to the same scale, 




unit 


points P and Q 




Measuring the abscissae of P ana O, we obtain J j^ l 

m 


h 


2^5 tiie two roots of the cpUtitiu... 


bein 


■ mmAL ~ 

;eneral are applicable in all 



The third method 


graph of y 3 x 


2 matter what quadratic wish to 


sol^e. 
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EXERCISE 93. 

I. Draw to as jarge a scale as possible the graph of x * 

between x—0 and x ~ 4 and read from it the approximate 

values of • ' At 


(i) (1-4) 2 , (ii) (2-3)2, 

(iv) J3 t (v) VT3. 


0 «> (3-2) 2 , 


(vi) V 13-5 


2. Draw the graphs of 


(i)y = 3* 2 , (ji) y= 4*a f (ih )2y=x 2 , 



3. Draw the graph of (i) (ii) = to the sarae 

scale and the same axes. ■ * < id uPt 

4. Draw neatly the ‘graphs of y=^x 2 and y 2 = x to the 

same scale and the same axes. Read carefully the co- 
-ordinates of the common points. 

5. Solve graphically each of the following equations : 

(i) x 2 +x-6=0. (ii) x 2 —4x-j-3 = 0. 

1 (iii) 3 + 7x + 2x 2 = 0. 

6. Draw the graph of y=x 2 and use it in solving the 

^following equations: ' 

(i) x 2 Sx -j- 6 — 0, (ii) 2x z -f 5x— 3=0, 

: (ii) 4x 2 +4x-3=0. 

7. Draw the graph of the function 2x 2 -j-5x and use it in 
finding the roots of 2x 2 -\-5x- ? — 0. 

8. Draw the graphs of y=x 2 and 3y+4x— 4=0 to the 
same scale and the same axes and use them in finding out 
the roots of 3^ 2 H~4^:— 4 = 0. 

9. Draw the graphs of y=3x 2 and lOv-f 8 to the same 
scale and the sa me axes and use them in finding the roots 

of 3^2 — 10;v — 8 = 0. 

10. A stone is projected vertically upwards. Its height 
h ft. above the point of projection, after t seconds is eiven 
by 4=96/— 16/ 2 . 

Draw a graph showing the relation between k and U 
From the graph, (i) find t when 4 = 128, (ii) find h when /= 3. 


R] V1ALNDER THEOREM AND ITS 

A P PLICATION 


I Rcinsindcf TlworCTfl 


When 


by another expression of the lorm 
the remainder by actual division. 


Now, we propose 


to find the rems 


Example 1. het 2x z -\-3X'\-S 


dividend, x-\-2 the 


divisor, Q the quotient and R the remainder, then, by the 


identity. 


div end ~ divisor x quotient 4- remainder, 

(^r-|-2)x O^-R EE 4— 5 

Since (i) is an identity and is true for any value of *, 
therefore it is true when x= 2 . 

Thus, < — 2-h2)x 2<- 2)* +3(-2)+5 


(i) 


or 

or 


Gx£-M?=-8 — 6+5 

R = 7.. ' 

actual division.! 


Example X NLet 2** 4- 3* 4- 5 be the dividend, x—2 the 
divisor, ^ th r- quotient and ^ the remainder. 



’I 


4 1 r 


2 ) x £? 4 - /? 



(ii) 


As 



is true for any value of X, therefore it is true 




. <; 


2)x 




or 

or 


O x Q-\~R = 84 - 6 -h 5 

R= 19. 



the result by actual division.] 
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the divisor, Q the quotient and R the remainder, 
then, (x — P)OA- R^ax 3 A-bx 1 A-cxA-d 


Since (iii) is true for all values of x % therefore it is true 
when x— p. ' - B 

Thus, (f>—P)Q+ R = a(p) y f- b(p}* -{-*(&) 


0 R ~ap z 


or 



or K—ap^^&p*-- 


[ Verify the result by actual division.^ 


If the above dividend is to be divided by 


then (x-\-p')Q-\-R~ax 3 -\-bx--\-£x-\-d ... (iv)* 


Since (iv) is true for all values of x y therefore it is true 


r _ . t _ # 



From these examples we deduce the following theorem : 


Theorem. When an expression in J^T # i5 the* dividend and 


x±p the divisor ; the remainder R is obtained by substituting 
zpp for x in the expression . 

This is known as the Remainder Theorem. 

Note. It is useful to note that in (i) if x- + we get R, simi- 

larly, if in (ii), (ih) and (iv) we put respectively jc— 2 -0, x- p^-0 

and x+p = 0, we get R. 

2. Factor Theorem. 

•Example 4. Prove that x—1, xfli x—2 are the factors of 
2x 4 — 5x 3 -f-5x — 2. 


(i) When x—1 is the divisor, 

.. ^ = 2(+l) 4 -S(+l) 5 +S(+l)-Z 

= 2 — 5 + 5 — 2 = 0... 
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% 

i 

Since in this case the remainder is 0, 

x-1 is a factor of the given expression. 
• • ^ 

(ii) When *4-1 is the divisor, 

*/?= 2 (— l ) 4 — 5 (— 1 ) 3 -|- 5 (— 1 ) — 2 

= 24-5—5 — 2 — 0. >|| 

Since in this case the remainder is 0, 

x+l is a factor of the given expression. 

(iii) When x— 2 is the divisor 

je=2(+2)«-5(+2; 3 +5(+2)-2 
= 32- 404-10—2 =0. 


. this case the remainder is 0, 

«4-2 is a factor of the given expression 


We see 


• • 


these examples that 


if an expression in x is reduced to zero on substituting 
fvfP') for x y then (xAzP) « o. factor of the expression . 

Tins is known as the Factor Theorem. 

In several cases, the two rules deduced from this theorem, 
as given below, will be found useful : 


Rule 1. x— 1 is a factor of an expression in x, if the sum 
of the co-efficients of terms containing x plus the term contain- 
ing no x be equal to zero . 

Take for instance, ax’ ±-bx*-\-cx z -\-dx--e. 

The remainder when it is divided by x — 1 is 
aA ' -\-b. \ 3 4~ c -l 2 4-^.l4-c = a4-^4-c-|-^4-^ 

—the sum of the co-efficients. 

It this is zero, then x — 1- is a factor of ax 4 ± bx a -^cr 2 ' 
-\-dx\-e. 

P 

Rule 2. *4-1 is a factor of an expression , if the sums of 

the coefficients of the alternate terms be equal , provided l he - 
terms are properly arranged and no term is missing. 
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fTerm containing no x is supposed to contain x° .] 

:e for instance, ax 4 -^bx 3 -\-cx 2 -\-dx-\-e. 

The remainder when it is divided by x-\-l is = . . 

a.{- l)t +H - 1) 3 -K( _ l) 2 4-^.( - l)+e=a-b+c-d+c. 
This will be zero, if a-\-c~\-e— b+d ; 

i.e. if the sum of the co-efficients of 1st, third and fifth 


terms 


the sum of the co-efficients of 2nd 


fourth terms. 


Example 5. Resolve into factors x 3 —6x 2J r 12 x—7. 

The sum of the co-efficients =1— 6-J— 12 — 7 = 0 ; 

by rule 1, x—1 is a factor of the expression. 


proceeding as in Type XII, 

x 3 — 6x 2 -b 12x - 7 = # 2 (# - 1) - 5x(x— l)-j- 7(x - 1) 

E Mi H I r — ( x ~~ 1 X* 2 — $ xJ r 7). 


Example 6. Resolve into factors x 3 -\-Sx 2 +l$x+l2- 

Here, the sum of the co-efficients of the 1st and third 
terms = 1-|-19 = 20, and the sum of the co-efficients of the 

2nd and the fourth terms =8-f -12 = 20 , 

A by rule 2, #4-1 is a factor ox the expression. 


Proceeding as in Type XII, 

x 3 4- 8# 2 4-19#4- 12 =# 2 (#-f-l)+ 7 #(#4- l)-f-12(.*-bl) . 

= (#-j~ 1 )( x 2 -f- 7 x -}- 1 2 ^ 

•\s ^ 2 -|-7^4-12 can be factorised into (.*4-3X^-T4), 

x 3 _|_ Sx 2 4- 19 xA - 12 = (x+ lX*-b3X*-M) . 

E;. am pie 7. Resolve into factors x 5 4-x 3 —3x z — 2x±3. 

When the missing term in the form of 0.x 4 is adc*ed, the 
expression = # 5 4- 0.x 4 -\-x 3 — 3# 2 -2x-\-3 and the sum of the 

co-efficients of the 1st, 3rd and 5th wans <- - 0, 

whereas the sum^of the co-efficients of the 2nd, 4tb sw 


6th terms — 
As these 


0 — 3 + 3 — 0. 

sums' are equal, #4-1 is a factor of the expres- 


remainder 



4 


‘:3 


Proceeding as in Type aII, 


x s -\-x 3 — 3x z 


2x +Z=x*(x+1) — *K*+ 1 )+ 2 ^ + 


5 x (*-j - 1) - i 3^; 


(X+1)(X± 


x 3 4 - 2 * 2 




4-3). 


Again, as the sum of the co-efficients of x * ** — 

4-3 is 0, - , o 

... 1 is a factor of * 4 — * 3 4-2* 2 — 5*4-*3» 

. #4_* 3 4-2* 2 — 5*4-3 =x 3 (x—l) J r2x(x—l) (x- 

. . , (x _ 1)(* 3 + 2x— 3). 


1 


# * 


Again, as the sum of the co-efficients of x z 4-2* 

* A rx n 


3 is 


x—i is a factor of * 3 4~2* ' J * 

x 3 +2x—3=x z (x—l)-)rx(x—l)-\-3(x—T) 


i* 


(* — X ) (-sr 2 -H ^ r — 1~ 3). 


* 


;ince x z -\-x-\- 
X 5 _j_. V 3 _ 3x Z 


2*4-3= 5 (*4- 1)(* — 1)(* — 1)(* 2 + *4-3} 


EXERCISE! 94. 

3y the Remainder rheorem, find the remainder when 
j. x 3 — 5x z -h6x — 3 is divided by x — 1. 

I 2x 3 —3x z -\-4:X — l is divided by *4-2. 

3 4. r 3 _2* 2 4-5*— 3 is divided by * — a. . 

4. 5.r 3 — * 2 H-3* — 4 is divided by x -m. 

5 . 9* 4 4-7* 3 u — * 2 a 2 4-ll*a 3 — 6a 4 is divided by *4-2.i 

Prove that : 

6. *■ — 1 is a factor of * 4 — 3x^-\-x z -\-3x — 2, 

7. *4-2 and* — 3 are the factors of * 3 — 3* 2 -4*4-12 

£. * — 2 and *4-4 are the factors of 2* 3 4- 7* 2 — 10* — 

9. {a + b) and i£4-0 are the factors of (a-j-^H-^) 3 - 
— b 3 —c 3 . 

\Hini. Substitute in the expression — b for# in the 
case and — c for b in the second case.;] 
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!9. 


a is 
(b+a— c ) 3 


a factor of (a+b+cy-(6+c-a) 3 -(e+ a -b)* 


[Hint. a = (a— 0).] 


Resolve into factors using the above two rules : 

II- x 3 +x 2 +x-3. 

13. x 3 -f 9x 2 4 23x4-35. 

15. 4x 3 4 3x 2 -4- r -L9 


* 


12 


-flLc-6. „ 


17. x*+2x 3 - 5x-+2. 


19. x 4 4* 


•3 


7.v 2 — x~l~6. 


14. 3x 3 -hx 2 ±x-5. 

16 . 2x 4 4 - 3x 3 -^2x z — 3 x — 4. 

18. x* — .r 3 -f-7.r-f-5. 

-x 3 -8a 2 + 11x-4. 


20 . 


2x* 


F;xa r p,e 4 For what value of m will x — 2 be a factor of 
x 3 — 5x z 4 mx+m ? k 

-*■—2 will be a factor of the given expression 

if (2) 3 — 5(2) 2 + w(2)+»» =0 

; or if — 1243/rc = 0 

# 

• or if m — 4. 

21. For what value of p is x s ~(/> + 2)x+6 exactly 

divi sible by r-/>? A f • 

22. Find the condition that #jc* ,-Ar 2 4rx4rf may be 
exactly divisible by x — 1. 

23. Find the value of a, b for winch x 2 4 x- — 6 may be ft 

factor of x 2 — ax 2 — bx — 6. ■* 


24. What number must be added to 5x* — 7.x 3 + 6 so 
the result may be divisible by r + 3 ? 

25. If x 2 — \ax — 19a 2 — b is exactly divisible by x — 7ru 

prove that b — 2a z . jyJ 

26. The expression A* 1 4 ’x 2 — 3 and x* - fix + 4 leave 

the same remainder when they are divided by x — 2. find 
the value of p. * 

Le‘ us consider the relation between the algebraic sum of 
the co-efficients of a given expression and that of the co- 
efficients of its factors. 



REMAINDER THEOR 



V J* * 

* 9 V 
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number of binomial 


get 


expressions, say (2^r + 3), (lx 4), ( 3x 

42 x 3 4* 25x 2 — 49a?H-12=(2^ 4“ 3)(7x 4) (3 at 1). 


Since it is an identity, it is true for all values of x and 


therefore it is true when x = l. 


Patting x 


the algebraic sum 




sum 


the co-efficients of each of its factors as shown below : 


42 .(l) 3 + 25.(1')* —49(1)+ 12 =(2.1 4- 



.1 — 4X3.1— 1) 


or 


42-b25-49+12 = (24-3)(7-4)(3 


/ 


Obviously (42 4-25 — 49 4* 12) 


exactly 




each 


4), (3—1), the algebraic sum of 


co-efficients of the given expression is exactly divisible 


the algebraic sum of the co-efficients of each of its factors. 











Thus, we deduce the following rule : 







Rule 3. The algebraic sum of the coefficients 


factor of an expression 
co-efficients . 


Obviously the converse of this rule does not hold good for, 
in above example if we reverse the order of the co-efficients 
in the binomials we get (3^4- 2), (4x — 7) and (1 3#) ; the 

sum of the co-efficients of each of these is a factor of the sum 
of the co-efficients of the original expression but none of them 


is its factor. \ 

Therefore rule 3 is a sure test of the rejection of impossible 
factors and not a sure test of the selection of the real factors. 
Thus its importance lies in the simplification of the process 
of selection, as illustrated in the next two examples. 



Example 9. Factorise x 3 — 5x 2 — 5x— 6U “ C 

As the expression is of the 3rd degree, it can have either 
three linear factors or one linear and one quadratic; *.*«, it 
bnust have a linear ' factor. 
















matriculation algebra 


As the first term of the expression is x 3 , the first term of 1 
the linear factor is x. ' 

As the last term of the expression is — 6, the last term of 
tne linear factor may be one of 


+1» 1» + 2, — 2, -4-3, — 3, .+6, — 6. 

Or the linear trial factors could be 

(x+1), 0—1), 04-2), 0—2), 0-1-3), 0—3), 0+6) or 

O— 6). 

Since, in this case, neither rule 1 holds good nor rule 2, 

therefore 0+1) or 0 — 1) cannot be a factor of the 
expression, 



gain, n, he sum of the co-efficients of the expression is 


1—5— 5— 6 


15, 


3 


factor of 15, therefore x-{-2 may be a factor of the expression : 

i.s t-um or the co-efficients of x — 2 is — 1 and it is a factor 
of 15, therefore x—2 may be a factor of the expression ; the 


sum of the co-efficients of x 3, x — 3, x-j-6 is 4, —2, 7 
respectively and none of them is a factor of 15, therefore 
none of x— 3, x-f-6 can be a factor of the expression ; 

the sum of the co-efficients of x—6 is— 5 and it is a factor 
of 15, thefore x—6 may be a factor of the expression. 

Hence x-{-2, x — 2, x — 6 are the only binomials left for trial. 

Substituting — 2 or -j-2 for x in the given expression, we 
find that it does not vanish, but on substituting -f- 6 for x % vve 


see that it vanishes. 

.*. x — 6 is one of the factors. 

The given expression can be put as 

x\x - 6)-f- x(x- 6) 4 - (x - 6) = (x - 6)(x z -f x+ 1). 

As j£ 2 -f--^+l cannot be further factorised, 
(x—6)(x 2 -{-x-l-l) are the required factors. 

Example 10. Factorise 3a: 4 -f- 4a: 3 — 57.* 2 — 40.* 

Since, in this case, rules 1, 2 do not hold good, 

(x—1) or (x4r 1) is not a factor of this expression. 




remainder theorem 

'■ V *. . - • - * ' 

■HHHUAi is -40, 



expression 



term 


of 


the linear factor (if any) would be 2, 4, 5, 8, 10 




or 20. 






Hence the possible trial factors are IH 

M — < C 


4, #4-5, # 



*4-2, #— 2, #4-4, x 

— 10 , # 4 - 20 ,#- 20 . 

The sum of the cc-efficients of the expression 

||57 — 18— 40= —108. . 


x 


8 , 





34-4 


The sum of the co-efficients of the trial factors is 






ively 3, 


i, +5, -3, +6. -4, +9, -7, +11- -9. +21 and 


19. 



f As 5 9 —7, Hi 21 and —19 are not the factors of 108, w , 

8, #4-10, #-j- 20 and #—20. 


reject *4-4, #4-8, x 


m On rawnnuu^ — “ w i . ^ , 0 „ a 

we find that it does not vanish, therefore we reject ar+2 and 


> • 

2 qx 4-2 for x in the given expr6S^on t 

• , i 


*— 2 as well 



_u 4 for # in the given expression, we fin 


that 


# 


4 is one of its factors 



5 7# 2 


* 4 4 - 4 # 3- 
3# 3 (# — 4) 4- 1 6 * 2 (* 

(* — 4)(3# 3 4- 16# 2 

— 5 for 




4)4~7#(# 




If we substitute 


* in 3x 3 





2 4- 7# 4* 10, 


• 1 


vanisnes. , , _■ , C x 

• 3# 3 4- 16# 2 4-7#4-10 me 3# 2 (#4* 5)4-#(# -t-5) 4- 2(#4“^) 

* ** . =(*4-5)(3# 2 4- #4-2) 


Since 3# 2 4~#4-2 cannot be further fact 



^_4)(*4.5)(3# 2 4 -# 4 - 2 ) are the required factors 


Factorise : 


27. 

# 3 4-3# 2 — 10#— 24. 

28. # 3 - 

-5# 2 — 

- 2# 4* 24. 

29. 

6 * 34 -*®— 19#4-6. 

30. # 3 - 

-19#- 

- 30. 

31. 

x 3 — 39# 4- 70. 

32. # 3 - 

-# 2 4-12. 

33. 

# 3 — 5#-f-12. 

34. # 4 - 

- 2# 3 - 

-20# 2 4-39 



# 4 - 
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35. Prove that 
(a+b+cy t —a"—6 n 

ip ~\~i c — d) n -f- ( a 


(b-\~c) (c+a) {a+b) 
c n and (b-c) (c—d^a 



f&Jint. Substitute — c for b and put b-}-c= O.J 
3. Divisibility ot x n ±a n by x±a. 

0) vv h en x n —a n is divided by x—a 


is a factor of 
~b) is a factor of 
number. 


a 


ft 


0, 


remainder 


x 


! (ii) When x" 


a n is always divisible by x 


\ 


a 


a 


n 


is divided by x-\~a t the remainder is 


a) a and is equal to 0 or — 2a n , according as 


odd 




r 



a* is divisible by x-\-a only when n is even. 


When x*-)- 


a) -{• a and is equal to 0 or 2 a* t according as n is odd 


or even. 


* * 


x n -\~a H is divisible by x + a only when ?i is odd. 


( lv ) When x n +a n is divided by x—a, the remainder is 


a n +a n = 2a\ 


x n -\-a n is never divisible by x 


a. 


Example 1. Shew that 10* — 1 is always divisible by 9. 
Since x n —a n is always divisible-by x — a. 




or 


by putting ;r=10 and a = 1, we f j id 

10* — 1” is always divisible by 10—3, 

10”— 1 is always divisible by 9. 

8x 3 ;• 27 y 3 


that 


Example 2. Simplify 


2xr-+-3r 


Since x n ~a n is divisible by x-j-a when n is odd , 
. 8x 3 -j-27y 3 (2a:) 3 +(3 y) 3 


2x-i~3y 


2x^-3y 


(2x) 


(2x)(3y)-r <3 y) 


4x 2 -~6xy-}-Sy z . 



Shew that 


1 is always 
10*4-1 is never 

1 is divisible 
10* 4-1 is divisible 

1 is always 


5* is 



Write down 

& (8a* 


by 6 and XL, 
the quotient of : 


(a 3 4-64£ 3 )-s 



(2a r jc\ 

(32a* 4-**)^-(2a4-£). 











< T 


* 



« * 



EITY, 


1 



n 




us consider the 


variation in the value of: 


and 


2p z + 3p+5 
3x 2 — 


<i> 




* * 


If in expression! (i) 








if 

if 


tf 


99 


99 


9 9 


f* 


99 


/>=<?: 

*=3 


ai 


ft 


si 


19 



■ Thus, the value of expression 
p varies — p is the variable in 




as ike waive op 




Similarly, the value of expression (II) varies as ike valve of 
x varies— x is the variable.. 

In each of these expressions, only one letter occurs. 





$ 


Now, let us consider 




e?x z 




2, three letters a y b, x occur. If the value of this 
expression is supposed to depend upon the value of a only, 
then a is the variable and the letters b are non-variables 
or constants. If its value is supposed to d 



/ 


upon aror b v 

then or b is the variable and the remaining letters are the 
constants. 

It is usual to take x , y t a, as variables and a, b, c as 
constants. < 

2. Function. 




ebraical expression which contains x 


function of 



?s 



fix). Fix), <b(x), &c. If it contains x and y 




as the 


function 


and y and is 




i(x,y), F{x,y), etc. 




" * This chapter is meant for the brighter 
extra assignment. 


section of the dess, as an 




integral function 




For instance, * 3 +4* 2 -5x+ 7 is a function of * and may 

* ^ . a o * _ ^ nr -T" 


and 3* 2 


and y and may be denoted 



*, >')• 







A function is said, to bo integral 


none 


the 


J\ iuneuvu io -- — -• . . , 

variables appears in any denominator, and it is said to be 

_ _ . <i * T hue V 







vanames appeal a w -* 

fractional if the variables occur in its denominators. i bus *, 

. - ^ ^ / r o_ ~ oAncfnnt*;. 




iracuuuai u uiw — 

p, ^ being the variables and a, b , £, &c., being the constan s 


ax* + by 2 + £ 2 2 + + exz +■ fyz 


XZ , V2- 


tr 2 l' 2 2 2 #1' , 

and ^ + T + 7 + aJ + fc ar 



+ 


are integral functions 


and ~z+bx+c and ax 3 + ^ + cz 3 + dxyz 


are fractional 


X 


-2 


V 





functions. 






A function is said to be rational if it contains no roots 

a A V 


contains 



variables; for instance, ax* + Voxy+cy* is rational and 




ax-\- 





In this chapter we shall consider only the rational integral 


functions. 



It is important to note that if. in a particular discussion 


{ (xf) stands for a particular expression, say, 3x* ^x-\r5 > 


then / ( y ) would stand for 3y 2 — 4y4-5, 


HP) 


tt 


M 


M 


3 p* 


f(-vi) 


)) 


11 


n 


4/* + 5, 

3(— w) 2 — 4( - a») + 5, 


/(l) 


I) 


II 


19 


3.1 2 — 4.1 +5, 


/( 0 ) 


If 


19 


9) 


30. 2 -4.0+5, 


/ 0>+ 1) 


5 » 


91 


99 


3(£+l) a — 4(£ + l)+5. 




*■ f 




Example 1. If / (^r) = ^ 3 — 3 a; 2 4- 3at — I, find the value of 


,«V 


(i) /(-*), (ii) /(*-!). 


(i) 


/(-*)-( 


m 

Putting—* for x in the given expression, we have) 

x) 3 - 


3( — *) 2 4-3( — *)— 1. 






3 — 3* 2 — 3* — 1. 
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(ii) Putting (fi— 1) for x in the given expression, we have 

/ (^~* = l) 3 — 3(^~l) 2 -}-3(^— i) — i i NI1H 

= P 3 - 3p 2 -j- 3p — 1 — 3(p 2 — 2p 4-1) + 3p— 3 - 1 

.. —^ 3 ~~^P 2 ~b3fi-~l — 3p 2 -\-6p-~3 + 3p — 3 — l 

^p 3 -6p 2 + 12p-8. jBH 

3. Degree of Function. The degree or dimension of 

an integral function is the same as the degree of the highest 
term in it. 


and the d 

variables ^ 


degree 


5x 6 + 4x-7x 2 + 8 is 6, 


ax 


is the 


. * 


Functions! of the second and third degree are also 
called quadratic and cubic functions respectively. Thus 

ax2 -h bxy 4* cy 2 and ax 3 -{- 6y 3 -f- cx 2 y 4- dxy 2 are respectively 
the Quadratic and cubic functions o; x, y. 

Taking a ot a Jt a 2t a 3 , as the co-efficients, the general 

expressions in x, of various degrees, are as follows: 


1st degree <2^*4- a y 

2nd degree a 0 x 2 +a l x+a 2 

3rd degree a Q x 3 -j-a 1 x 2 y-a 2 x-l-a 3 


[2 terms.} 
[3 terms.} 
[4 terms.} 




* • 


• # * 


and of the n tk degree s 




vV. 

2 f 1 


• • f 


VTT* 


% 

K- 

f 






V ^ 


a^xn+a^x*- 1 ^ -a 2 x«-' d +-...-hc«- 2 


* i:;'; 




4-/r w ... f«4- 1 terms.] 

Similarly, the general expression in x t y of various degrees 
are as follows : 


1st degree a 0 x J r&iy-ha 2 ••• [3 terms.] 

2nd degree ^ 0 x 2 -^a l xy-^-a 2 y 2 ^~a 3 x-\'a 4 y-\-a s , t ,\6 terms.] 
3rd degree a Q x 3 4- a , * 2 y-f- a 2 xy t +a 4 x 2 4- a 9 xy 4- « 

I *j* *1*^9 /.'• [ 1 O^terms.} 


INTEGRAL FUNCTION, DETACHED CO-EFF. 





Thus, a complete general expression of any degree should 
contain all the terms of the given degree, together with all 



the terms of lower degrees. 



.3 


by a function of the 2nd degree, say Po* z 


If we multiply a function of the 3rd degree, say a 0 x 

■4" CL | X^ d - a 1 4 3 

_j -p l x+p z , the product would evidently be of the 5th degree 
Similarly, if we multiply a function of the m th MU I 





be 


(m-{-n) th degree. 








Again, if we divide a function of the 4th degree, say 


x* -hx 2 y 2 -j-y*, by 


function of the 2nd degree, say 


x *^.xy-\-y 2 , the quotient is evidently of the 2nd degree. 


Similarly, if we divide a function of the tn th degree by a 


function of the n th degree, the quotient would evidently be 

« * « 


These relations may be put in the 


of the {m—n) th degree 
form of the following lav/ : 

product of two 
integral functions is the sum of the degrees of the functions 


Law of Degree. The degree o the 


and the degree of the quotient of two integral functions is 


the difierence of their degrees. 


4. Method of Detached Co-efficients. When two inte- 


gral functions of the same variables are to be multiplied 


together or one is to be divided by another, the process may 

whi 


be abbreviated, by taking the following steps. 



based Upon the law of degree : 



I. Supply the missing terms (if any), by affixing a zero 


to each of such terms as its co-efficient. 


2 . Arrange the integral functions in descending or 


ascending powers of the variable. 



3. After removing the variable, do the process of mulii- 


pkioation or division as usual. 




4 


To the terms of the product or the quotient thus got. 


affix the variable with proper degree, bearing in mind the 


Jaw of degree. 
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Example 2. Multiply x 3 +3x-l by x z — 4*+2. 

The first expression when completed =x 3 +0x 2 +3x —I. 

As both the expressions are already arranged in . descending 

powers of x, we take their co-efficients in the given order. 

1 + 0 f 3 - 1 : l i ; M 

1-4 + 2 - ' 

1 + 0 + 3 _ 1 
-4-0-12 + 4 

+ 2 + 0 + 6-2 

1-4 + 5 _13 -flO - 2 

As the given expressions are of the 3rd and 2nd degrees 
^respectively, their product must be of the 5th degree. 

the product = x 5 —4x‘ t -j^5x 3 — 13;v 3 -j-lOx — 2. 

Examples. Divide x*-f-9x 2 +81 by ^ 2 +3^r+9. 

The dividend when completed — x 4 -f-0x 3 -t9x 2 -i-0x-i-81. 


Taking the co-efficients 

in 

. order, we have 

- 1+3+9' 



0 

~h 

9 

4- 0 +81/1-3+9 

9 

11 

+ 

3 


9 

V 

4 


— 

3 

+ 

0 

+ o * 



— 

3 

— 

9 

-27 " s 





+ 

9 

27 





+ 

9 

+ 274-81 ■ . 









As the dividend and the divisor are of the 4th end 2nd 
degrees respectively, the quotient must be of the 2nd degree. 

quotient— x s — 3x-r 9. 

The method employed in these examples is called the 
: method of detached co-efficients. 

f 

EXERCISE 96. 

' % m SHHiil I > 

* w 

1. Write down a general expression in x of the 8th 

< 'degree. • -nk-z- - . * 

2. Write down a general expression in x» y of the 4th 

■^degree. • 
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Taking x, y, 2 as 



of the follow- 

1 


(i> integral and rational, 
(ii^ integral and irrational, 
(iii) fra ctional and rational, 
(iv> fractional and irrational. 



If /(x)=3r 2 — 4x-J-5, find the value of ^ 

(i)/(l), <ii)/(2), (iii) /(-!), (iv)/(0), (v) 2/(x), 

(vi)3/(— £), (vii) /(w-f 1). 

10. If /(.r) — 2x 3 — jc 2 4-3x 4-1» find the value of 

(i) /(2)-/(l), (ii) /(l) 4-/(0), (iii) /(*) + /(-*)- 

IL U^jp)=M»*-fijr+r, find the value of /(x4-i)— /(x— 1) 
12. If /(x)= find the value of 3/(2)— 2/(0). 

2x — 1 

Multiply, using the method of detached co- efficients 1 


13 . 

14 . 

15. 

16 . ' 

17. 

18 . 
19. 
26. 
21 . 
22 . 

23. 


x 2 — 3x4-2 by 2x‘ z, -\-x — 3. 


x 3 — 2x z ~%-xA-3 by x 2 — 3x4-4. 

x 2 — 5x4-3 by 2x 3 — 3x4*1* 

7jC* — 2x 2 4 - 3 by 2x 3 — 4x — 3. 

5x 3 — 2x — 1 by 3 x 3 -}-^ 2 + l. 

5x* — 3x 3 — 2x 2 4 - 4x 4- 1 by x 3 — 2x 2 -\~x — 1. 
6 . 1 4 -\-x 3 — 1 by 2x* — 3x 2 + 4. 

jx 3 — 4 - Ay 3 by 3 x — 2-y. 

*4.r z 4 - *3.r p — *2y 2 by *5x 2 — m 2xy-{-'5y z .. 






Expand, using detached co-efficients : 


(x 2 4 - Zx 4 - IX * 3 -3x4-1 )( 2 x 3 4 - x 2 4- 3). 



Multiply (2x-3 y> 3x-i-2)(x —a) and .find the value of a 




Hot which the co-efficient of x 2 vanishes. 
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Divide, using the method of detached co-efficients r 

24* x s lx — jr 4 -f- 6x 2 — 4x 3 by 2+jc 3 — 4x* 

25. Lb; 3 +48— 12;u -f- 30** — 82. r 3 by 2x~ 4+3*«. 

26. 1— Sx-^Sx 2 — by 1 — %x-\-x 2 , 

Zl. for 3 — 1 by 4*r 2 + 2;*?+l, IBS 

28. x 4 — 1 by x+l. 

29. Find the expression of. the 4th degree which 

multiplied by x 3 -{-x 2 -{-x-j-2 gives x 7 -$-x? +x -^X as the 
product. 

5. Homogeneous expression. An express ion is said to- 

be homogeneous when all its terms are of the degree* 
Thus, 

x 2 y 2 ~{-3xy is a homogeneous expression of the 2nd 
degree in x and y. 

x 2 — y 2 + z z — 2xy + 3x2— y:: is a homogeneous expression 
of the 2nd degree in x, y and 2 * 

ax 3 -f- by 3 -f- c z 3 — dxy z is a homogeneous expression of the- 
3rd degree in x, y and 


Complete Ho 




5^' 3 +4x 2 y -i-3^:y 2 + y 3 is a homogeneous expression of the: 
3rd degree in x and y and is complete in itself, for no term. 

9 m 

is missing; whereas 5# 3 + foy 2 +y 3 is also a homogeneous 
expression of the 3rd degree ip x and y but is incomplete, for 
a term of the type x 2 y is missing. It can be made complete 

: I -4 * 

by inserting +0^r 2 y in it. The insertion of -\-0x 7 y does 


not change its value, for 0;v 2 y — 0. 


Similarly, any incomplete expression can be pci the 
form as a complete expression by inserting the mi sing terras 
with zero as the co-efficient of each of such terms. 


Type 


Let us examine 


* 

r m m 


form 




O 


iX'l vjlI-3 


i* - t 


-4T 


complete homogeneous expressions 


% 


ana v 


V Ci. 


HO MOGENEO US 









4 


a 


+«» y 


(i> 


a^-VayXy+azy* 

a^x 3 +a x x*y-)r a «xy z -M 3 y 3 

a Q x^ \ a X x 3 y o. z x z y £ -h a ^pcy 3 4 - <*■ 4 V 

a a x s -\-a t x*y-i-a z x 3 y T -i-^3^y 3 + a **y* 



* • 




.s 


* * * 


(V) 


'id classify the terms in each, according 


to the forms o 


types 


In the first expression the terms are of one type 


oni r 


J i 


i.e a Q x. 

In the 2nd 
and a x xy. 

In the 
and a x x?y 
In 


expression the terms are of two types, i.e. y a 0 x ’ 






the terms are of two types, i.e , , a Q x 



. „ y and 
In the 5th 



the terms are of three types, i.e.* a Q x 4 , 


» « 


* 


• • i 


expression 



terms are cf three ty 


a-nX*, a x x 4 y and a^x?y z 


\ . 


If in these expressions the terms of the same 







(a 0 x+ a ! y) 


1 m « 



2«,2 


%y z )+ a \ x y 

( a Q x 3 

te D x 4 +« 4 y*) -f (« i^ 3 y -M 3 -r 3 ) -M 2 **y 
(a Q x s -f a s y s ) + a+xy*)+ (a 2 x 3 y 2 + 

Thus, the best way of writing down a 


m 

m 




3 


x z y 3 ) 


(v) 


expression is first to think out all the possible type* 


homogeneous 

and 


then to 



down all the terms in each type 


t hample 1. Write down 
ltd degree in x , y and z. 


expression of tshe 




The types of terms in the required expression are : 

3 i 


(0 





cxyz 



is 


(«7 0 x 2 +a x y 3 +c 2 z 3 ) -f (a 3 x 2 y 4- a^z + a 5 y z x a G y z z 


V- i,'. 7 Z“X -rO 


6 



1- c -,xy 
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6. Absolute Symmetry. Just as in Geometry, a.sym- 
metrical figure is one in which all points on one side of 

the axis of symmetry have corresponding points on the 

other side, or if the points on one side be interchanged with 
the corresponding points .on the other side, the figure 
remains unaltered, so in Algebra, a symmetrical expression, 
with respect to a pair of letters in it, is one which remains 
unaltered if those two letters be interchanged, e.g . 
2x 2 + 3xy + 2y 2 is symmetrical with respect to .randy, for 
when x and y are interchanged, the resulting expression 

2y z 4-3yx -^-2x z is equal to the original- expression. 



^ Such a symmetry is known as absolute symmetry. 

The expression 2x 2 + 2y z +2z 2 + 3xy + 3xz+3yz is sym- 
metrical with respect to (x, y), (y, z) and (z, x), for it remains 
unaltered when (i) x, y are interchanged, (ii) y, z are inter- 
changed and (iii) when z y x are interchanged. 

The expression 2x z -f 2 y 2 -} 5z z + 3xy -f 7 xz + 7 yz is sym- 
metrical with respect to (x, y). but not with respect to (x, z) 
and i(y, z), for if we interchange x and y, its value remains 
unaltered, but its value is altered when x and z or y and z 
are interchanged. ^ • ; . 

Hx. Think out the condition which will make the abovfe 
expression symmetrical • ■ • - 

(i) with respect to x, z ; 

(ii) with respect to y, z. 

Let us consider the expressions : 

<ZqX^ -f* ci | y 5 .«•. . • ... ■ ... (i) 

a 2 x*y+a 3 xy 4 : ... ... ... (ii) 

a 4 x 3 y z -}-a 5 x 2 y 3 ... ... • ... (iii) 

Expression (i) will be symmetrical with respect to x, y 

if a Q — a x . 

Expression (ii) will be symmetrical with respect to x, y 
if c. i = a 3 . f 

Expression (iii) will be „ symmetrical with respect to x % y 

• r ' . V . a -J & . * 

if a 4 =a 5 . 'flj. 


- w 
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Consequently, ( a 0 x s -b 1 y s ) -h (u 2 x 4 y-b^ 3 xy 4 )-Y 

-f <? 5 x”y 3 ) will be symmetrical, with respect to x, y if the terms 

of the type x s have equal co-efficients, the 


terms of the 

mtm 


terms 



x 3 y 2 have equal co-efficients. 

Law. In a symmetrica! expression nil the terms of th.6 

same type must have equal co-efficients. 

Let us consider the sum , the difference, the product and 

the quotient of symmetrical expressions. 

Take the following 4 expressions, whi«h are symmetrical 

with respect to x> y : 

x~ r y ... ... — **• (0 

x 2 \-xy+y 2 ... — -*• •-* 00 

.x 2 -xy-\-y 2 ... ••• (iii) 

x A -\-x 2 y 2 Yy 4 

and apply the test of symmetry on the results we get by adding 
(i) and (ii), (i) and (iii), (i) and (iv), (ii) and (iii), (ii) and (iv), 
{iii) and (iv) ; v 

by subtracting (i) from (ii), (i) from (iii), (0 from (iv), (ii) from. 




(i) and (iv) 


(iii;, (ii) from (iv) and (iii) from (iv); 
by multiplying (i) and (ii), (i) and (iii), 

(ii) and (iv), (iii) and (iv) ; 
and by dividing (iv) by (ii) and (Lv) by (iii). 

From the examination of the above results, we establish 
the following law : ^ ! : : 


Law. The sum, the difference, the 


roduct and 
symmetrical 




7. Cyclic Order. In this figure, the letters a , b y c y ' ate 
so arranged round the circumference of a 
circle that if we start from a and go round 
the circumference in the direction of the 
arrows, we meet with h and aft^r h with 




and after c with a % and so on. Such an 
arrangement of letters is said to be cyclic. 
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* Let us consider the arrangement of terms in the follow- 
ing expressions: 

&(b £ ) 4* b(c ci) -f- c{a, -\-b) t 

a 2 (b— c)-\-b 2 {c — a) - r c 2 (a — b). 

In these expressions, if in the first terms a be replaced 
by b, b by f and c by a , we get the second terms; if in the 
second terms b be replaced by c, c by a and a by b , we get 
the third terms; if in the third terms c be replaced by a 
st by b and b by c t we get the first terms. Such expressions 
are said to be written in cyclic order. 

An expression is said to be written in cyclic order when, 
each term in it can be derived from the preceding term by 

I 

changing the first letter into the second, the second into the 
third and the third into the first 

Example 2. Write a(c 2 — b 2 )+ b(a 2 — c 2 ) + c(b 2 — a 2 ) in cyclic 
order. • ;, r ' ■ ’ 

^ The first factors of the terms, &e., a, b, c are already in 
cyclic order, but the second factors are not. 

Arranging the second factors of the terms in cyclic order,, 
we get — a(b 2 — r 2 ) — b(c 2 - a 2 .)—c(a z — b 2 ) 

= — [a(b 2 — c 2 ) + b{c 2 — a 2 ) + c(a 2 — b 2 )} . 

Example 3. Write down the cyclic expression in a, b t c whose 

« • ^ 

nrst term is -77 

a(b— c) 

Putting b for a , c for b and a for c t we get 

— - — as the second term. ^ % 

b{c — a) 

Putting, in the second term, c for b , a for c and b for a, we 



s(a — b) 


as the third term. 


# * 


the expression 


a 




b 


+ 


a{b—c) b(c-a) c{a-b) 


8. Sigma Notation. Whenever an expression consists 


same 


easy to 


SYMMETRY , SIGMA NOTATION 
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derive all the terms from the first term, as 

example 3. Such an express.on can be put m an a 

form by prefixing the Greek letter 2 (Sigma) to the first ter . 

The symbol % stands for the sum ol the terms of the same type. 

Thus, with variables a, b, e. 


a means 
a z means a 2 4 b 2 4- c 2 , 

"% ab means ab Y bc + ca y 

(a Zji r ab) means ( a z 4 ab)-\-{b“ -1 -be) 4 (c 2 4- ca )t 

3 % ab means 3 (ab + bc + ea), 

and 2 £ a 2 -3 % ab means 2(a 2 \b 2 A-c ) — 3(<2^4- )• 

9 Cyclic Symmetry. Let - us examine the nature of the 

y n* h e^4-b 2 (c-a)4-c 2 (a-b). At first sight it 
expression a z \b — c)^-o c uj-f-t ^ j 

looks as if it were absolutely symmetrical with respect to 
letters {a, b ), (*, c) and (f, a) but on interchanging «, b % we get 

the expression 


which 


b z {a - c) 4 a 2 (c — b) 4 <^ 2 ( b — a) 

a z (b — c) — b 2 (c — a) — c 2 (a 


b). 


llCh — —a-{u — t } — t' V c 1 / ' • / . 

Thus, this expression differs from the original expression, 
in having each of its terms preceded by a negative sign 

i r . u^r thi=> nricrin; 


in having each ot its terms preceueu uy a negative sign 
instead of a positive sign ; hence the original expression does 
not possess absolute symmetry. However, it possesses a certain 

. * « * t 

A # ^|| f* » ___ j _ — ~ 1 4 


possess absolute symmetry. However, it possesses a certain 
kind of symmetry which is known as the cyclic symmetry. 
Even such a symmetry is of great importance, as it helps us 
in deriving unknown results irom one which is known 4 as 
illustrated in the next example. 

a A f'* ^ 

Example 4. 


{a + b 


LAV„ Al A U Vi 

Simplify by the cyclic symmetry 
2c){a 4c — &)+ (b + c— 2a)(b + a — c)+ (c4« — 2b) 


(r 4 b fl). 


By actual multiplication, 

" a\ _ 

By cyclic symmetry, 

=b z 


2c)(a~{-c — £) = a z — b z — 2^ 2 — clc - 4 3^c« 



and (f4a-2^)(f4^ -fl ) 

the expression = 


— c 2 — 2<z 2 — ba 4- 3ca 

c 2 — a 2 — 2b z —cb-\- 3 ab ) > 

2(a 2 4 2(fl^4 <ir4^) 

2 'Sa 2 4-2 S 







* ** 
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EXERCISE 97 . 




*' Z: Z 33 VariaWeS State which of '«» functions 




(i) homogeneous but not symmetrical t 

ijii) homogeneous and symmetrical, 

(iv) neither homogeneous nor symmetrical. 

° cases (ii) and (iii), te'll also whether the symmetry is 


absolute or cyclic : 


2 


( x + y) 



- 


*• 


5. 
•# 7. 
9. 
II. 


3. (x — y)( x + y ->6). 




4. x 


3 


-f- ax 2 y 
3 + ^ 3 + ^ 3 


- 2^: 2 >/-{- 2^2 _j_ ^ 

6 . (*2 -f y2)( r 3 __ 



3;ryx. 8. 2(x 


J' 3 ). 


x 3 + 3x 2 y+3xy* 

2 -f^ 2 — 2(x 4 - y--f ^). 


-r y 2 ) + >>). 

Jf 3 . SO. ^f 2 2 4-2-2- 


Jt 


a (xy -t yz -{- zx). 


* 


12. -^(a; y)~b yz(v— z)-\-sx( 2 — a'). 


13. Write 


— **'*'■' ui ni ^ CUII 

plete homogeneous expression of the 5th degree in * and y. 


14. Write 


_ yj± a. CUIfJ- 

plete homogeneous expression of the 4th degree in yand z- 

15. Write down a homogeneous and symmetrical expres- 
sion of the 4th degree in y and z> using a , b , c, &c. os 
co-efficients. e r : 

^ 16. Construct a homogeneous and symmetrical expression 

of the 2nd degree in jr and y, which shall be equal to 16 

when x = l and y = 2, and which shall be equal to 4 when 
x — 2 and y = — 1. /, 

17 . Construct a homogeneous and symmetrical expression 
of the 3rd degree in x and y t which shall be equal to 10 when. 
x=l and y = l f and equal to 36 when _r = 2 and y — 1. 

Write down all the types of terms in the following expres- 
sions, a, b t c being the variables and ^ being constant: 

- a)(b — a)(c — a). 


18 . 2 (^ 4 -aXx+b). 

20. • j£(x 4- a \x 4* &)(x — c). 


19. Z(x 


21. t. 


x 2 (a-\-b) 
ab 







INDBTBRMINA TE c O-EFFICIEN TS 


22 . 't 


be 


23. *2 


1 


( a 


(a—b\a—c) 

Simplify the following expressions y 


-b){a-c)(x-a) 

the me’.. nod of 


cyclic symmetry : 


24. 


(x -1- b) (* + c) A- ( x 4- c) (x+ a) + (x + a ){x + > 


25. (& W 


c)+(b + c—a){c -a) 4- (c 


26. 


(x+b+c){x-\r b — c ) + \ x Hr c + a )( x + c 


«) 


A-(xA - a+b)(x-\-a — b)- 


27. 


(a _ b)( x+ a )(x A~b)Ar (P — c){x 4 b){x-\-c') 


+ (c — a){x + c){x + a) 


28. *Z(X A- y)(x + *)• 


29. 


30. "%xy(x y)(X ?)■ following expressions 

Under what conditions will the follo\Mn„ - . 


S(xA-y)( x ~ z ) 

31. ^.(a + b-c) 2 . 


be symmetrical : 

(i) 1 x 1 Ar ay z Ar bz 7 - 


32. 


(ii) 4 x 3 A~Py 


-ZxyA-cyzArdzx, 
2x z y-A-qxy z ,Wt | 1|| 


(iii) 2 x*'A~ m y* — nz * 4" 7x z y~’ 




py z zx-\-qz z xy. 


Without actual multiplication, state way the lOilaw.ng 


relations are wrong : 


33. (a A- b)(a z — ab A~ b 7 — a 


b 


3 


34. « 3 .4- b 3 — (a — b)(a z + ab 4 b~). 


35. {a Ar b Ar e^ip. 2 Ar b z e z — ab be etc) 


{a 3 A b 3 4 f3 



2bc — 2ca) 


36. 


(x z A-y 2 )(xA-y)=x 3 -h2*y 2 A- 3x z y Ary 3 


37. (x 3 A~V 3 )( xJ ry) = x4: A-x 3 yA-3xy*A-y 4 




.X3 


38. 


(xA-yA- 2 ){x z 4 y z 4- Z z ) — (x 3 A- y 3 4- z 3 4- xy ArXz Ar^y)- 




39, 


40. 


(x 4- y)(x z 4- xy 4- y 2 ) = x 3 4- 3 xy 4- 3 xy 2 4- y 4 . 
(xA y+ i){ x +y + z )=x 2 Ar xyA-xzA-y z 


10. Principle of Indeterminate Co-efficients 


Let us compare t*ha nature of relation in the following 


examples 


*4-3 =8 


<*) 


2*- 1 = 7 


(ii) 
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T 




(iv) 


(v) 


(2x-4) + ( 3 a :- 2) = 5a:- 6 


(at - f 1 )(a: — 1) = a: 


1 ... 


2x z -\-3x-\-7 



x 4-1 


(2x -f- l)-f6 


W 


(i) is true for a: = 5 and for no other value of x. 


(ii) is true for x=4 and for no other value of x. 


(in) isjtrue for any value of x, say 0, 1* 2, 3, 4, 5, 6,&c. 


&c, 


true for a?iy value of x, say 0, 1. 2. 3. 4. 5. 6. &c 


(i) and (ii) are equations, for 
values of x. 


true for definite 


(hi), (iv) and (v) are identities, for they are true for any 
value of x. 

m 

Def. An identity is true for any value of the variable or 

variables. r 


Symbol — is used for 1 identically equal to ’. 

As the idea of identity implies that the two expressions 
dilfer only in form , it follows that the co-efficient of any 
Power of a variable in one expression is equal to i he co- efficient 
of the same power of the variable in ike other expression. 
This is known as the principle of indeterminate co-efficients 
hut really it shou ld he called the principle of undetermined 
CQ-efficI 


-O , 


Although the principle stated above is quite obvious, a 
formal proof is added below : 


Proof. Let a 0 +a 1 x+a 2 x Zj ha 3 x 3 4- ...~A 0 - 3 rA l x-{-A 2 x z 
+ A 3 x 3 4-. ..be an identity and hence true for any value of x. 
Put x — - 0 , then a 0 — A 0 . 

Since a Q — A Q 

^ a. a l x+a 2 x z -\- a^x 7 * + ...^A x x4r A z x z 4~^ 3 x 3 ... 

Dividing - both sides by a - , we get 

a x -f- a z x 4- a 3 x 2 + ...eeA, + A z x A 3 x 2 -f- ... 

Put x = 0, then *=A } . 

Similarly, a 2 =A zy a 3 =A 3 , &c. 

■die nee the co-efficients ci like powers of x are equal. 

The principle established here is of great importance. 


4£S 




■•=7' §£ "? ; f wQyK yB 

V}1? J \.TM *-■•» +•»•* ■* ■*■* 


Exam 


If «/y^' 



(**— 3^+2)(^+3), 


ues 




/ i 




#**+ 


fas* _. 3Lr-f 2) (a; 4 3) 

ar 3 — 7 jit -f-6. 



n *- j ^ oc 
flUUA. 


degree 


we get ^ 0 =li — : ®» fl 2 f * • fl 3 

^ * * * i 

The coefficient 

Example 2. 


6. 


If 2x" 4- 3x-h&~Ax(x 4 1) 4 iB^C* 4 2) 


4£*{a 4 1) (■% 4 2), 


values 


v 2 49a 46 — :^(^r 2 4*) 4 $(** + 2 a) 4 C(.r 2 43*42) 


Equa 


/ I 




F+O 

the co-efficients of terms of equal powers. 


we set 


A-\ 3+C=2 

A 4 2 £j 4 3C= 9 

2C=6 

F rorn (iii), C= 3. 

Substituting the value of C in (i) and (ii), we get 


(i) 

(ii) 

(iii) 


and 


or 


.44^43=2 

^ 422149=9 

/f42J3=G 


♦44 


(iv) 


From (iv) and (v), A 


2 and B = l . 


( v ) 


A = 


2 


, B~ 1 and C= 3 


Alternative Method 


Instead of equating the 


terms of equal 


powers, it is sometimes 


convenient to find 


of the constants, 

illustrated below: 

* In 2 A 2 49x46 


assigning suitable 


as 


put 


idx(x+J) + Bx(x+ 2) + C(x + 1 )(* + 2), 
0; then 2x0+9x0+6=/i xO+fixO+Cx 1x2 


or 


6 = 2 C 

€=, 3L 
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1 






j 


2 ( 






iden tfty, we 




a/ 
* j i 


JL. 

4 / 


2> 







Again, by puttin 


2 


2 for 


jr m 



e 



tfi 


2) 2 -f 9( — 2)4-6 =^( 




H7, we ' 




Mr 



2X0)+ 



* * . w l 

* * 


18 





, £|a»'i 


^ I H 






# « 


./I 


2. 

2 , # 






-w 


’-•V - ■* 




Sometimes the first method is convenient and sometimes 


second. It is only 



lv 


( v.-CL. 




at we can find 


be 







Example 3. Simplify (a^b) 3 -^(b-^€) 3 
-f- £)(£+ ~h <2 ) 

symmetry and indeterminate co-efficient: 

Since the given expression is synrca-5.cn eat, homogeneous 



and of the 3rd degree in «, b, c, t 
hese conditions 


t- i 




y-t 





wiit also satisfy 




_ _ -• _ m 

The types of terms in the result will be 





a 3 , (ii) a?b and (iii) abc . 

H 3 ’ /A ’ -3(«u:+tfX^+ 

* .9 Gr'^C -f- bp€-\- i/ Z 








r'* ►' l J 








) 

^( <23 ih b 3 -\-c 3 
r.abc, where p, g t y are the co-efficients 
Putting «=0, £ = G and c— 1, we get 

(0) 3 + (1) 3 + (l) 3 — 3{0;(l}(j; 



i-i c s a-{-c 













p = 2, 

Putting «=0, £— 1 

(l) 3 + (2) 3 + (1) 








€ — 1 , we get 
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Again, putting cl =2, b = 1 and c=l, we get 

(3) 3 + (2) 3 + (3) 3 - 3(3)(2)(3)=^(8 + 1 4- .1) 

+<7(4+ 4+ 1 + 2 + 2 + 1)+*'. 2. 1. 1- 
or 274-8-1-27 — 54=/> x 10-l-fX 14 4-^x2. 

Substituting the values oi ft and <7, we get 

8=2x10 + 0x144-2^ 
or r— —6. 

p=z 2, <7 = 0 and r= —6. 

Hence the given expression = 2(a 3 -hb 3 + £°) — 6abc, 

• • 

» EXERCISE 98. 

m 

1. If ax z +bx + r=2(* + 3)(*+l) — 9; find 'the values of 

# 

<z, b and c. ; • 

2. Ii ax 3 -f- bx 2 -hex + a'=3(^r+l)(+- u - 2) 2 + 3, find the 

values of <£, ^ and d. 

' 3 . If /^ 3 +^x c + ^jc+^=(.r+2)(^4-3)(x-4) + 3^4-l f find 

the values of l, m , « and k. 

4. If ax 4 + + c^r 2 4 - dx 4- e=i (x + 1 ) 4 + (^r — 1) 4 , nnd t he 

values of a, b, c, d and e . V 

5. If a 0 x 4 -i~a l x 3 -j-tz 2 x 2 -{-a 3 x j-a 4 ~ 2(x-2)(x-i-l) 3 — 10, 
find the values of a Q , a x , a 2 , a 3 and a 4 . 

6. For what value of m will x-{-3 be a factor ®f. 
**+9*+ 7/2 ? 

7. If x 3 —6x 2 -t-12x+k=(x— a) 3 , find the values of k • 

and *• ' 


Find the numerical values of A % B t C and D in the follow 


ing identities : 

8. 9* - 7 ~A{x - 1 ) + B( lx - 3). 


9 . 


10 


11 

12 


12* + 5=A(3x + 4) - B(2x 
2(3* 2 -13*4-13)= 


\\ 


!)(*— 3 ) 


~A(x — l)(.r— 2)4- B{pc 

+ C(x — 2)(x 

3x z -$-llx — 7 —(A x -{- B)(x — 2)-f-C(* 2 + 3x— 1). 

x z + X - 2=A(x 2 - l)(* + 2) + ^(* — 1)(^2- 

+ C(*+ ix>- 2 — 



2x 3 


4) 



!)(*— 2) 


i 
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U. 


14. 


Express 3.x 7, — 4x4-8 in the form of 

Express 3x 3 +9x* + 7x+2 in tteform ^ l B ^ T)+C 

tS. Express x 3 —x l —ix—Q in thc^f orn^of 

\ n i it hi i m u i + b(x I- 1 ) 2 -f- c(x -f i) 4-Bi 

find the values of A, i and C. 


Simplify : 

?/. (x-j-y-{-z) 3 — x 3 — y 3 — z 3 . 

18 . (x+y-bz) 3 -(y+z-x) 3 -iz+x-y) 3 -(x+y-z)?. 

19. (y±z- 2x)(y - z) 2 +( 2 + x - 2 y)( 2 - x ) 2 

+ (x+y- 2z)(x-y) 2 + (y~\-z - 2 x)( 2 +x- 2 yXx+y^ 2 z)' 

Example 4. Find by the method of indeterminate co* effi- 
cients the square root of 

16x 6 — 8x 3 +x 4 -16x 3 4-4x 2 +4- 

The square root must evidently bel of the 3rd degree and 

its first term is 4x 3 . 

Hence the form of the square root is 4x 3 - J l -ax 2 + bx+c. 

Now, we have to find the values of a , b , c, so as to satisfy the 
identity 16.r 6 — 8x s -f x 4 — 16;r 3 -f- 4x 2 +4= (4x 3 + ax 2 
-f b x -f- c ) 2 . ' _ pd 


Using the method of detached co- efficients and avoiding 
the unnecessary terms, we get the corresponding co-efficients 

4 -J- a 4- b -f- c 

4+ c-f c 

2 (3 -f- 4 « -f- 4 -f- 4<r 

-f- 4a -f- o - 2 4“ + ••• 

-r4b+ ab+ .... 

-f-4c -+■ -■ 

164- 8a-\-(8b-\-o. 2 )+(2ab-{-8c)-\- ... 

Equating the co-efficients of l*ike powers, we have 

(i) 8d — — 8 a= — JL. 

(pi) 8b+a 2 ^\ or 8b + (-1) 2 = 1, ^ = 0. 

(iii) 2ab -\-8c= — 26 or 2( — i)(0)-)-8o= — 16, c— — 2. 

Substituting the values of a , b, c in 4x 3 + ax 2 -}-bx-}-c, we 
get the required root = 4.r 3 — x z — 2. 


mB&TERMWA TE CO- EFFICIENTS 




Find the square root c 
method of indeterminate 

20 . 9.*^ — 6xr 3 13jt 2 — 4x-}-£. 

2j 9^-6 _i2^ s + 4^ 4 -f-24^ 3 — 

22 45-12^ + 20^* +9^* -30^+25. 

23. Find the values of cl and b for which x* -\-2ax 3 3x z 

i 2^4-4 is a perfect squares • . t n . , . , , 2 

24 . Find the values of p and q for which 9x*-\-fax +?* 

is a 





Example 


Find the cube root of x 6 -j-3x 



^t- 




2 J 


indeterminate 


JSince the expression is of the 6th degree, its cube root must 
evidently be of the 2nd degree and its first term = v x or x . 

Hence the form, of the cube root is x 1 * cl*<* 1 

Now, we have to find out the values of a and b y so as to 
satisfy the identity 

x G ±3x 5 +9* 4 4-13x 3 4~ I8x* 4- 12x-{-8=(x z ±ax 

Using tlie method of dstached co 
unnecessary terms, we get the 






z co- 





1 -[* & d - b 

1 -j~ cl -}~ b 

l-{- a -\-b 
4- a 4* cl z -}-••• 

4 ~b 

l + 2a+(a z 4- 2^)4- ... 

1 4~ cl 4" b 

1 4- 2li-\-(li 2 4~ - 0 ) 4- ... 

4* a 4~ 2<z 2 -f - ... 

. ■ ■■ • 4“ ■ b 4" • . • 

1 4-3 a i-(3& 2 4- ^)4- 

Equating the co-efficients of like powers, we have 
(i> 3a=3, ffsl. 

(ii) 3a 2 4- 3^ = 9, or 3.1 2 4-3^ = 9, .% 6=2. 

Substituting the values of a and b in x z 4- ax 4- b % 
we get the required cube root=xr 2 4-^4- 2. 

Find the cube root of the following expressions by the 
method of indeterminate co-eff cients : 

25. a 6 — 3a s 4-9a 4 — 13a 3 4-18a 2 — 12a4-8. 
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MAT. 


L ATI ON ALGEBRA 


9* s +21**-f-9. 


A2x z 



8x a + 12x s — 30x* -35* 3 + 45x* + 27* 




28 . 27 — 54x+63x 2 


29. Find p so that 


perfect cube. 



For what values of a and b will the expression 



6x 5 - J r x 6 . 


x 3 +21 x 
6 -\-px 5 -\-5x 3 +px-s 1 


Bx^ -\-1.2x s 30x 4 5#jr 3 +50+2^O 2 +9(<a: — AR)x—r27 be 


perfect cube ? 


Example 6. Express 


x-rA 


0+ 1)0+ 2) 


in the form of 


A 


r + 


B 


x -j- X x +2 



Putting 


x-\-A 


At 


-r 


B 


. 0+1)0+ 2) x^-\ x+2 


, we get 




x + A—A(x + 2) +B(x + 1) 


A t c A + Bx + B 






x(A + B) + (2 A + S'). 


Comparing the co-efficients, we have 


A + B=l 


(9 


and 2A-'-B = 4 


• • • 


« m 


From (i) and (ii), A = 3 and B 


2. 


00 


Hence the required form is 


3 


2 


^ r +1 .*- 1-2 


Express 


2(1 —x) 


(l+x)(x z -x-6) 


in the form of 


A , B 
+ 


C 


x^ 1 x—3 x-\-2 


32. 


Express ? in the form of - - + ^ 


8^ 3 4-l 


2^+1 4* 2 — 2;r+l 


33. Express 


9 


34 If 


(~ 2)(* +l )* in the £orm of ^2 + (S if' 

2x2 - X - 3 - ^ + ^ find the 


0~1) 2 0~ 2) x — 2 .r — 1 O - 1) 


•values of A, B and C. 






55. If 


JNBETE&MTHA TE CO-EFF1 Cl EN T S 

\ A 




43 i 





B 


rx e +x-i-\)(x+ X)* (*■+!) (*+!) 



-I — l-:~ * find 

x~ 1 





* > 


k 

* 


^ 4 


11. We now III astrate the combined application of the 
factor theorem, law of degree, homogeneity, symmetry and 
the principle of indeterminate co-efficients. 


Example I. Factorise x 3 —5x z —5x — 6. 

As the expression is of the 3rd degree, it can have either 

three linear factors or one linear and one quadratic, i.e. % it 
must have at least one linear factor. [Law of degree.] 

As the first term of the expression is x 3 . 

the first term of the linear factor is x- 
As the last term of the expression is —6. 

1 the last term of the linear factor may be one of 

db 1, d: 2* ± 3, d: 6. 

Substituting ^ ^ 2, | 3, for x m the given expression, 

we fin d that it does not vanish, but on substituting 4* 6 for 

* V ' -* mPI H H Ml * k 

x, we see that it vanishes. 

• x— 6 is one of the factors. ' [Factor theorem.] 


The given expression can be put as 

xHx— 



(_x — 6) (x z -hx+ 1). 

As 1 cannot be further factorised 


*'k 

1* 

r£ r. 


* v 




6 N 


j* 


(_t 2 4- sr 4- 1) are the required factors. 






Example 2. Factorise 6. 

As the expression is of the 3rd degree, it must have at 



linear fad 

first term 



factor 


expression Is jz 3 . therefore the first 

* 









As the last term of the expr 
term of the linear factor may be 
On tria) we find that the 
when we substitute -\- 1 for x, 

•*“— 1 ) is one of the factors. 





the 

of ±: I» ± 2 , ± 3, ± 6. 

vanishes 


Now, the 


As x z -4- 2x 4" 6 cai 


( 


«*V 





i 



n ?\o f* /Ti 

iCsi. w 4 W 






3. Factorise x 3 — 5 
expression is of 


-r 4- / 

*/ J ram} 




4-8. 

degree, with, ^r 3 





as res last t 


* 



4 

t,: 



linear factor is x and the last 
may be one of ± % ± 2, ± 4 , ± 8 . 
On trial we 









1 * -fr -2 and 4-4> 



are t 


? 





v — 2 ), (x 

expression. *"•<,*$& 

As these three linear factors form a cubic expression 
the given expression i 
other factor. 



he first term o 




en 





Factorise : 


1 . ^ 

3. 

5. 



;r 2 \x— 3. 


7. # 


^r 3 -f x 2 — 17xr-f 1-5. 

x 3 4 - 10^r 2 -+- 3 lx 4 - 30 

3 _• 


19x— 30 





6 * 



a : 4 — 2x 3 


If n denote 



if* 


2. r 


3 



J-Ilx-S. 


4. x 3 4 - 3x 2 — 1 Ox — 24, 


x 3 4- 5jt 




*V* 


5. 


8 . x 3 — x 


% 

T 




4* *,■ 



2 j_ ^ 

« 



3 pX 


■ove that (& 4 -c) (r-fxz) 



is a factor of (# 4- <5 4 - c)* — & n — h* — e* and that ip—c) 


h) is a 



r / y 

01 (0 


e}”-\- (f ■— <z) 


*■> A- 


I* /" T 
i* r r1. 



~r 



theorem 


■s 


4-33 


12 


denote any 
that ab{a\ 



it 


— a n — £**♦ 
Example 4. 

As the g 




(jp+|Mr*) 


^v* 3 

✓V 


y 





of ti 



3ra 




v xr + y) 



„r. 


expression is symmet 

in jc, y, the possible forms of the linear factor are 

"(i) (x+y+z), (iO C*-y). ( i;i ) ( . . , , 

Patting— (y + 2) for a: in the given expression, we find that 

it does not vanish, 

x ^.yj ^.2 is not a factor of the expression. 

Putting y for * in the given expression, we find that it 



does 


x 


y is not a factor of the expression 




Putting — y for x in the given expression, we 

vanishes. 


x ~-y is a factor of the expression. 

is symmetrical and homogeneous. 



* 



As the given 
therefore (/+.£) and (z- \-x) must 

factors. 


two 





the 


degree, it cannos: 


have 



. 


*. (x+y+zY— x 


y 


a numerical on* 

3 ~A(x 4- y) (y + z) (z + x) 


(0 


stands 


If in (i) x=0 t y — 

( 0 + 1 + 1) 3 


(x+yi-z) 


and z — ] 

L, then 

0 3 — l 3 - 

-1 3 =A 


A = 3 

* 

1 

u 

i 

CO 

1 



3(* + yXy + Z X Z + x )• 


Example 5. Factorise (xy + yz + zx) 


a o 

xr^y- 


y 2 a 2 


a-jr 2 


As the given expression is symmetrical and of the fourth 

x t y, z% the possible forms of the linear factors, if 



any, are 


(i) jr, (ii) x-y 



x+y. 



x 4~ y + 2 . 


% 


Putting 0 for xr, we find that the expression vanishes 


x is one of the factors. 




• • 
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A 


homogeneous. 


other 



symmetrical 


;.nd homogeneous, and the expression xyz formed by the 
factors x, y, z is of the 3rd degree, symmetrical and homo- 
geneous, the remaining factor must be of the 1st degree, 
symmetrical and homogeneous, which cannot be other than 
A (x+y+s) where A is the numerical co-efficient. " 


(xy J ryz-\-zxf‘ —x z y z —y 2 z z — z 2 x?~ Axyz(xA y -f i). . . (i) 

Putting in (i) x=l, y = 1, z=l, we get 3A=6 or A = 2. 

(xy -}- yz -f zx) z — x 2 y 2 —y 2 z 2 — ^r 2 .* 3 = 2xyzfx - f y-f ^). 


• * 


Example 6. Factorise a 3 (6 2 —c z )+6 3 (c 2 —a 2 )+c 3 (a z —6 s ). 

As the given expression is symmetrical and of the 5th 

degree in b , c, the possible forms of the linear factors, if 

any, are 

(0 (ii) a— b, (iii) #-}-£, (iv) a A b-\-c. 

Putting 0 for o , we find that the expression does not vanish, 
/. o. is not a factor of the expression. 

Putting b for a % we find that the expression vanishes, 


(a — 5) is one of th 


factors. 


As the expression is symmetrical and homogeneous, 

( b—c ) and (c — a) must also be factors. 

As the expression is of the 5th degree, symmetrical and 
homogeneous, and the expression (a — b)(b— c^c—a) formed 
by the factors is of the 3rd degree, there will be one more 
factor of the 2nd degree, in a , b , c which will be symmetrical . 
homogeneous and of the form [A(a 2 -f b z -f- c 2 )^ -f- B(abA be ca)] . 

-c z ) A b 3 (c 2 a 2 ) A c 3 (a 2 - 


a 3 (b z 


b z ) 


— b)(b — c')(c — a) f A(a 2 Ab z A cZ )-i-b>(abAbcA ca ) } • 

Comparing like terms, say a 3 b 2 , on both sides, we get 


& 3 b 2 


a 2 bxBab 

B 



1 . 


c e 


REMAINDE R THEORE . ; f 


.Again, comparing terms containing a*b t "-e get 


0 = 

= — a 

• 

• • 

* 

• * 

=0 

-V) 0 

= — 

{a — i 


arb xAa 2 


Aa*b 


A =0. 


a 3 (ct 2 -b 2 ) + b 3 (c 2 - b 2 ) +c 3 (a 2 



onstants, by giving different values to the variable 


5 


c)(c — a) { (0)(a 2 A b 2 Ac 2 ) + ( — 1X^ + bc + ca ) > 
b)(b — c)(c — a)(ab A be A CQ-)' 

In the process of this example, the evaluation of the 
tedious, therefore we have adopted the method of the 

comparison of l ike terms. 

Note. In finding out the value of the. constants, care should|| | 
taken not to give such values to the variables as to reduce the two 

•sides to the form 0 = 0. 

c)Ab 2 (c 








13. Prove that • a 2 (b 


a) A c 2 (a — b ) 


(a-E) 


(b — c) ! c 

14. 


a ). 


Prove 


that 


ab(a — b)A bc(b — c) + ca{c a) 


( 


a 


P 

c 


) 


(b — c)(c — a). 



^^^^TLearn these two formulae by heart.] . 

Factorise the following expressions using questions U» 12, 


wherever necessary : 

15. a(b 2 - c 2 ) A b{c 2 — a 2 ) A-c(a 2 — b 2 ). 

16. (a-byA(b-c) 3 A(c-a) 2 . 

[ 7 . {aAbAcy.cibAacAbc^—abc. 

18. a 2 (bAc-) "I - b 2 {c -f - a l -p c 2 iR 4 _ b) A 2abc. 

19 . (aAb- \- c) 3 —■ (b A c — a) 3 — (cA<* — b) 3 — (aAb — c) 3 . 

2$. a 3 (b — c)Ab 3 (c — af)A; c3 { a ^)* 

? i. a(b — c) 3 -p b(c — b') 3 A c { a ^) 3 * 

22. a(bA c) 2 + K c + a ) Z + c ( a " b) 2 — 3abc. 

.23. (a A b)(a — b) 3 A (b A c ){^ ~~ c } A(c Aa)(c — ay. 

24 . {pc— y) 5 +(y— z?A(z-xf. 

25 . a*(b- c)Ab\c-a)Ac\a-b). 

26. {xAv) s — x s — y s . 

27 . (xAy + z) 5 — xS — y s ~ z s - 

28. x\y 2 — -S' 3 ) 4* y*{z z — sc 2 ") A a 4 (^ 2 — y 2 ). 

29. (xAy+z) 4 — (^+y) 4 — (yA^* —(zAx) 4 AX* Ay*±z*» 



CHAPTER XXIII 

MISCELLANEOUS ARTIFICES 

In this chapter it is proposed to discuss 

(i) a few important conditional identities with their 

application in factors and fractions, :! 

(ii) harder types of factors, and 

( ii) the application of the remainder theorem and the 
method of cross-multiplication in H.C.F. and L.C.M. 

1. Conditional identities based on a-p6’T-c=0. 

Example 1. If a+fi+c^O, shew that (a+ff)(6+ c X*+*) 

II Mill P ll IIHfi — —abc* 

Since a+b+c=*0, /. a -\-b=—c, b-\-c=—a, c + a=—b* 

Multiplying these three results, we get 

(a -f b){b + c)(c +a) = (— c)( - a){ b) 

* ; = —abc. 

Example 2. If a ±b-\-c— 0, shew that I : 

a 2 — be — b 2 — ca — c 2 — ab * 

* 

Since a + b 4 - c — 0, a=—b—c 

III <2 2 — be— a x a — be 

= a{ — b—c) — bc 

■ 

■“ ab— clc be == (jzb be -j— e 
•Similarly, b z — ca = — (ab + be -p ea), 
and*! c 2 — ab= — (ab+ bc\ca) t 
| a 2 —bc = b z — ca = c 2 — ab. . ' m I 

Example 3. If a-\-b-\-c — 0, shew that a 3 -rP -\-c 3 = 3abe~ 
Since a+b + c— 0, a-\-b——c 

( a+b) 3 =(- c f + * . . ■; 

a 3 -\-b 3 + 3ab(a-{-b)— — c 3 , • | 

or a 3 +b 3 + c''=-3ab(a + b) 

I llll I II - = — 3 ab{ — c) — 3 abc. -J I 

'Example 4* If a+b-\-c=0, shew that 

a 5 -] -b 5 -}-e s = —5abc(ab-}-ac \bc ), 

Since a+b-fcc=0 t a^- b= — c. : 



(0+£) 5 =(-O 5 

a s \ 5<z 4 £4* iQaW 4- 10 a z b 
a s j _ b s -\-c s - — 5 ab( a 





5 ab { (a-\-b) 3 

Sab{(-c) 3 -<*b(-c) } 

5ab( — e 3 

5abc(ab — c z ) 

— cxc) 

5 abc { ab-\-c(cL-\- b) } 

5 abc(ab+ac 4 - be). 


EXERCISE 




















3f a + b-\-c—0 % shew that 


t. 

2 . 

3. 

4. 
-5. 

7. 



bc(Jb 4- c) = ea(c+ a). 












a 2 4- b z -\-e 2 

a 2> ) = b(c z 4- 

z ■=. b z be c 2 — c 

(a 4 4- £ 4 4- £ 4 ) = & (« 2 + £ 2 -f * 2 ) 2 
<z 4 4-£ 4 _j_£* ° / - t * A - • — X2 

ft 5 4- 



c 2 ) 






a 


34 -^ 34 -^ a 2 + b z +e 2 



3 


2 




3. a 


5 1 . 


b s 4- c 5 = Sabc(c 2 — &£) 


Example 5. If 2s 



t 


a) z +(s—b) 



s * + s 2 —2sa + a z + s* — 2 sb b 2 -V s 


4 s 2 — 2s(<z 4- ^ 4" 0 "h ** 2 *4" ^ 2 "I" ^ 
4s 2 — 2 s.2s 4- « 2 4- £ 2 4- * 2 
4s 2 — 4s 2 4 - a 2 4- £ 2 + ^ 2 


a 



4 -c 2 . 


If 2s — a 

9. 

(s — ( 

10. 

s(s — 

ti. 

2(s- 

Hr t(s 

-a)( 

J2. 




. 


+ shew that 

> — b) 3 4-(s — r) 3 4- 3 g 6c = s 3 . 
c) 4> s (s — e\s — a ) 4" s ( s ~ a )( s ~~ b) 

(s — a)(s 



b)(s 




a)(s — b)(s 
— b)-=abc. 


c) + s(s 


g) 3 4-<4 


b) 3 + (s-r) 


b){s 


*\( c 

*Ar 


“f" 

- <l)(s — ^X S — 

= j(a 3 4-^ 3 4-f 3 




JRSy MA TRICULA TICN ALGEBRA 

HARDER FACTORS 

2. Type Xill. Factors of cyclic expressions fry 
arrangement of terms.' 

Example 1. Factorise a 3 (b — c)+ b 3 (c — a)±c 3 (a— b). 

Arranging the terms, according to descending powers of 
a, we have ^ - '.'•‘1 

-the expression = a 3 (b — c) — a{b 3 —c 3 )+{b 3 c — c 3 b) 

— a 3 {b—c) — a{b 2 -j -bc-\~c 2 )(b—c)-\-bc(b-\~c)(b—c) 

— (b—c ) {a 3 — ab 2 — abc — ac 2 -\-b z c+bc z } . 

-Arranging the 2nd factor, according to descending powers 
of b , we have 

the expression = (b —c) { (b 2 c — ab z )+ (be 2 — abc)— (ac 2 — a 3 ) } 

= (b — c) { b z (c—a)-f-bc(c—a)—a(c-{-a)(c—a)} ■ 

= (b — c)(c — a ) { b 2 + be — ac — a' 1 } . 

Arranging the 3rd factor, according to descending powers 
of c, we have 

the expression = (£— c)(c— a) { {be — ac)-\~(b 2 — a 2 ) } 

~(b—c)(c—a) { c(b — a) + (b a)(6 — a) } 

= {b— c)(c—a){b — a)(a -}- b -f- c) 

= —ra—b){b—c){c—a){a+b+c). 

EXERCISE 101. 

Resolve into factors : 

1. a z (b-c) + b 2 (c — a)-\-c 2 (a — b). 

Z . a 2 {b-\r c ) + b 2 {c-\-a) -rC 2 (a + 2 abc. 

3. a 4 (b — c)-{-b‘ i (c — a) +c*(a — b). 

4. a 3 {b 2 -c 2 )+b 3 {c 2 -a 2 ) + c 3 {a 2 -b 2 ). 

5. a 4 {b 2 —c 2 ) + b*(c 2 —a 2 ) -\-c 4 (a 2 — b 2 ). 

6. a 5 (b— c) + b 5 (c— a)-fr 5 (a — b). 

Type XIV. Factors of expressions of the form ax z -\rbx 
-c which involve the application of the equations 

p-\ -q =zm 

Lq — n 2 . 


* ***t 


HARDER FACTORS 

Example. 2 Factorise 20* 2 -\-xy 30 y z . 

Here we have to find out two numbers, P and g 

<s 




such that 
and 


p -\~Q — "Hi 
pq== 20 x ( — 30) 




600 



(/>-*7) 


Adding: 



p — g 


(p+g) 2 -4pg 

1 2 _4(— 600) 
2401 

V2401 = 49 










iii) , and subtracting (iii) form (i) we get 



P — 25 and q 


24. 




20* 2 -\rxy— 30 y 


24*y— 30y z 



5*(4* + $y) — 6y(4ar -4 5y) 

/iri. f 5* — 6iA. 



f actorise : 

7. 18* 2 -51*y4-35y a . 

t. 55** — 13*y — 12y 2 . 

Ii. 44* 2 — 71*y+20;}/ 2 . 

28* s — 73*y — 20y 2 . 

Type XV. Factors of expressions of the form ax 2 -{-bx 
4_ c> with literal co-efficients. 

Example 3. Factorise a 2 - (* + y)a 4- (* 4- l)(y - 1). 

Here we have to find out two quantities whose product 
IX? ~ 1)» and whose sum = — (*4-y)- 

* 

Obviously, — (*4- 1) and — {y — 1) are the required quantities. 

a 2 — {x 4- y)a + (* + IX? ~ 1 ; 

==a 2 — (*+l)a — (y — l)a +(*4-l)(y — 1) 

=« { cl — (*4-1) } — (y — 1) { a — (* 4-1) ) m* 
~(a — x — 1) (a — y 4-1). 


8. 27a 2 -33a£-206 2 . 

10. 120* V 2 + 73* 3 y 3 - 28* 2 >' 4 . 
12. 21* 2 — 5S*y4-21> 3 * 
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Resolve into factors : 
a 2 + «(*+ y) 4- (a— 2)(2 4- y). 

t ■ -} x — (cl -f- 1 )(ci -j- 2). 

(b z -l)x z + (b z + l)x+b. 


14. 

15. 

20. a 2 4-2Aa4/!> 2 -1. 


17. 


15. {a—^—x—a. 

hi a 2 — ( i 4 - <z -}- b\x *f- ci ^ x -j- by 

19. a z — (2£-f i l)«4-£ 2 +£— ^ 6. 

21 . b'\~€^x-\~cib-\~ clc % 


Type 
term irw»s£ng. 



Factors of cubic expressions with one 


Example 4. 

a 3 — 19a- 


Factorise a 3 — 19a— 30. 

30= a 3 -19a- 38 4-8 
= (a) 3 -|-(2) 3 -19(a4-2) 

= (x + 2) (a 2 - 2 a 4- 4 ) - 19 (x + 2 ) 

= (a 4- 2)(a 2 - 2a - f 4 - 19 ) 

=(x-%2)(x z — 2x—15) i f , 

= ( x-\ - 2)(a— 5)(a-|- 3). 

Example 5 . Factorise 2 a 3 — 3 a 2 — 4 . 

_4= 2a 3 — 3a 2 — 164-12 
= (2a 3 — 16)— 3(a 2 — 4) 

= 2(a 3 - 8)- 3(x+ 2)(x- 2) 

= 2(x s 4- 2a 4- 4X*— 2) — 3(a4- 2)(x— 2) 


•v * 


2 a 3 — 3a 2 


=(a— 2) { 2a 2 4-4a4-8 
= (x — 2;(3a 2 4-A4-2). 


3a— 6 } 


Resolve into factors : 


2 1. x 
24. x 
26. 

28. 


3 — 13a 4-12. 

3 — 3a- 18. 

3— 3A 2 ^4-20y 3 . 


A 

2a 3 


a z b—b 3 . 


23. 

25. 

27. 

29. 


a 3 — 6a 2 4-32. 
a 3 — 5a4-12. 

8a 3 4- 4a— 3. 

27a 3 4- 12a -5. 


Type XVII. Factors of expressions of 
ax 4 + bx 3 +cx 2 + bx+a or ax 4 4- bx 3 y + c. 

Example 6. Factorise 8a 4 — 6a 3 4- 7a 2 — 6a 4- 8. 


the , form 

2 y 2 4- bxy 9 
-hay 


fcie expression =x 


6 . 8 \ 
6A4-7-- +3i) 


T 


X 


r j 

** i ^ x y 



8 


V 


4- 


i 


X 




1 


6 4 x j 


~i 8 



4-2 


1 \ 


* 


. •* i 

XT/ 


6 (* §)+ 1 




VC. 


if" | 8 j ^ 4" 



1 


x 


X 



9 


Putting A for 



I 



_V the expression 

x i 








x s [SA z — 6 A- 9 ] 


f 8 A 


12 A 4 - 6 A 


Q 

•jf 


] 


* 


= X z [ 4 A( 2 A - 3 ) 4 - 3 ( 2*4 





x z ( 2 A — 3 ){ 4 :A 4 “ 3 ). 


Substituting tlie value of A, we have 


the expressions^ 




lx 

* 51 




3 


x 


i< 


x 4 - 


x 



2 x* — 3 x 4 - 2 1 f 4 r 2 4 - 3 >tr 4 - 4 





4 - 2 )( 4* 2 4 - 3 * 4 - 4 ) 



Noi 


It may tre 



of terms eqm 
signs, and tiseir spedd 
to zero, t he equations 


such expressions are 


noted that in sucn express*** — — _ 

«, the middle term are equal, irrespective of 

characteristic is that when they are equated 
thus formed have reciprocal roots: hence 

btovn as Reciprocal Expressions. 




Resolve into 






X 


X 




^ 3 K 
















34. 





C> 



3 4 - 3 y 4 . 


itm 


35. 



1 





z y z -}- 2 Sxy 3 4 - 6 y 




















■* 
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Type XVIII. Factors of homogeneous 
the second degree involving three fetters. 


expressions «f 


Example 7. Factorise 2a 2 -f 3ab — 9ac- 
, H c — 0, the expression is reduced to 


O 2 

da 


If b—0, the expression is reduced to 


2 a 2 


— 9ac — 5 c z = (2a- f- cy(tt 
If a — 0, the expression is reduced to 

-2b 2 4- 7 be -S c z =(—26a 



-f- 3 ob — 2b* — (2a — b^aA 2 


(Zb 





-c) 

cY-b+c} 


(t> 


. <ii) 


(ii i) 


Factors in (i) r (ii) and (in) are incomplete and comple- 
mentary. Their proper association can fee determined by 
comparing the co-efficients and signs of like terms. 

Here combining (i) and (ii) and comparing the results 
with (iii), we have 

2a 2 -f- 3a b — 9 ac — 2b z -+■ 7 be — 5c~ 

= (2a — bA c X a +26— 


Resolve into factors : 


37. 

2a z 

—ab — 6b z A^A 19&: — 

33. 

2x z 

— 2y z — 3 z z 4- 3xy — 5xz 4- 5 yzx 

39. 

n 

x z - 

- xy x A- y z — 2y z ' +3z z ~ 

40. 

r* i 

a“ 4 

-(x+y)a — 2x z -\-3xy — 2y 2 » 

41. 

x(x ■ 

-f «) — 4- 3<i(a4--x:) 4-2/J- 

42. 

x~ - 

- xy 4- 4 jc2 — 2y 2 — 5 yz A 3 z z ~ 

43. 

2x z 

A 3xy — 3 xz 4- 5yz — 2y z — 2z 2 \. 


l 

l 


Type XIX. Factors of expressions which satisfy Hie 

condition a + 6+c = 0. 

Example 8. Factorise (x— y) 3 -f -z}*-, !-(*— x) x - 

Since (x — y)+(y — z)A(z — ;r)=0 m 

(x - y) 3 4- (y - z) 3 -h (z — x) 3 =3Tx zfz~x). 

[Example 3. Conditional* i d e ntitie s!. P- 436. J 


HARDER FACTORS 


Example 9. 


Since (x 




2 y)*'+(2y 


3 z) s -f (3 



• * 



3-2) -b(^ 

5 t i / -* o’ 



4- (3 


#) = 0, 

- x) 5 


5(x—2y)(2y 



x) 


< ( x 

> K-*' 


2y)(2y-3z) + 


(3z-x)-\-(2y—3z)(3z—x)} . 

[Example 4. Conditional identities, p 
Resolve into factoi s : 

44 < 2a — b ) 1 4 ~ (b — 3c)* 4" (3c 2 <*) . 

45. L-25 + ir+(« + i-l) 3 +(*-2“) 3 - 


46. 

(a 

l) 3 -i -{a — 

2) 3 - 

{2a-3)\ 

47. 

(« 4-£ 4- 1) 3 + 0 

a — b - 

_ \ ) 3 _8a 3 . 

45* 

(2x- 

■h y) 3 — \ x 

—y ) 3 

— (a:4-2>') 3 . 

49. 

a 3 (b 

— 6~) 3 -J“ b 3 

(c-a 

) 3 4-£ 3 (a — b) 3 

50. 

(x- 

-y) 5 4 -(y 

-z) s 4" 

(z — a:) s . 

51. 

(x- 

-l) 5 4-(^- 

-2) 5 - 

-{2x-3) s . 





ype XX 



iscellat eous. 


r 










1 



Resolve into factors : 

52. a\b -f c) 4 - b\c + a) 4 - c z {a + b ) + 3 abc. 

[ flint* 3 abc — abc -\-abc 4 - < y '- 
Exp. = [a 2 (£ c) a>bc] 4- two similar terms.] 

53 . a(b 2 4 - c 2 - a 2 ) 4 - b(c z 4 - a 2 —b z ) + c(a*+ b z -c z )+§abc. 

54 . a 2 (£ 4 - c) 4 - b\c + a) + c z (a + b) + a 3 -t-b^ + c 3 . 

-b±-c±. 


55. 2 {a z b z 4- « 2 ^ 2 4 -b 2 c 2 )- a 
r Hint . Exp. =4a 2 6 2 -(a 4 4~* 4 4 -r 4 4-2^ 2 ^ 2 - 2 b 2 c* - 2c 2 a 2 > 

= (2ab) z -(a z +b 2 -c 2 ) 2 .] , 

56. fia 4- b) l a 4" c 

l Hint . Exp. - [a 2 4 - a(b 4~ c) 4 - be] (b 4 - c) 4 - abc 

= a 2 (£ 4" 4- a{b 4~ cj 1 " 4~ bc{ b -\~ } 4~ ' < 

= [a 2 (6 4 - r) 4 -a^r] 4 - [a{b 4 - c) z 4 - bc(b 4- c).] 






57. x 4 - 5a : 3 4- 14a: 2 
[Hint. Exp. = {x* 4 - 8a: 2 4- 16) - 5a:(a: 2 4 - 4) 4* 6a: 2 .] 

58. x* 4 - 6a: 3 4- 2 
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MA TRl C U LA T ION AL CEB RA 


3. 


order. 


after ‘Irnn^ % lear ” by heart the fo,lowin e formula, 
airer proper verification : 

If a » c are the variables 
(i) Ta-a-i-b + c. 

m m m. 


i. 


(ii) 

(in) 

Ov), 

(V) 

(vi) 

(vii) 

(viii) 

(ix) 

(x) 

(xi) / 
(xii) 


‘£((1 b c\ 
0. 





a). 


Example 1. 

Simplify 


a — b ) 

%{a 2 -b 2 ) = 0. 

'Xa(b ~r) — Q. 

'Z.a~(b — c)~ -~(a — b)(b — c){c 

S ab{b c)~ ( a — b )(b — c)( c — a). 

1La(b 2 —c £ ) = (a — b)(b—c)(c~a). 

2( a - by = 3(a - b){b - c )(c - a). 

: f l 6 , C) = ~ ( a — b X 6 - f )(r - a)(a + b + c). 

(& — c)= — (a — b)(b — c)(c — a) 

(a 2 -i-b 2 -r c 2 -j-ab + br-l-ca). 

(b~ ~ f 2 )= — (a — b)(b — c){c — a)(ab be ca). 


1 




1 


+ 


1 




(a — b)(a — c) ' ( b-c)(b-a ) ' (c-a)(c~b)' 
Putting tiie denominators in cyclic order, we have the 


expressions 


1 


1 


1 


(a-b)(c — a) ( b-c){a-b ) ( c~a\b-c ) 


1 


+ 


1 


1 


) 

f (a— b)(c — a) ( b—c^a—b ) 1 (c —ay ■ - c) 

(b — c)+{c — a) + (a-b) 

(a — b)(b — c)(c — a) 

0 


(a — b)(b — c)(r — a) 


0. 


Example 2. 


Simplify 


a 


+ 


t 


3 


:» 


+ 


V / 


*) 


( a-rb){a—c ) ( b-a)(b-c ) ’ (c — a){c 

Putting the denominators in cyclic order, we have the 

x-3 


a 


expression 


b 3 


( a — b)(c — a ) — b)(b — c) (c-a)(b — c) 

























a ) 1 ( \a—b\b 

a 3 (b — c) -j- b 3 (c- 


<7)4- c 3 (a 


(a - b)(b - c)(c — a 



(a — b)(b - c) (c — a)(a 4 - b 


c 





(a 


A v / A 
£ ( 6? 





#)(« 



1 


v 
■ /> 






f) 











<? ) 
/ 


EXER‘ ISE 102. 


Simplify : 


I 


2 


. 1 . 


4. 


5 


6 . 


7. 


8 . 


10 . 


12 



(* 

- yX* “ 2 ) 


b 2 C 2 

% 

(a. 

— — c ) 


bc(b-)rC ) 


(a — b){a - c) 


s 


11. * 



a{a 


b 2 )(a'< 



15 



a ( a 



cz 


O 4 


(# — £)(« — 0 
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i6. s —fcB)! 


\ 


IS 


19 


( [a — b){a — c) m 
(x — b){x — c ) , 

(a — b) ( \a — c ) ^ 

(a-j- b){b 4- c)(c -f a) a-Lb b + c c-±-a 


. _ b — c c — a a~b 

17. a.- — - j . 

ox-c~ c-\-a~ a- r b 


two similar terms. 


abc 


a 


b' 


b 2 -\-c 2 -2a 2 c 2 x-a 2 — 2b z a 2j Lb 2 — 2c 2 

+ 


: 20 . 

(a— b){a — c) ' {b — c) (b—a) ' {c—a^c-b)' 

[Hint, b^ + c* -2a? = {b 2 — a 2 ) — (a? — c 2 ) . Decompose and factorise.] 

21 . 


bc{x — a ) 


(a—b)(a 



ca{x — b) 2 ab{x — c) 2 

i _ 


b—c){b — a ) 1 (V— #)(£•— £)* 


Example 3. Simplify 


a 


■f* 


b 


{a — b){a— c){x —a)~(b — a){b — c\x — b ) 



+ 


{c—a){c— b) (x — c) 


Putting: the denominators in cyclic order, we have 


the expression 


a 


b 


{a — b){c — a)(x — a) {a — b)(b — c){x — b) 


The numerator 


a 


“f“ 


(c — a)(b — c)(x — c) 

b 


{a — bYc — a){x — ay {a — b){b — c){x — b) 




{c — CL) {b — c){x — c) 



the expression 


a{b - c){x — b)(x- c) -f two similar terms 
" (a — b){b — c){c — a){x — a)(x — b)(x — c) * 

= a (p _ c ) (x 2 — x{b-\-c) + bc j+two similar 

terms 

= x 2 Za{b-c)-x-Za(b 2 -c 2 )+ abc^{b - r) 
x 2 xO-xx(a- b)(b - c){c—a ) -\-ebc x 0 
— — x{a — b'){b — c){c — a). 

— x(a — ~ c ){ c ~~ a ) 


{a — b){b — c){c — a) {x — a){x — b){x c) 


x 


{x — a){x — b ){x — c) 




Simplify : 


1 



0* — &X a 





a ) ' (b— c)( b — d)( x — b) 




i 



23. 


**/ 
fl " 

Wtmm 


b 2 


(c — ab){c— u)(x — c) 





[a — b){a — cy[x — a) (b — c)(b — aY^x — b) 




€ 






(c — a)(c — b)(x — c) 


24. 


'} 


+ T 


1 








(a — b)(a (£ — r X ^ a X * 4* 


-f 





4^) 



25. 


■ 


(a—bX* 



b z 


*x*+ n ) ’ {* —£)(b— a)(x 4- b) 


(c — ~ AX* 4- <0 


26. 


14-** 


1 -|-^ 


(a—b)(a — c%x - <*) {b—*)(b - ^X* 


4- 


1 *4"^ 



(<r — «)(<: — ^X-^ — 


{Hint . Decompose the 


1 


(a — ^)(a — r)(.r — a) 


two similar terms 4- 


a 


Ca — 1¥« 



■* — «) 


4 - two similar terms. 


27. 


1 -j- pa -f- Q& 


> J 



1 -\-pb+qb' L 






(a—bX*-cY x - a )' (b-c)(b-a)(x-b) 

1-f pc + qc z 



(c — CL) ( c— b)(x—c) 


Example 4. Simplify 


4 a —b ) 3 + {b — r ) 3 4 - (c — a) 


The expression 


a?(b-c) 3 +<& 3 (V - *) 3 4- c 3 <> - 6) 3 ’ 

■(a — 6 ) 3 4 -(£— < 4 3 4 - {c — a ) 3 







(ab — at ) 3 -\-(bc — bd ) 3 -\-(ca — cb) 


Since 4 1 - {b — r) 4 -{c cd) 


0 .and ( ab — ac) -j- (be — bd ) 

— cb) — 0, 



m 


u MATRICULATION AIJGEJSRA 


K 


the expression 




cfe — 


JL 

abc 


1 


' Simplify: 


28. 


( a 


6 2 ) 3 4- (b z - c 2 ) 3 4- (c * — **)» 


(a — b) 3 + (b - c) 3 4- (f 


a ) 


\3 


29. 

a 3 (b z -c z )%-b 3 (c z - 

& 

i >Li 

a z (b —(f) 4 

£ 2 <c- 

■ <z ) 4- c z (a — 

30. 

27(a4-£-i-c) 3 

— (*4- 

2b) 3 -(b+ 




9 *sr 


lid !.-< 



(a 4- 3b 4- 2c)(b 4 - 3c 4- 2a)(c~t~ 3a 4 * 2# 


5 


[Hint* Apply (a+b - \-c ) 3 






( g 4. £) 3 + (c _j_ dy - (a 4 c ) 3 - ( b -f- d) * 

(a b) z -\-(c d) z — (a c) 3 ' — (b - •- d) 2 * 

(a — b)(a -\-b) 3 +(b— c)(b 4- c) 3 4 ( t - —a) If 4$) 


« 

£ 


3 




\ / 


X 


6 -I) 




y 

1 

y 


<4 ” 4~ 4~ <X* 

11 

x 


■S_i 

< v" ( 


£ j ■>*' -i - f r.l~ />■ \I f 


i 5 




4 . 


/ 


4-y 



n+4i-i)+ 


X 


Shew that 




£ , b 
+ 


3 

j- 

x 

i 


c — a 


JCL 

; 


r 



— I 
y/ 


1— }- ab 14^ 1 4~ 


a 


b b 

X 


iT € 

X ~ 




V* 


14-^ 1 4-6c l+fB 




35. Shew that 


a 


b , £ 

~r 


C C 

4- 




m-\-ab m-\-bc m-\-ca. 


a—b 


m. 


■ 

0 


— £? 


mA-ab m 4- 






36. Prove that 


1 




(<a:— 


\2 



1 


4- 7 


1 




«-<r) 2 -«}= 








CYCLIC FRACTIONS 


4'. Conditional Evaluation 



I 


Reduce to the simplest terms 



1 


where x 



y 


a l) & 

+ 



and y 


a 


k {ct+ b 



a 


1 — ab 14 -ab 


\ — a z b z 


2a( 1 +• b 2 ) 


* * * 



1 + ab 



! — a z b“* 


1 





a — b 


\ + ab 


i - 


a 


b 



a 


1 

z 


a 2 b 



\-a 9 b z 


(l -« 2 x*+<* 2 ) 


(il) 


1 — a z b z 


• c c 


* o * 




x+y 2a(l + b 2 ) . (1 —a 



) 


1—xy 


1 -a z b z 





) 


X 


1 

1 


a z b 2 


a 



\—a z b z ' (1 — a 2 )(l + b z ) 


2 a 


1 


a 


» 


Similarly, 


x— y 


2b 


14 xy i— b z 


Example 2. Find the value of 


X-\ -a x 
— ■ — 4 * 



when x 









The expression 


x — a+ 2a 



x— a 

x— 


x 


a+b 





x —a 


x — b 


, 2a’.,. 2 b 

14 1-14 


x — a 

2 + 2 ■ a 


4* 


x—b 

b 


2 + 2 . 


( x — a x — 
ax — ab + bx 


) 


Is 


bet 


(x — a ){x — b) 
•> . o x{a+b) — 2ab 

•(x-aXx-b). 

2 + 2 ° 







( X — a)(x — b ) 
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x(a-\-b)—2ab, or x(a-\-b)—2ab-0 
the expression = 2. 


* . 

' *3 U * v * , 

- * 


EXERCISE 103 


Find the value of : 


f. 


1 , 1 

-j • 

x— a x—o 


a 




m w 

2 a m 

— 2 mx 

3. 

^1 H 

W j fto 

1 1 

y ZJ rX 

x 2J ry 

4 • 

/2 x—a\ z 

\2x-b / 


4- 


1 , 2ab 

- when x ==- — r 
a a-\-b 

b 


2 mb — 2 mx 


when x 


a 


a- r b 


when x 


b , a--{- b 

and y = — — ? • 



a 


-x , ab 

7 wnen- .*= — r 

o—x a+b 


5. 


x 


.A- 


4-1 


r+<s 







when 

4#£ 


a 


a 


1 



2a . x+2b ■ 

O' + “OA when * = . A 

x—da x—db a-\-b 


7. 


;t*4-2a x 

“TT 


2(2 


+ 


4a£ 


2b— x 2b-\-x x 2 — 4p 2 


when # 




% 


a4£ 


_JI 

4 




5. CONDITIONAL IDENTITIES. 


Example 1. If a4-^4-£=0> shew that 


a b . c 

*r — ’ — ~r 


o 4* ^ f 4* ^ ^ ^ 



a-{-b b+c.c+a 

— t— M ■ , [" — i 

cab 


9. 


Since a-\- b-\-c=0. 


t ' 



Substituting these values in the left-hand side, we 


{ a 
—a 


+ 4t + 


hH 


+. 


a 


a 


+ 


b 


b 





(— 1 — 1 — 1)(— 1 — 1— 1)=9. 


Example 2. If a -f b 4- c — 0, shew that 


1 


+ 


1 


4- 


i 


****** 


b z 4-c z —a 2 ’ c z +a z —b z a 2 +b 2 —C 


0 















CONDI, TIONAL 


Since aAb-\-c — Q, 



<3 imilarly, 
and 



'• * 


• * 




o, *)■ b — C 
a ' 2. A- 2ab -h b z 
a z+b z -c 2 -- 

b z -\-c z - 
c z 4-« 2 .- 


» •» 


Hence the expression 


1 


V 


2 be 


+- 


1 




- 2a c 


m 


■ a“ 

-b z 

i 


*. n 



2 ab 





a 


b 


(a + £ + r) 



2 abc 




-- 


2abc 






2 abc , 


0 . 


Example 3. If 25 = a+64-^i shew that 



1 


- f - 

a 5 


1 


•r 


1 


1 


abc 


b s—c s s(s — a)(s — bys*— c) 



The left-hand side 

1 . 1 


•ix 


a 


+ 


b 


) + ( 


1 


1 



(s — b) a (s 


(s — a)(s — b) 


a) + s 


SAC 


(s - c) 


2s — a — b 


+ 


(s — d){s — b) s(s — c ) 






H- 


(s— d)(s — - 6) 5(5 — c) 


[ v 2s 


a 


b — 








I 


1 


-f 


1 


(s— a)(s — b) s(s — c) 


\ 



s — C- 5 T* ?)(*: b~) 


* t 











s(s 


s(s 

- a)(s 

-its- 

-0 V 

s z — 

5 C+ S Z 

— sa — 

- sbA a b 

s(s -a)( 

s-b)^ 

j — c) 

2 s 2 — 

“ b “j~ r) "f- 

s(s— 

1 

1 

b^s - 

C) J • 

2s 

2 - 2s 2 

■l“ ab 

• 

• 

s{s — 

a)(s — 

b)(s — 

c ) 


abc 


1 A 

W * 

m 

1 

1 

1 

t 

r ^ 
■% 


i - • 



a-* 


^ * 





’ * 








£ v a ~\-b -^-c 
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Example 4. If x + 

and xyz-!~l—Q. 

Since =1, 

2 


I 

V 


1 


1 




1» y +-* =1, prove that z 4 -Z.= s \ 

x 


y=X 


1 


1 


4 ~ 


Substituting the value of y in x+ 


1 

y 


1, we get 


X 4- 



z—i 

* 

E 

zx — x~\~z 

f 

2~ 1 ~ 

or 

X£ — X — 

or 



1 


1 


1 


Dividing both sides by x t 

'fc * * * '* \ * 

1 

^ /4*> 

x- 


we.get 


* * * 


■ • * 


From (i) 2 m 1 


1 


*u i 


x 


xyz~xy 



1 

n . 1 -e 




1 






... rry 

y(x — 1 } 


X 


xyz + 1—0. 

Example 5 . If xy-\-yz+zx 

x+y , y+z z+x 


1, shew that 

1 


1—xy 1 — yz 1 — zx xyz 


t 


Since xy+yzM-zx= 1, 


1 — xy = z(x+y) 


x+y 


x+y 


1 


1 



z(x+y) z 


y+z 


1 



■ ' i ■ “ -i 

1 —yz x 

Z r~X 1 


m & <» 


• m 


i 


y 


(« 


( 

i\ 

I V X — 1 = 

-i] 

-yxi 

— / 

\ 

y* 

1 

y J 


00 


CO 


00 


m 


* * « 


CONDITIONAL IDENTITIES 


V; 




4Si 


4 • 


-the expression 


[ii) and (iii), 

i+i+- 

x y z 

yz+xz+xy 


xyz 




1 



xyz 




[ v yz +xz+xy= 1.) 



EXERCISE 104 


If a j^b^-c— 0, shew that : 


1. 


" *T” 


a 


2 ab 


2 C Z 4 . a 2— ^2 


2 . 


a 


2a z -f bc^ 2b 2 ca ' 2 c 2 +ab 


b 2 


2bc 

-h 


+ 


2ca 

1. 


3. 


{Hint. 2a 2 + bc=a 2 +a(— b- c)+bc. 

If 2 s—a+b+c, shew that: 

_ abc 

J. 


1 


* 

I 


>v- 


— +^T+r £ -.+2 

5 — a s — b s — c 


4. 1 


b 2 +C 


a 1 2 


5. If a — \ 


2 be 

V* 



( s — a)(s — b)(s — e) 

4„?(s — a) (s — b)(s — c ) 


b 2 c 2 


1 


prove that c 
c 


6. If x 


b 4~ c — a ) y — c cl — b ; i \ i d 

,r 3 +j; 3 -f2 3 - 


= 1_L 

a 

a+b—c. 



then 


3-ry;? 


a 3 4i 3 +f 3 — 3afo 


4. 


7. If x=a(b- c). y = b(c-a) t z = c(a-b)> 



8 . 


shew that (~) +(Z) +(?) 

y± f+ y+ f=2 then 1 + 1 = 2 . 

v— # y— r y 


3xv^ 

abc 


9 . It x-\-y—2z t then 


x 




y 




2 . 


10. If b 2 —aCiX=Ua+b), y = &(£-K), then 


^ y 


2 


II. If 3 (« 2 + £ 2 +r 2 ) = (a+£+0 2 » then a=sb*=*c. 


* 



A 

\ 


4 si 
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12 


j, 1 , 1 , 1 

aTb^c 


1 


V- 


** C a+b+c a 5 ' b s ' c 5 ~ 

13. If x=*by+C 2 % y= C z+ax and z~ax+by. 


ihen 


1 +A+ 1 


1 


*7 


* 


(a+b+c)*' ' \ 


then 


a 


+ 


b 


w 




l-frt l-f -b T+c 


1. 


++ F - a "<i L. C. M. {Continued.) T| 

the application nf^th e * amp,e j and exercises which invoive 
JLtUM+r i !: re m ind ^ theorem , the method of cross- 

n C P F IndL r iV e principUs underlying the Processes of 


Example I 

4;v 3 - 


o 2 , F ° r what . va ^ue of x will the 
Sx +x -J" 3 and 4;v 3 — 4x 


expressions 


( 


The H P R fu • " Sx-fcS vanish? 

2 , ' a 5 \ °f. th ® g,ven expressions, when worked out 

^ b ° th the expressions have 2x- 
imon factor, they will vanish when 2x — 3 — 0 


3 as their 


I- 

Example 2. 

expressions, 

3 



or 




n 

o 

3 

£ 


each 


C. F. and the L. C. IW. of two integral 
j 7 ^ , . °f tile second degree, are x+3 and 

'f'® respectively. .Find the expressions. 

Gt ^. an< J B be the two expressions and Q . and O 
be respectively the quotients, when they are divided by the 

Th.i W r = r + J^' ^ aD , d £ =(-r + 3 X C 2 >- 

Their L. C. M. - (-e + 3XO, XiC 2 ). 

But as the given L. C. M.=^r 3 — 7^ 

•* •** ( x + 3 XQi)(Q 2 )=x 3 -7x+b 

.* . /) in jt 3 7 jc -f-.b ■ 

^\Qz ~r-„ — .= — 3x + 2 


x + 3 


2). 


w.. — (^t— l)(jt- 

&i, w ?2 could either be 1 and A- 2 -3^-f-2 
or (x — 1) and (x~ 2). 

assni J e l . h ® brst P ai of values, we get expressions 
the firs*, and third degrees, which is contrary to the data. 

• MM n W-% /H / J rf-m A A ^ 1 / . .. _ 


Q\ und Q Hi6 eqi^i < to (x— 1^) and (dc 

the expressions are (i) (x+ 3)(x - 1)3 

„ . ■ 00 (x+3 )(x-2) = 

Example 3. Shew that if ax? +bx+i and 

have a common factor of the form x+p , then 

:-V) /}jtk*vAj>f-£*2 


;e 2 +2x—3 

X z +x—6. 

a* x z +b* x+c r 




/ . 4 


(be* — b’c)(a& ~a , b\ 


H. C. F., L. C. M. 


45 # 


• . , f „2 iAy J-f QS W6il aS CL X" “\~b X~\~C * 

, As is a factor or ^ -*r^ 1 c 


each will vanish it x— P 

ap 2 — bp-\~c^O 

■ ' of P z — b r p-\-c =0 

■foe method of cross-multipl icatio 


i » 4 


* * * 


(i) 

(Li) 


get 


p 2 

P _ 

X 

M m 

— be* + b’ c 

— c' cl 

— ab* ■ 

4 -a b 

. / P \ 2 

p* 

- X — 

1 

\ca' — c' a) 

P z _ 

—be’ -\-b r 

c —c 

p* 

~\~CL b 

( ca r — c'a ) * 

~ + (bc' —b r 

c)(ab' 

—a'b) 

(ca'—c'a) z = 

= (be' — b f c)( 

ab ' —l 

i r F). 



Example 4. Shew that x* + px~ + qx+L anu x tv 
4-1 cannot have a common factor, unless ^ q or^-r^T - 

(i) Since the given expressions become identical if P — q 
therefore each expression is a common factor, if p q • 

^ 1 . j 


L C LU JL M ^ I w A. J-/ L V L- ‘ V ^ w # 

(ii) The common factor, if any, is obviously contained 
the difference of these " " " * n 




4 .^ — p'pc % or is contained in ( p — q)x(x 
(p — q) cannot be a, common factor, since it is a constant. 

and x is not a common factor, because each, expression 
contains a term independent of x, 

(x — i ) can be the only possible factor. _ llllll 

Now, if (^ — 1) be taken as the common factor, each 
expression must vanisn if x— 1 , in eithei .vSe S| j 

0. 


or 


P+q+2 



Example 5. If x + c be the H. C. F. of x z +ax+b and 

x 2 a’ x b’ t prove that their L. C. M. will be 

2 


x 3 -4 -(a f a' —c)x 2 -\-{aa* — c z )x (a — c)(a — c)c 


9 * i ^ v 

As ( x+c ) is the H. C. F. of the given expressions 
fore each is exactly divisible by x-\-c. 


t 



Dividing each by 
the quotients. 



, we get (xr-f-a— c) and (x-\-a r — c) as 
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V* 


i*. C. M 


(x+cXx+a 

x 3 -i-x 2 


€ ){x 


{ £-f (a— e)+( a *— c ) } 

+c(a' - c ) + (a-c)(a’ - 


-tx { €{a — c) 


x +x 2 (a a ' 


' " € ) } ~hc(a 

c) +x(aa r ~c 2 )+(a—cXa r - c)c. 


c X*'-e). 


EXERCISE 105. 



1 and 


> expressions «-*> 
*i**Pr* ^ f-tor. tha ‘ XZ+mX+2 and 

, , o' nd , th ® expression which divides 

i+r® 3 - 2 f ‘+4* 3 + 3**-2*-4. leaving 2* 

* x -r*> as remainders respectively. . 

each of^hp ^ * w o integral expressions, 

ach of the second degree, are x — 4 and x 3 — 2x z — 10x 4 - ?i 

espectively. Find the expressions 

S. If H be the H. C. F. and ' L the L CM of two 
expressions A and B and if H+L = * * f 

H 3 + L 3 = A 3 +B 3 . 

6 - If x + a be the H. C. F. of *- 2 , 


— ^ w V v \jr 

A+B, prove that 


and 


shew that a= - — ~ 

P^P‘ 


7. Find the condition so that ax 3 -\-bx-\-c andha' x 3 -i- b' 

-he may have a common factor of the form x+m. 

8. For what value of a will the expressions x^ — ax 

factor T U ~ 4 ^ x3 -( a+1 ) x ‘+ 23x -«-7 have a common 

■f* Find- the value of p so that x~ -f-x p and x 3 -l- x z 
+x+l may have a common linear factor. 

10. Shew that ax z +bx+c and cx 2 Arbx+a cannot have 

a common factor of the form x+p, unless a+c—b or 
r + o-\-c=0. • 

. }\ x ~t r and g * 3 * P xZ -hfx-f-r have a common 

linear factor, then (P— l) z <?(p — 1) + r = 0. 

, ?' II x2 f L ° X i b ^ nd xZ -h a 'x~b have a common linear 
factor, then 4 b = a z -a 2 and the factor is x + % (a+a' ). 

13. For what value of a , other than zero, will the expres- 
sions x -{-5x-i-a and x 3 -3x-j-a have a common linear 
factor ? Hence, find their H. C. F 


SECTIONAL REVISION VI 




t 


function 



PAPER 1 

distinction < 


fractional function 



tween 


function and an | 
Write down a 





2. (»*) 



Sx 


~4i 



X 


and 3jc s +x + 2 


the method of detached co-efficients, 



y of 


(ii) Without actual multiplication 


rh the co-effksent 

1 f lr>(^»or 


l)(2x 3)(.v 



what conditions 


S, 


py* 4 ^ s* — 4xy -\-ay 2 + bzx be symmetrical ? 

1 ), find the values of A and B. 

'■ find the remainder if 


4 . If x--At (af— 2)4 B {x 


the remainder theorem 




2 . 


6 . Factorise 5&r* — S9 j vy 


e divided by x- 
231 y 2 by the application of 


n 


and ab 


» 2 . 


7. Find the equation whose 


4 and 5 



PAPER 2 

I. (i) If K*)— ***— 5**43* — 1, find the value of / (0), 

f (1) and /( — 1% 

(ii) Divide by the method ot detached co-efficients 
3x* -2x-\-2—x z by 3x 2 -j- 2 — 4x. 

Z Write down a homogeneous expression of the 4th 

| 0 > £ ■' 

degree in x, y and z- , ^ 

3 . Write down all the types of terms in the expressio 

M 

^ — ~ — — „ wfeere«, A, c are variables and jr is constant. 

ab . . 




\ • 


V 
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T. 


<5 

' 0 


) *• 


4 . If a 0 x 4 Aa 1 x J -ta 2 x 2 +a 3 x+ jr 2 - 2x~r 3X*~ 


9nd the values of a 0i '«y, a 



5. Factorise (2x-y) 5 +(2y—zyi + z . 


a* and 


i) 


2» *3 4 


V 


6 . 


Simplify 2 1 

; (a-6)(a 


a 


*> 


) s 


oles and x is, constant. 


c)(x—a\ 



are varia- 


7. 


equation whose roots are -f-8 and 


7 


a 


PAPER 3 


l. 


and cyclic symmetry. 


between absolute symmetry 


2 . 


Write down a cyclic expression 


term 


x 


y 


x(y — z) 


& Without actual multiplication, state why 



4. Express 


d - ^ 3 )(^ -r # 3 d- 2& 2 & -f- 3«<5 S -j-£> 3 is wrong; 


x 2 —2x~M 


(x — l)(x—2)(x+3) m proper fractions 


5. Factorise ( 2x 


degree 


6. Solve x 2 — 6x—55 


~$~{x 


by the Hrst method . 


factors and also graphically 


PAPER 4 


S. Write (down <z 3 (r 


2. Express 



w 


( & 




3, 


symmetrical expression of the 


2nd degree in x, y and z has the value 14 when x 


3 V=4 


and z 


wheax 


Z,r~h * 


find i L 


$ 4 


remainder theorem that jt» 1 



.r 4 -4- 2x 3 








SECTIONAL REVISION VI 




•: * 




43§*H- 


5. 

6 . 


Factorise a: 3 — 13a: -f 12 by the remainder theorem. 

Use the method of cross-multiplication in solving the 

3A:-2y+ M 0 - 


following equations : 




0 




* * 


7. Solve 2 a:— 1 


15 

x 


2a: -p y — 11 
x + 4y+ 3z — 26. 


by factors and also graphically by the 



second method . 


PAPER 5 


* Find the values of A % B an . p « m order that 

A (x — l) 2 -P B(x — p) 2 = x z — 8a: -p 10. 

2. Shew that £-P^-P^-P 5 ' s a factor of 

(/»-}- r)(p -p >s)(#-P V)(g s) — (p Q f's) . 

3. Simplify by cyclic symmetry TL{b-\- c ~~~ 2a){b-\-c cz) 

where o, b , c are variable'.-, 

4. If x 4- y 4 -^= 0 , shew that %(x — y) z — - 3'%x z where 

x, y , 2 are variables. 

5. Factorise 10 a^ — 63 a: 3 + 72a: 2 4*63 a: 4* 10. [afjjlljL 

6. Solve the equation 12 a: 2 -p 6 a:— 35=0 by factors and 


verify the solution. ^81! H3 INI BII1 BL IJIIIi 

7. Find the square root of x e —6x* -p 17 a: 4 — 26a: 3 -h 22a;~ 
—8*4-1 by the method of indeterminate co-efficients. 


* 


1. 

2 . 

3. 


PAPER 6 

Determine the values of o and b for which 

(i) 3 a: 4 — 7 x 3 4* 9a: 2 -P cl x -f- b and (ii) clx* 4* bx -p 3 

are exactly divisible by ( x l) 2 . 

Shew that l-\ m-\-n is a factor of ^IliSlI 

l z (m + n)+m z (n-\-l)+n z (l+m) if / 3 4-/» 3 -P» 3 — 

Shew that 5^»— 4 3n is always divisible by 61. 




















4. Simplify 


2 


1 


a{(L m \‘ &)(& -p c) 


5. If 2s~a-> r b+c t shew that a [ 

(i) s’ -f(s— a\ ? - -P($ — b) 2 +(s — c) z = a z + b 2 

(ii) s 3 — (s — a) 3 - (5 - b) 3 - (s - c) 3 = 3 abc. 

(iii) 5 2 + (5-^)(5-r)-|-(j-c)( y -«)-b( 5 “ a X 5 “^) ill , 

. — ss be -p ca + ab* 
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MATRICULATION ALGEBRA 


6. Factorise 8jtr 3 4 4*' 4- 3. 

7. Solve the equation 15x 2 -i-26x 
the square and verify the solution. 


21=0 by completing 


PAPER 7 




f 


Using the principle of indeterminate co-efficients, prove 

(x -\-v-\- 2 ) 3 = x 3 -r v :i 2 3 4 3xy(x-\- y)-\-3yz(y-\-z) 
j ■ mmm II [I I p 4 3zx{z +x) 4 6xyz. 

5 -b s . 


2. Factorise 


(i) (a + t>Y 

(ii) Za z (b 3 


a 
c 3 ). 


3. Simplify Z 


4. 


a 


ab(a — b)(b —c) 


, where a , b, c are variables. 


Zabc , 

— 5 abcZob 


If a4<5»4r = 0, shew that fi) Za 3 = 

(ii) Za 5 = 

where a , b , c are variables. 

5. For what value of x will the expression 2x 3 +lQx 2 

*414^46 and x 3 4 + 7 x 439 vanish ? 

6. The H.C.F. and L.C.M. of two integral expressions, 

each of the second degree, are x-\- 2y and 6x 3 -j-7x z y 

— 16xy 2 — l2y 3 respective^; find them. 

7. Solve the equation 3x*-17x+lQ=Q by the formula. 


PAPER 8 

* 

$ | # Factorise (i) x 2 -\- (a—l)x—(2a — 3)(a 

(ii) 2a 2 — ab - Zac + 7 be - 2b' 


2 ). 

2r 2 . 


I # 




2 , if x -p be the H.C.F. of x 2 + ax+b and * 2 4***4*» 

hen their L. C. M. is x 3 4 x l {a 4 ni 4 P) 4 x(am—p j 

"■ T W thi' value of P so that X* f(p-3)x-Zfi and 
v 3 -$-Sx z -\- 17^410 may have a common linear factor. 

4. Solve the equations : 

x+y+z=0 


(b -\-c)x -\-(c-\-a)y 4( c *4 ~$) z 


0 


hex 4 ca V 4 " a bz = 1 


5. 


(x— b)(x 

Simplify - 


4 twolsimilar terms. 


0 


6. Express in partial fractic f 


lx 2 -\-x 4 1 


7. Solve the equation 2x 2 

\e third method. 


x 3 — 1 

13^415 = 0 graphically by 





(a) Write down briefly 5 3*7 x 53*7 x 53*7 X 1 

W Fi nd the value of v s(s 
40, c = 9 and 2s = fi -4^ 4 



tf)(\s — £)(s— r) when a 


2. (a 

method 


3x* — 2a: 3 4- x— 4 and 2x 3 —Sx 2 + 1 by the 



-efficients. 




Without 


full process* find the co-efficient 


of x 3 

«■ 3. 

& 


2 a 2 4- 3a 


44a 2 



the H.C.F. of a 5 — 3 4 8 and a 5 — a 2 4-4 


4. (i) 2b 


2 1 1 

a 4 c and - = 4* ; 

c b d 




a : b 


: d. 


(ii) If a, bi, c 



in continued proportion; prove that 




• c 

* v 


5. Resolve 




(i) a? — b z “4 &b(b fi). 


(ii) c(a? -Vb z — c 



4* a 


b 3 ') \a{b Z '\'C z — a 




6. 


(*+1)* 


a 


# - • . * 
*4& 




4- two similar terms 



7. Solve the equations (i) x-\-y—B, y + z 



2 . 


Mv 


(ii) 


X — CL . X 



b , a 

T 


^ 4 - c c *4 cl ct 4 b 


3. 


y 


la. If a 


b 


1 -b 


and b 


1 


prove that c 


a 




l + 2a 


i 

i 

j i 
c 

i 


9^ Express 


(a 4 


3a 4- 1 - • « , r ^ v 

in the form of — —-4 — — 0 * 

43) a4 2 a+ 3 v 



10. The perimeter of a rectangular field is 7 
dimensions if it contains 315 sq. ft. 




find its 


* ' 


. * *, * 


4C)2 






t T 

/ 




I 


V 


H. (a) Write down briefly 


N ALGEBRA 


3-4 x 3*4 x 3*4 

1, 






(b) F ind the value of ' 

b 21 , c 17 an d s h( ct- 4" b 4* c )» 



•CL ¥ s 



s(s-c) 



a 


10 , 



. ( a ) Divide Hx 5 +-22.V 4 -Ux 3 -9x 2 + 7x- 

x—2. by the method of detached co-efficients. 

(if) For what value of m will 2x* — 
■exactly divisible by x -3 ? 



4* 2 -f 



mx r— 21 be 


6. 


14. 




e H.C.F. of x* 



* 

4\9 

« : 6 : : 6 : c\ prove that 




20 and 5.r 4 -|-9jr 3 





(i) a— 2b 


* 


(a — b) z ( 


x> 


) 


a 


(ii) (,2 £ 4- c) : {a — b f c) 

15. Resolve into factors: 



\ 


a 


a 


} aEb' 1 - 
(ii) x(y 2 ~a) — y( 
(ill) 324* 4 -1- 1, 


s£ -i-l 


O 






out the factors of 





* r 

ify 


, - 




>2 


/ 


(e 


by a 


■m 



* 

Solve the equations (i) 

(ii) 


o s 


1 , 



terms. 


V 

w 




-f5 4v 4#— 11 — 8. 


18. Eliminate /j, k and l from the equations 

k°* h b l a — 

1 lx 4- 5 




2X^ + 1) 2 


in the form of 



Bx+C 
(x-l- 




20. The difference between the length and breadth 
rectangle is 18 ft. and its area is 448 sq. ft. ; 
iv , . ..(i) its semi-perimeter, * *' 

(ii) its length and breadth. 



l 
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£ ' 




f. 


md 


(1>1 




9* 


*• 

- 



9 





f % 






(ii) \ {a 4- 



4 - 




22 . 






7 " 


43 


1 is 



and 


PCVS5 


; lntesei 


23 




ml 



C. F. 




* 


K r 


the i net hod 



9 and ^x s + llx 4 





the lowest tesms. 


24. II x ; a 



j iio 
—3 




A3 


ar *y 3 a - 3 

r *» ( fi - h / 14 -^ 2 


25. 



y 


f 





% . 





26. 


O')** 

(ii) s(x f y) 2 — 4- *)* 

3J3 





J3-J2 


Solve the equations (i) 


- 4* 


(5i) 32 



28. Eliminate 







7 




/ 2 


1 

2 2 


1 


• W1 , * . - 




29. Find tfee values of A y B % C in the following identity : \ 


A 


B 


(jc — 1) x -— 3 ')( x 



x 


+ 


c 



1^ x — 2 ' x — 3 





3d. A certain sum was divided equally among a 


number o£ 

would 1 
fewer, 

money 



s: had there b 




3 persons more, 


had there been 6 







have received b as. more: find the sum of 


5 number of •ben 
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MATRICULATION ALGEBRAS 


31. (a) Find the value ^243* 


(3) If*+ 


1 

y 


I, y 


1 


I. 




32. (a) Shew that 5 2x 

Divide 2x 2 -f 5x 2 

* i 

the value of m for which the given 
of the given dividend. 


33. Find the H. C. F. of 



% 

* 




/. * 


34. It 


a 2 -\-c z _ab-\-cd 
ab-\-cd b z ~\-d 2 




a 

b d! 


33. Resolve into factors : 

(i) a(a+ l)x 2 -f x— a(a— 1). 
(ii) x 4 +y*+!+2x 2 y z 




36. Simplify 


x 3 +6x z 




x 3 4- 5x z — 2x 



37. Solve the equations 


> 


(i) 3 x+1 + 2 y 

2 y 


85 

11 



38. Prove that 


=0 } 

' • i 

n(n — 1)(# — 2)_. 


| (ii) x+ y + z = 3x+2y+z 
/ 2x — 3y-i~ 4^r = 24. 


1.2.3 


(«+ l)w{* — 1) 




39. If 


x 2 3x -f* 7 


/4 


(x 2 -h xH~ lX^*i" I ) 2 

‘.he values of B, C and D, 


x 




B 




(x-i- 1} 


* 


Cx+D 



•find 


■ 40. A person bought 13 horses 
and at the same rates 8 horses and f* 
Find the price of 9 h orses and 5 cows. 





■I 4^185 

B&» 2.640. 


miscellaneous EXERCISES 


465 


*l m 


Lf2s = a + 6+£, prove that 


V * 


a)(s— b){s 


c) = (a 4- b 4- (){if 4- e - <*){c + a - b){a 4 b - c) 


(ii) If a 


APp - x . b = AQ1- 1 . c = AR r *,then 


frQ~ r . b r ~P. ct>-v— 1 


42. (a) 


Simplify by the shortest possible method. 


8) 3 — 6x(5x — 8)(3x — 8). 


m 


CO 

Z 


(5 x-SY-(3x- 

Without actual multiplication, 

4 — 5x 3 — 2x~ 


efficient of x 3 in the product of x 


work 


out the 


1 


lx — J f and 


x 2 — 3x~i~ 1- 


2 x 5 — 5x 2 + 3, by 


43 . Find the H.C.F. of 3x s — 5x 3 4-2 and 

the method of the alternate destruction of the higher and 

the lowest terms. 

I 1 

44. If 7-r- + 


2 


b *4" r c ■4" 




shew that u 2 4 - b- — 2t%. 


45. Resolve into factors : 
(i) x 3 +64. 


i 

i 

* 

j 


(ii ) (x 4- v 4- s\xy 4 -vz 4- zx) — xy 


f 


45. Simplify 


32 * 4-1 52 -r— y J2x*-y+- m ^5 


\5* + x ™ .35* 



' . x x - 

- 1 X- 

-5 x — ?. x - 

-4 

47. 

Solve the equations ( 1 ) — 

-2 + x- 

-6 - x-3 + a- 

- 5‘ 



1 

1 3 



00 v - 

X 

T ~ ^ ' 


48. 

Eliminate x, y, z from y- 

= az, z- 

M 

<>• 

jK 

* 

11 

PS 

* 

« 

49. 

Find the values of A,B,C 

in (2x — 

3) 2 =Ax 2 + 2Bx- 

-3 C. 


50. A railway journey of 240 miles would take half an 
hour less if the speed of the train were increased by 12 miles 
an hour. Find the speed in miles per hour. 




:/ RIC UL A T/ON A L GEER A 




a + b-{-c t shew 




a) 3 4- (s — b) 3 4 -( s — c) 3 -f 



f 3 

2 


c z and ac = b 2 . 


For what value of k is36x 4 



1 


x 


1 


2 



y 




Square ? 


(ii) Fill in 'the 



x 


K 


y 

3 


in 


w 




Cr 


oy 3x — 2 y 


S3. Extract the square root cf: 



1 


e> 

‘*'■**5 



4 £ 

- +4. 

x 


1. 


€t 


IT* 


XA-V 


re ss 


14 -a 


m 




s or x 


Resolve into factors : 


X s A- o 


C A 


J*.- Jb 


x z -f (« -I- b 4- c)x 4- 

1! 



ac. 


bimplity 


~(a — b')ia — c)(x —a 


\ 


57 


Q 


, 4 / 
1 * 





% 


4 * « 




(i) 3*4-3 


Qi 







2x 


4 (a- r ) m 


A \ T 

4 




5 raw th< 


ifV*- 

i 


,r * ^ 1 1 

c\ i 


r 






7 


r 


6 


From 



graph 



Ui" 


value 


of the function when 


3*5 ; also find for what value 


o! ix the 


fane on becomes equal to 1*1 ? 



m 

T> ps- i r > & f V rLiil GS O I » 47, r ill 


(* 


1 ' / 


* v ■ 


OV 

2 . „v — C ; .-v 
■* / ’ / \ 


J— V 


/?\3 

*) 


"i 





I - 



x — 4)4- r. 


/' S *t--' ■-*» 

idtu- 


ought an equal number of two ki 


*4ds of 


O r> ;*•- P-T j 


one kind 



Rs. 6 each and the 





iX 


h * if he had spent his money eqt 



on 



two 





Q 1 


8 



_ *>■*! y v-v Ai j 


1* h n ri s c n 

* * U, -’^ * w 1- f- ^ *"* ■' # ^ * 






an 




How ina nv of 


ppr • > T’l ^ ' -a lie buy ? 








MISCELLANEOUS EXERCISES 


m 


41. (a) Write down briefly the value of 


* 


52-9 x 52-9 x 52-9 x 1000000 


12 5(3 *6) 3 
(b) Find the value of 


5^-t l 


25^+ 


l 





— l\j? + 1 


) 


of 


a 2 4- 


62. (i) If a + b-\-c= 15 and ab-\-ac + bc = 71, find the value 

b z Ac z . ^ 

(ii) If a z -f b 2 -I- c 2 — 155 and ab- 3 r ac-\-bc= 143, find the 
value of a -\-b -\-c. - 

(■3. The H.C.F. and L.C.M. of two integral expressions 
A and B , each of the second degree, are x-f- 3 and .r 3 — lx 
+ 6; find A and B. ' : 

64. It a : b : : b : c shew that 


(a 

\ 


b 4- c)(a — b c) — a 2 + b 2 -• c 2 


65. Resolve into factors : 


(i) 16^ 8 -1. 

(ii) (5.V-J-3; I 



(3x + 5y) 3 — S(x — y) 3 . 


6 / O % * f 

o. bimpnfy 


x 



X 


1 x z + 

I X* 4- X 2 4- 1 


x. ‘ 



X 


c 


AT 4 + X 


67. Solve the equations (i) 


1 -1 
x - 


2 i r* 

5 


\ 


1 *1 

- 4 - - 

V x 


£9 


J 





(ii) <s/3x-\-2 — 

: J 3x 

68. 

11 

-• i k 
1 

H 

k, find 

• he value of x 3 - 

1 

^ 3* 

69. 

Find the v 

alues of 

k, A w in 

A 


2.r 2 — l\x- 

\-5~(kx 

-^t)(x~ 3) + m(x 

2 + 2* 

70. 

1 • 

A number 
% 

consists 

of two digits. 

When 



5). 


• T F lAC-lj tilt 

is civided by the sum of its digits, the quotient is 


sum 


of the . eciprocals of the digits is 9 time 


number 

7. T 


the product of the digits. Find 




th 


reciDroi 








MA TRIC (J RATION AL CE BRA 


71 . If ~ — b-\-c, y 


= c-j-a and £ 
x 3 -\-y 3 -f- z 3 — 3 xyz 
a 3 -{- b 3 4- c 3 — 3 abc 


a-Vb % find the value of 


72. (a) For what value of x will both the expressions 

x 3 — x 2 ~Sx—3 and x 3 —4a: 2 — liar -^6 vanish ? 

(b) T o make 9 a: 4 — 1 2a; 3 -f 10a: 2 — 3x — 3 a perfect square, 

(i) what should be added to it, (ii) what should be 
subtracted from it, (iii) what values should be given to at? 

73. The H.C.F. of two expressions is x 2 -1 3x 4 - 2 and their 
L.C.M. is (x 2 -f- 3x + 2X* — 3)(at-j- 5), one expression is x 3 
-i-8x z -{-17x~hl0 ; find the other. 

1 1 

(i) If ax=y and by~x, shew that — — 4- 


74. 


1JH 

(ii) a: b=c : d=e : /, prove that 

(a 2 4- c 2 +e 2 Xb z + d 2 +- / 2 ) = (ab+cd+ ef) 2 

/ - * . 

75, If x 4* y 4- z — 6 and xy-±-yz-{- 2 x ~9, shew that 


1. 


1 




i 


4- 


1 


0. 


76 . Simpl ify 


1 -x 1 -y 1- 

(x 2 y* + b x(x 2 y + c x (x 2 y + ° 




X 4 * ,X JC* b X AT 4 c 


77. Solve the equations (i) 


X 


X 


4“ *s/ x — 1 3 

“ 7 


(ii) 


V 


18, x — y — 3 . 


78. Shew that N(N 4 

an odd number. 


1) will be divisible by 48, if N is 


79 


If f(x)—x 3 - 

f(l) and /(at 4-1)— £{x 


3 at 2 4- 3 x— 1 find the values of /(0), 


!)• 


80. A man, who went out for a walk between 5 and 6 
and returned between 6 and 7, found that the hands of his 

watch had exactly changed places. When did he go out? 

1 

int. Suppose he went out at x minutes past 5 and 
ned at y minutes past 6. From these suppositions. 



we get 


x 


30 and y = 254- 
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MISCELLANEOUS EXERCISES 


81. (a) If jt' 2 + >/ 2 = 1, complete 


x y 

a b 


1 


X s " + y 

(b) Fill in the blank in — 


2 i d2 y\) x “ — *' 2 


a 


xv 
b 


y 


82. (a) Find the value of x 3 +y 

*=3*461, y= 2-314, ^=5-775. 

(b) Find the continued product of 



-f- 3 xyz w he !?■ 


* 2 4-*-fl, x 2 — x 1 , x 


,~4 


x 2 -r 1 


83. For what value of * will the expression 2x* — ?x 3 

4l3* 2 — 9* — 3 be divisible by x 2 — 2*4-3 ? |B* 4 

84. If x + y = a and xy = b t express x* -\-y* in terms of 

a and b. 



85. Simplify 


X 3 4- 1 


X 


7*4- 10 . * 2 -4*- 5 


* 


2 


5*4-6 •* 4 -K*“4-l * s -f x 2 -f- * 


! . 14 

86. Solve the equation +■ 


2 , 3 

+ 


* 


1 * — 4 * — 2 * — 3 


87. If 


x 


V 


a 


b b 


a 


i prove that • x(a +- b) y(b 4- c 


4 - 4 " — 0 . 

88. Construct a homogeneous and symmetrical expression 


of the second degree in x and y , wiiich is equal to 128 when 


y = 4 and which is equal to 1^0 when x — 1, y 



5. 


89. Simplify 


(fl 4 ~b 4" 0 4 — 4” 4" — (« 4- 


-fa 4 4/1 4 4-c 4 by the principles of homogeneity, symmetry 
and indeterminate co-efficients. ; ' l\ 


90. An officer arranged his army of 3,900 soldiers in a 
hollow square 15 deep ; find the number of soldiers in the 
front row. 



MATRICULATION ALGEBRA 

t i < . • • j 



Simplify ( 


X a \ a +b /X b \ b ^ c /X£\ c + fl 


\x b 


X<- ) 

X c ) 


X 


p 


(^) Shew that 7 2 ”* 1 -!-! is exactly divisible by 8 for 
all integral values of n, even or odd. 


^2. (a) If x — £ 4- -c —a, y=sc-\-a—b, z~a-\-b — c, then 

x 3 +y' J +z 3 — 3xyz~4(a 3 -{-b 3 -\-c 3 — 3abc). 

(b) Find the continued product of flsij# I 

(l+,rXl+^r 2 )(l+^ 4 ), without actual multiplication. 

/ 

93. (a) Shew t hat an integral expression is divisible by 
x — 1 if the sum of its co-efficients is zero. 

(b) Fill in the blanks * V A 

(x — a)(x -}- b){x -f- )=x 3 +x 2 ( ) J rX{ )—abc . 

94. Find the L.C.M. of 3 a*-ab-2b 2 , 8a 3 -2?b 3 and 

6# 2 — Bab —6b 2 . 4 [1 111 

* 

95. Resolve into factors (i) a 3 — 19ab 2 -y30b 3 t 

(ii) a 3 -17x-i-26. 



Simplify 


2 6 x 16-2 x256 
4_9 X 2 23 


97. Find the square root of 22 — 12V 2. 

93. If a-f-b -}-r== 0, shew that 

a 2 ab b 2 — b 2 -\-bc-\-c 2 — c 2 ac a 2 . 

99. Prove that (a-\-b-{-c) 3 — a 3 — b 3 — c 3 = 3(a-fyb)(b-\-c) 

bj •*} ~fi) m o 1 9 m 

109. An officer can form his men into a hollow square 5 
deep and also into a hollow square 6 deep, but the front in 
the latter case contains 4 men fewer than in the. former. 
Find the number of men. ~ - 




• r 








i 

i 




j> * * * 


~ , * 




r /In swap's to the oval cxctcizcs have tiot been givt:. ti 


EXERCISE 2. (Page 7.) 



(i) 


(iii) ap 


( i v ) a6 2 


(v) (-0]}\ 




(ii) 49, 


(vii) 3m s -*-4n-, 

3. (i) C25, - 
(iii) 1113, (iv) 1114, 
$. (i) 5 7 or 7 





a z n‘ J 


GA 


4- [} yr* 


( ii’* ) 

(v) 14, 


\ x; 


(ix) , 

(iv) 81. (i)129 

(vi) 67. 6. 40,65,120,40,85 




359, 



u 


'ii,) 


V 


7° or 


(ii) I2^ 4 y 


. (i) 6 abed, 

(vi) 6 p s q* , (vii) 6 n* P ~ . 

(v) iFn 7 . 






a 


13 



(iii) a^b'c", (iv) cSb'C 



(iv) ,r 13 . 
15a 5 6 7 c 3 , 


If. 0) 


a s . 


(ii) £ 9 , (ii!) 


?« 6 , 


12. 



4. . "V i' 



3 -s 4 * v 






w 


729, (iii) a 3 * (iv) * 


3 m 



(ii) 4 = or64, (iii) x** % (iv) 2 


3 


tU* 9 


(ii) 6,r*, (iii) by 


S3 


20. 432 


(iii 5 tn*%y (iii) 


/ * 

(l3 

14. (i) 2 s 

ct 6 S 

/ , 
1 h 

P in , (vi) y 15 i 

16. 

( t \ 

vi ) 

, (v> Sy 4 , (vi) 

c a 2 

u. 

) 2a s , (ii) 5£ !i , 

(iii> 

f ~3 







?K 4 ^, 






#1 > 







3. 


(Page l* 1 


"*>• L2.) 




f 

5 


lie 4 

6<r6. 


2 . 

6 . 




3. 156. 

2 






4. 

H 

v « 





9. 

(i) 12 a. 

(ii) 12 

x 13. 

10. 

1 ^ ) 

6.r, 

(ii) 6 x 

5. 

...» 

1!. 

!3. 

(i) 'six. 

2 a f 2b . 

(ii) 14 

1 ^ 

I’i. 

x 4 . 

2;r + 3y . 

12. 

15. 

(i) I4y, 

2a 4- 26. 

(ii) 14 
16. 

f 

_ 

X /• 

3x + 2y . 

17. 

3.T4-7. 

!8. 

2.r 4- y -t- 4 . 

V 



19. 

-5- * 

20. 

Ix’rly-h 

4. 21. 

2e. 

22. 

3a • 

■f 26- 

■ wi.' . 


23. 

2xy + 3x2 

r. 24. 

6a 2 — 3 a 

25. 

.r 3 

+ x 2 - 

t4,r. 

8 *: 


26. 

28. 

33. 

31. 

32. 

33. 
35. 


2p z + p + 3| 

— 2a£ 



•7-1 

t .4 



O -v t 4 

b/ ,^v ” r * • 



2? 


29. 


a 4 + 4a 2 -h 1. 

<Z 3 + “ + 2 £ + 1 . 








(i) Jx^ + x* +5%? 4- 3a." + 4, 

(I) a 7 +4c® + Sa 3 Vd* +1, 
S- 1 - 2 x+ 2 x z + 2 ^r 3 + x 4 . 


(ii) 

(ii) 

34. 


4 -f C.r -r 5; r 2 + .r 3 !- 7,r 4 

1 -v- «* -+- Sa 3 -f 4a’ 4- a 7 

3 a: 4 — 4-^r 3 + Sly" -*• ‘5 , v + 9 








% ; no 


4? 



f 7 10- 4* 


- * 


no* 
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EXERCISE 4. (Page 15.) 

(l) ?a 2 6 ~ J I2a 3 b 3 ; (ii) Gab, 3 6a 3 b 3 ; ( 


2ab 


(iv) 13 a 2 Z>\ 156 a 3 6 5 ; 


3. (i) 2.7 2 , 2 3 .7 3 or 98, 2744; 

(iii) 144, 4320 ; 


(v) ab, 12 a 3 b 3 c- ; (vi) 2ab , 7 2a 2 b*c*„ 


4. (i) 


3£if 


(ii) 3 2 .5 2 , 3 3 .5 3 or 225, 3375; 
(iv) 210, 4200. 


— * 


sc 


(ii) 


Zxa 

y 


(iii) 


Ay 

x 


(iv) 


1 


(vi) 


3x 


3acb* 


3 xyz. 


ay 


«• 5. The gaps are: (i) 3Sxy, (ii) 12a 2 b, 2a. 


(iii) a 3 b 2 , (iv) a£ 2 , (v) amn 3 . 

9xy 2 


S T* 

6 . (i) -f 


8a 18<r 


6a. v’ Gax* G ax 


I (ii) 



Ay 2 

12 x 2 y 2 ’ 12x?y s * YZx^y*’ 


..... Gcx 2 

( 151 ) 


4 by 2 


3cz 2 


Xlabc' 12abc ’ 12 abc* 


(iv) 


60^ 3 .-r 2 r 40 ab^x 3 

60 a 3 ^’ 60a 3 6 3 * 


4Sc-by 


ASa 3 xv 2 


60 a 3 b 3 ’ 60 a 3 b 3 ' 


7. (i) 


17^r 



12 


O » 


( 2 ) 


Za + 2b 
2x 


^ * * * \ 
VM) 


S 


Gx' 


(iv) 


(vi i) 


2 


3^’ 


( viii ) 


(xi) 


X s y 2 


xyz 


x~ 4 -y 

XV 


a 

36* 


(xii) 


(v) — ► 




, . . 1 + 3x 

( V, ) — ■ 


jr 


(ix) 


b 


a 


b 


(x) 


i3;r 


12 


n 7 


(xiii) 


. 01 .r 

< x,v > fir 


(xv) 


13a 

I2x* 


( x vi ) 


xy — 1 

bcx-v acy + abz 
abc ■ 


Sayr +- 5bxz + 9cxy 

\2xyz 


(xvii) 


1 5x 2 — 36 xy + 20 y 2 

180 


a 2 + b 2 •+• c 2 

(xviii) -r- (xix) 0, 


abc 


8 


(i) % (ii) * 2 , (Hi) 1, (iv) abc, (v) * 

V 



(«)g. 9 


10. No. 


II. (i) 


X 


x + y 


(ii) 


x +y 

V 



EXERCISES. (Page 18.) 


0. a exceeds b by a—b. 


7. <i + i5=d+fl 


9. a 2 x a — a 


1 


8. a x b*=-b x a 


> 0. a x — =L 

a 


13. 2n is an even number. 


II. 0xd=0. 12. cx0=-0. 

!4. 2# + 1 is an odd number 


35. The sum of the first n odd numbers is n 2 . 


U>l M 






1ft 4n « — 5jsl TOL 


<1 



?cs‘ » 





of w. 18. 



the length of a 



£ -fit., its area =/. 0 sq. ft 



Jft. V > 

15 


'<4x 


49 

ft i 




/-*-** + 


<3 V ft 4-af 


(u) 


»U7 



19. fi-1. 


20. fc) 

23. 7072 sq- ft- 


77* (il 6 it. s 


<tv> 2d 


29. (1 SzM-y? amas 


numbers. 


wa — 1. ts ••- 1 


22. 120 sq.ft. 











f*1 


5 








5 



. (if Rfj. 8y 




; X -4- TM 


days. 40 






4ft. R 











12 rt. 


28. (i) | rt 




26. 104 


rt. angles. 





£ rt. 


x 




(ii) - hours. 

y 

„„ 88m . 

32 . — — yards 


shillings. 35. 



tny 


38 


3 

4x 
3 

7 





74 


srs. 41. Rs. 



k fcj 




n — m 



m 


29;t 

”25" 


44. 


lOOx 

— ■ i fc 

y 


. 100 

45. (i)~- — . 

a 




pr 48. Rs. +*■ 


27a 

~4~ 


20 


annas. 52. 


100 


19r 

20 



53 


56 


^ * 


63 


4.v 

25 






seers per rupee 


55. 15/ sq. ft. 



xp 

M 



J§ 

s 


ft 


58 


9xy 


20 


"* * 


S9. cbt cb&bc 'wiirftrT. 2(g6 + ac+toc) sq. inches. 


76 


ft. 










27 


62 




9 



6ft- MttfK 





/* Tl 



3. 

4. 


7. 


fO. 

n. 

13. 

13, 

£4. 

15. 

18. 

(iv) 

20 . 


EXERCISE 8, (Page 31. J 


negative direction. 






t . ' # # • 

G divisions in the negative direction. 

di>. isions in the positive direction! 
positive diiection. 6. 13 divisions 

o divisions in the negative direction! 

9. 12 divisions 

6 divisions i$i the negative direction . 

12 divisions in the negative direction. 

-t-Rs. 60-Rs. 25— Rs. 15+Rs. 12- Rg. 

- 6x + 8x-4x+2x -i- 3.r -2x~ S.v . 

«*■ 

+ 350 ft. -350 ft. -f iu 
(i) +Glirs.,’ 





5. 3 divisions in the 

positive direction. 

8. If ds vi sioas in the 
■th-- positive direction. 


i- O 


+ 1 lx Gn; -{- I3jtr — 7x -f 15.£* . 




(i «) 


— 145 ft, 

fr 2 Ill’S.. . 




Rs. 24 f Rs. 40. 

— life -b 14a — &7 + 16a 

j£M> 


# 




i ^ 


.. I* 

s* , -r 


a 1 


2- c 



—2 ri. 'I fc 


:-5 hrs. 20 mts. 19. (i) +46°, (ii> — 8 a , (ur)©*, (:v)- 32°. 

-15 mis., (ill) —20 mfa.. (iv) -35 mis. 


(•) 15 mis. 


(ii) 


IL 

15. 

18. 

20 . 

(iv) 

23. 

24. 
27. 
29. 
31. 
34. 
36. 
38. 


2ab. 


12 


L.L/ . 


EXERCISE 9. (Page 38. | 


1 4xyz . 

U. ~4a&z* m 

14. — ISp.^r 

16. 

— 3x — s - . . 17. 

-4$ 2 ~b 2pq + 9q £ ' 

19. 

2x z ys -r 4^ 2 'a' -f 2.sya®. 


Waxy 2 . 

21. (f) 2Q t (ii) 

X (in) — 1 4r 


— GL 4 4^ — 

4- 45^ + 4r<?. 

12a.T ,J v — 

-7] (v) -i, (vi) 0. 22, 

+ 2, +8, -10,0, -9, -i-l, +3, -S rf -H 
^ 2 +^y+y 2 . 25. a: 2 -i-j/ 2 

-4p* -v3pq v2q z . 28 


+ 2 


■}• 8, -t 2, — 

l, +SL 




r* 


— 6x z -i- 4xy — 

— 3^ 2 + b 2 c — 4. be 2 . 

— 2/> 2 — 4^ + 1 1<7 2 , 

— ci 4> 4 r — 1 9c/ -r 5^ + 6/ 

+ii3b ‘ ?;/)". 


30. 

id » 

3o. 

37. 

19. 


9a- - 4c - . 
-6.® — 



*> ,> 
a-~ r, ~ 


ppi isr^r— / . 
?^-js*'-5-42r iL 

* v ^ v xl y w- jp 


* *** 

i 


,r + jr - -t- ic 

- jt&k 12.. 


f 


+ 1, — 5. 


33. 3a 2 -&6 2 


f 2yz—9.. 
i- — <2 . 


29. 

32. 

35. 

37. 


EXERCISE 10. ( Page 41.)' 



+ 2s . 

— x z — 2 y 2 — 18. 

-7a 2 + 3a6-12^ 2 . 

P 3 — 5p 2 q +4q 3 — 6 .. 


30. —3ab+7fx—tu 
33. 2 — »r - 1 ® 3 — «• 

36. -\x 2 y 2 ~ 

38. 2j5 -i- 4 2p* — 3i c 


2 ~2 


31 

34 




i 

A 


/ 





4r= -l 





A AS IVERS 


39. 

c 2 + 

d 2 . 

40. 

42. 

3 b 2 

-a 2 — 3. . 

‘ 43. 

45. 

4 a 2 

-3d 2 4-2. 

46. 

47. 

(i)- 

- 7 is greater than — 


x 2 +y~ — 

-2a 2 -b 2 + S. 

— 2 a 2 + d 2 + 1 

* "Y 




i/ 


5, 


- * * 


0 is 



ter than — 



r/4 


EXERCISE 11. ( Page 4. 4 . ) 




S 

9 




<7- 

9/ 


? ? 

B £ • 


3 . 


i 

?2 
§s Lm m 

21 . 


-P- 
11^1 
— 2c. 

2a. !7. 

20. 23. 


t . 



6y 


6. 2a — 0. 

!0. 5 a — 9d.* 

53. — 4 ^ + 3(7+1- 14, 

-3x — Sz- IS* 


O A J. c 

W' r / 


8 . 






6/ — 9?^ + 5# 

^ 4“ T“ 1 . ^ 5 . 

20 . 0 . 



so 

* J * 


— 4* 



2d. 

1. 


n _ 


2.r 


*V 



' 1 
» f 


/ ^ 
£u t*' a 


A 

V- * 


£* J 9 


rj * 


** 


iMr 


•Tt 


4, “ 

4- ( 


O 


(ii) (a* 


5— (3 — 9). 

•- ( — m" — d 2 -!- ?.' 2 — 0~ —C“), 

(a” — 6tr f- d 2 4 /*</. — c 2 -!- ad) . 

x 1 -r .r 2 ) , -lSz l -2x*) " , ~ 3 

— // ^ \ 4- ( — ■ h x* — 

— U -V I ~ y V ^ 


23. ( 


(ii) a- 


/ 

V 


o 


a 2 -4- ( ??7 2 + d 
% 

<r® -l- 0C — 0 

C **XS \ .L / 

1 * \ r k/ 




n z + b z 4 -<r*}, 

„ A! 

aa + £~ — ad ) , 


,: -1 


(i) (2 



<r.v 



4.r 3 ) 


-•* j + (c.'i 

- ( a2v - ax 3 ) - {ex 2 + bx 2 ) 



ex ') . 



30 


f ; \ 
(0 


1. 



4-a. 








EXERCISE 13 


{ age 53.) 


(i) 


(iii) 


-I, 

(vi) in s 4 , 

II L 6. 


03 


( i v ) a 


o 


9 


121, -11, 1 ; (ii) 
(i) r,48y 12 . (ii) 


( ii ) +1, 

(vii) « 7 1 . 

0. 7. -49,63, -21,3, |JP 

— 42, — 19/ , 3, 4 ; (iii) j 17 
-4a 14 d 7 . 50 


94 




P H \ 


3. -1. 


8 . 


13, 


0) 

-9 



n 


4. - * 



<1 


try 3 + y 4 



EXERCISE U. (Page 57.) 




2 . 

5. 

8 . 


x z + Sx + 6. 
a ? x 2a b + o 2 . 
c 3 b— 2a- b 2 bad 3 


3. x 2 4- 7 X-b 10. 

6 . Ga 2 +7ad-i-2d 2 . 


4. 


7. 

9. 


d 2 -b ab -T- be -r ac 
■z 






5 xy + 3 v 2 



O A 


o _ 3 


! ’ 



12. 

1 4 . 

17. 

20 . 

23. 

25 


5 

4 


5 y*» t 1 
a tZ *r x ^ 


— 3.r 3 y + i x~y“ — ixy - . » * . 

4^4 _25a 2 d 2 . 53. —9m 3 n + Qm 2 ri 

%- — + 18. — 10a 3 -V- 5^ 

*7? n 

l-! rt 3 . 18. « 3 +2a 2 d + 2ad 2 r b 3 . 19. a 

*_ b*. 21. a 6 +d 6 . 22. 21a 4 — 3Sa 3 d — a 2 b 2 +48ad 3 

24 1 2x 4 -f 24^r 3 y — 25x~y 2 + 29^ry 3 — I2y 4 . 

21;t' s — 34.r 4 v + lSx 3 '/ 2 — i 8x z y 3 +• 17^ry 4 


a 


lx 3 — l [xy 2 + %y 3 



4y s . 
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36. 

38. 


40. 

41. 

42. 

43. 

46. 

47. 
46. 
52. 

54. 

56. 

57. 

55. 

56. 
65. 
70 


70. 

74 


27 . x 4 + x*y -r x *z - 3u~ . r + j y* 6 xz 3 - 3xyV 


26. x* + x 2 y 2 + y 4 . 

— 3xy~* + y 4 + z* 4 - J'~ 

2 5. x* x t J y — x J c + 3x’j z + xy 3 - xz 3 — 3xj r 2 + 3.6 y~z 4 y 4 *- r 


v 3 r. 




yz* -y*z 


2x s — 5x 4 y-r S.r^y* — Sx^y 3 + Sxy 4 — 3>' 5 . 
4 — 4x 3 y — 6a*y* —4xy* f»*- i*. 


r 


29. 

30. 

31. a 5 -5a 4 + 10a 3 -10a* + 5a-l. 

34. 


32. J 


n 3 ¥ b 3 + c 3 - 3aAr. 

3 v x J - ] ♦- 3.ry . 

x s -f 4.i ® — Ox * — 28x* + 1. 


37. 


5tf * ♦ 4 j*. 33. 1— a*. 

-y*-r» - 3j>r . 

V* * — 


35. j 

a 3 y—x 3 z 4 y*z — y J x f c*.t — • 

34 . — ^<1* 4- + * 4 \ <7 *^* 

f r r ; • -V 

a e — t>a 5 x + 15a 4 .t 2 — 20a 3 x * + 1 5tf* x 4 — 6a r* 4 * *. ^ 

— 3x® 4 14x® + x 7 — 10x* > 6x* 4 4x 4 — 6 1 3 ♦ x* 4 4.* — 1 . ^ 

2 a * 1 - a® — «• f 6 a 7 — 10 a* — _'a* 4 8 a 4 — 5a 3 — 2a* ♦ 5a — L 
1 — a 4 . 44. a 3 46 a* 4 11a + 6 . 45. a*+6o , -a-50. 

x 3 + x*(a + b +c) + x{ab +ac + bc ) + abt. ^ 

x 3 + Gx*y llxy*4Cy 3 . 41. o* ♦ 3a t 64SflA* 4 b*. 

a 3 -la*b+Zab*-b 3 . 50. x®~y*. 61 «• 4 «^ 4 + **. 

53. 4 la*b* + 2b*<* + 7c*a*-a 4 -b 4 -<*. 


a “ f + £ J + 2a£ * ?af f 2’2>c . 


55. + 2aO + 2a* 


4a* + 9b' A + lb£* - I2ab 4 16ac - 246e. 

a 3 t b 3 xc 3 * Jti*b •< 3aV 1 3 b z a 4 35V - ■3£*a 4 3k 5 5 4 6a5r . 

4 i * n- c J — 3a *5 ♦ 3a * t - 'b~t — 3 Ac* 4 3a 5* 4 Jof* —6 oAf. 

> Jy*. 63. L j|C| 46i 

68 . - 3 x. 64 - Jy. 

72. 4x 4 -f 8 .r*a* 4 i« 4 * 


fO 


-1. 

-23. 

12x* — y 4 4y* . 


66 


_ ? . a 


61. -4. 62. • 

67. -474. 

71. 3** — 3j s . 


t 


73. — 14.t* — 5x 4 21- 


74 


79t 

12 


O') 


75. 0 x‘ -12 x*-^X4 11. 


76. 2x 3 f4.r. 


77. 30x 4 ♦ 89x* - 26x* -2&r>13l 


4 m ♦ Zn >« 

4* T 





*9 

4 



»/i ; . 


Silt' lOjr* L / * 6 2, 

M. (i) a 3 »-6 > i r* — 3a5r, 


6U a/ Ay • p* . 


(»•) 0. 



EXERCISE 15 <lfi 


64.) 


13. bd-xm. 

16. SaS j - <uj * - 7 1 

. • — 3 4 .W/(* *■ 3 

-Mil 66<-* - 8a V ♦ 'WA* 


14 


l by- {fZ 4 


17. 

16. 


IS. ab + bc +C*. 
- 3 a*b'' 4 7x — at>x?. 
40f* — 455* 4 24a*. 


22. x y 5. 22. x — 6- 


21 t ♦ 3. 


a z — 2a +■ I 
2a® — a ■+■ 3 


+ 3x — 1 


x* +- x^y 4 x *>‘ s 
x 7 — x?y 4 X s y~ — x*y 9 

— x e + x 9 — B 


x? — x^y 3 4 -V s . 


r* — 


a + 2 + 


2 a 2 — ab + b* 


Remainder 


Remainder 


** — i** 



a 3 4 ia 2 6 4 ^ |p| 

x z 4-W 3 -4- 2r- +- 1 .. 62 


H y n 4- y 


S(a + 1 ) 

a 2 4 5a 4-6’ 


a- +*d-20 z 


5 a 4 15a 2 — 45a 


4a* 4-8£ 6 , 


4a s + 8a® 


2 a + 2a 


3x + 2. 


-2. 82. 5a 4 4', 83. 


.4 * 




a 


9 % b «* 30 
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i 


76 .} 




I' 1 




O' a 








■> 




O 1 


0 


O- 

4. 

4. 

5. 

28 

18. 

!0. 

10. 

11. 

18. 

13. 

i 6 . 

11. 

17. 

/ « 

6. 

22. 

c. 

23. 

5. 

6. 

28. 

9. 

29. 

9. 

3. 

34. 

5 

n * 

35 

1 D 

3 

4. 

40. 

3. 

41. 

9. 

ia 

x 3 • 

46. 

3. 

47. 

13. 




! I 


56. 


- 11 . 


‘1. 60 


G * 


^ 4 


4 


66. — 5* 


i ^ 






72 . 1. 



o 


r- 


/ 


i. # 






4| 




v> 


O "J 

o£ 


4. 73. 

3 . 84. 


^ 4 


i 

a 




*•> 


rj • 


7 


OS 


-f 


89. 2*. 

90. 

10 

C 5 2 1! i 

- • ^25* 

97. 

14 


91 . 


3£. 79. 1&. 
■ 85. 

1 . 92 . 

98 . 


ft 1 

U ?t t 


I 

# > • 


(11) any value of z, (iii) no value of x 





f t -'.u' c* TJ 

■r . A ^ * 


15. 


•(Page S3.) 


2. 36 


t: 


O 

4 


A 

4l- 

I I 


r\ « 

/ I 

w Z 


r *{ 

^ J? 

1/ 17 • 

I 


9. 


* r> 


o 

> "^T 

Z il 


( <J 


(5 


! ! 


h i i 


15. 11. 


!6 


I 


i i , 


4. ‘T * 


5 . 

)?. 

< a 


9. 


6 . 


r, 


i 7 v 
1/7 


54? . 


/ • 


13 . 

19 . 


21 . 


A 1 

O*. 

* 


22 . 


-4 O 

i 3 


23. 


l ri i 

A w :j • 


27. 10 


28. 


A * 




/ u 

^ 4 


15 

V 


24. 

20. 


•i a 

o j $ 



10. 

1. 

. 1 . 


o 'i 
- b 


31 . 1 1 .;; • 


2 * 
U u> 


5 * r- 


7 ‘J * 


•4 

o 


4. -1-67. 


35. 


24. 



EXERCISE 19. (Page 8b.) 




9 A 

L / I 


/5 * 


(ii) h = 



& 


2 . 


C 


r — 


2/7 


3. (i) 


n A 


,L 


Cl 


b 


(ii) (a + 2>) 


?.-/ 


4 

il . 


A 


A 


(i) r ~Kin.* (iO "“.TT/;.* 




277/; 


/ 'i 


/ 4 
/£* 

/A V 7T 


6 . 


\ / 


f .7/ 


7. (i) ^-180 


y, 


„ (it) y = 



ft 


: \ 




> ' ; 


001- -l\ (ii) 5 


/ y 

V ^ 


/ 
















L. 



SL - ~ r W U * 





Dt £t 



r pi 

O 't . 



1 23 feiiles 
36Q. 33 



'C. 7™ 


41* *21, 45. 

44. 28, 29, 50. 

■■■Ki 



£3. 

58. 

63. 






■r ?* 

« j > - 


46. 

69. 




18. i 16, 21, 12. 19. Rs. 20, Rs. 27, Rs. 

21. Rs. 200, Rs. 160, Rs. 140. 

24'. 420. 23 ■ ■■ 

56 gallons. 

4 4 20 < 

38. 64S, 21^ 

48. 43. 56, 2 

17, 18. 19, 20. 

51. 110.112. 

5 



47. 


if*.- 


) 15, 1 17. 



* a » 






73 


5 1; staples. 

211 *n2«s 

After 16 f 


mi 

tbe fir&t steam ei 
. Smiles. 

73, 




61. 




miles • 



56. 

79 

C 4 -* • 

65. 12 ,'■ flays after 

miles from P. 


"V * 

i l 


t'j ’ tS rT"-i^ * 

a. Is-SitJ- 1*1 • 


68. 20 miles an hour. 

/? meets B after travelling 
• *. o0 miles per hour ; 240 miles 

£i overtakes /I after U 


7 7 


a\ci 


citing 104 



74 





, ) after 27 ft mint- : es,^5S3 

75. (\) 10|f minutes past 2, 

76. (i) 54 v',- minutes past 4, 

"’ill minutes 

i 

* ^ 1 












?L -'1 VP 

ri “ *vj> 7 




(ii) 49* 















•^3. 

88 . 

9!. 

93. 

95. 

98. 


and coffee 10 as. per Itx 
of the first kind, 30 seers of 

Rs. 1200, Rs. 2000. 84. 



3200 females 







255 ft. 





16 ft.. 



27 ft., J5 ft. ( n. Rs. 170, 3X3 
60 four-anna bits, 20 two-anna bits. 

40. 31, 72, 12. 96. 19, 13, 7, 42. 






39. 5. 125 



5 hours, 17 miles. 99. 








Paper i. 2. -35. -11, -5. 

- 5. -j. 6. 48, 

Paper 2. 1. a s +b z +c 2 . 2. 

4. a Q ~b G . 5. — 4f, 



Paper 3. 1. 6a -2d. fll 

remainder = — Ax* — 
6. 3| hours after the 



Ax 5 . 4.. 
departure o 



place. 


Paper 4. I. 
HE 4. 1. 


- a + b + 4r. 

6. 


2. jsr* -§-3ar— &- 3. at**— 1, 


Paper 5. 2. (i) +l,i(ii) + 1, (ih) +4® 

l_^ +a 3_a 4 t remainder =« 6 . 4L 5„ 

6. 46^ miles. 

Ik 

Paper 6. . 2(ab + ac+2b£). —56 

+ 47„v 5 — 15;e 6 + . 3L lltrw 


5. 2. 6. 48 miles. 



f 


3L a. 






4. z». 


Paper 7. I. Iji) 20. 

- 16a6 — 86a£ + 8 6bc or 
3. 18^r 2 +40^y. 4. 


fii) 9 <z?+3a—5 



22c* -8a 2 -86 s + 
10 a* + 2- / £. 



o 


I_ #. Ss.2309. 


Paper 8. 2. 2 p y 2 q» 



6. 24 




N 


3. 




(' 


) 



A NS WERS 
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2* 4 


4 



2 . 


O! 


r* * /* « 


V» i 


361, 841... 


(is) 


3 


6. 31 ft,. 


Paso? 




i) %a*b*c*d z . 



4. 1 


, V 






/ : : \ A -3A 5 /• V- 

- ^i4 U ** Li • 


* 


100 


3. (i) 30, (ii) 



4 . 3* 


5, (i) Zx~2y-2z, (ii) k 


a 


6. 280 i 






EXERCISE 22. (Page 116.) 








?. 4:e z f- 



+ 25y 2 . 


2 . 




e. 

3. 


S *■ 24 £ + 16/> 2 . 

S rr 

N > J! 'SI 


^ S ~* • + O a 2A2 


TT *j£ 



+ 2 vz 2 ^ 2 + « 4 


7. 

Q 


9a 2 +42<it? + 4- 2 . 3. 25.V 2 + 30*' + 9 . 

9a 2 b 2 + 24a6 3 4-166*. 

81a 2 x 2 + 12axy z + 13 y* . 

3 . 




"T 
n 


4r a 


se. 

^ 4- 2p*q 2 4- p~Q*. 

__ 

11. 

4a*-5 2 + 

12a°b^ + 9a 2 

h* 

/ 

12. 

<i“~ 2tz£ + b 2 . 


13. 

5 6 xy . 

? 4 ^ s ^ 

i ^ ^ / 4- 

c 

5 

« V < 

* 

I9&r. 17. 9. 18. 

16/> 2 

19. 

Q}5>04 

20. 164025. 

23 



j I 4 


) * ^AO 
„* 








4j- 




373321 


«® + 


£T 


it). 

28 . 

38. i | 
32. 49* 

34. HI 


5*" ~-3t/ 








^ « 

(A + 



•V Vl? 


Grx* 


*7r 


IS. 

49. 

43. 

47. 


49a 4 


— 2.v*.r£ — £ 2 

30*». + 9. 

4* + 1 . 

+ 6 2 . | 
.ry + £ 2 y 2 . 
S6a 2 ^ 2 + 16a 4 . 




24. 

-3 *1 
2/ . 

2 9. 

3!. 

33. 

37. 

39. 


t "I 


1002001, 25. 5a 2 +sa& + d 


r ,S 3 







» H 


o 


/T 

%Jt+ ■ 



J/.6 



^ 2 .r 2 + ? 2 y 2 —q z x~ — p~v 

-30a6 + 256 2 . 

36/> 2 - 60 £ 4 - 25 . 

16-56^ +49A*. 

>/« 3 ;% 2 4 - 2 5 « 4 . 

12a 2 £ 2 *y -r 9£- >' 1 

4a 3 <? i + d 6 . 

16v 2 . 




-vjr 'i 

VM ? 





*sj 

sa“& 


A A 2 


4?. 24a6 


42. 


36? 


4 


1 J 

W * 





60025. 


< i ~ C 

u“ J.O* 




19044 

^ 

** * # 


247009 







•> / r 



Snrx 


o o 


£3. 


369. 


lOzwtfjry — 8« 2 y 
59. 185. 



f. 

4. 

7. 

10 . 

12 . 


o,.s 






24a6 + lid 2 . 
I7a 2 6 2 -Ucb 2 



•i A? o • 

< » * 


2S9. 


EXERCISE 23 


(Page 119. ) 


2 . 

5. 

8 . 


a~m 2 — b 2 n 
16a 2 - 25£ 2 . 


** « 


a 4 - 1. 


r* 


ii. 


13. 





•V' +*" 4- 1 . 







14 


.r 3 + . 


. -I 
r* I 






3*% 


V 






482 


MATRICULATION ALGEBRA 


15. 3a 3 - Gab + 8ac + 2bc - 3c 2 . 


17. 4ab — 4ac + 4ad. 
20. 7815. 


18. 24a6. 

21. 6460. 


16 . 4a 3 6 + 4ab 3 

■32ac + 4Qad. 


19 . 5445 . 
22 . 8547 . 




o * 

27. 

29. 

30. 

31. 







. 









EXERCISE 24. (Page 120.) 


4a? 2 + I6a?+15. 

1—x—Gx 2 . 

a? 2 — 2 xy - y 2 4- 3^ - 3 zy + 2-sr 2 . 
4x 2 + 4A'y + y 2 + Azx 4- 2y ’r - 2z z . 
4 x 2 4- 1 2 xy + 9y 2 — 8xz — 1 Z.y.? — 5 


26 


10 , 


9w 2 + 9 m - 
28. 9— 3?r— 20a? 2 . 


EXERCISE 25. (Page 122.) 


I. 

x 3 + 6x 2 + llx + 6. 


2. 

x 3 + 9a? 2 + 26?t? + 24, 

3. 

x 3 4- 15a: 2 -t- 74 at 4- 120. 


4. 

a? 3 + 2 a? 2 — 23 a?— 60. 

5. 

a: 3 + 2a? 2 — 43a?— 140. 


6. 

x 3 + 3a? 2 — 18a?— 40. 

7. 

x 3 — £x 2 — 7a? + 60. 


' 8. 

a? 3 — 5x 2 — 18a?+ 72, 

9. 

x 3 — 12a? 2 + 47a?— 60. 


10. 

A? 3 — 1 2a? 2 + 39a?— 28. 

11. 

x 3 — 10a? 2 + 3 1a?— 30 . 


12. 

a? 3 — 18a? 2 + 1 04a?— 192. . 

13. 

8a? 3 4- 36a? 2 4- 46a? + 15. 


14. 

27a? 3 - 63a? 2 + 42a? -8. - 

0 

15. 

a 3 a? 3 +11 a 2 a? 2 + 3 6a a? 4- 36. 

16. 

m 3 x 3 — 3m 2 x 1, + 11wa?+ 20. 

17. 

p 3 x? — 1 4p 2 x 2 +• 6 I^a? — 

84. 


\ 

18. 

(a? + p) (x + g) (a?+ r) = 

: A? 3 4- 

[p-\ q At 

r)x 2 +(pq + pr + qr)x + Pqr. 

§ 


(p+a) (p+2b)(p 

20 . 



Qa&c) . 

-4) + 3 x 5+ ( 


{ 3 x ( 


3<?) = (p)3 + (a + 2b 
(m + 3) (m- 
-4)5 x } m 


-3c )p z + (2 ab-3ac-Gbc)p 
4)(w+5) = /« 3 + (3— 4+5)m 2 ^ 
60. ' 


EXERCISE 26. 


8?*? 3 4- 12?t? 2 y 4- 6A'y 2 + y 3 . 

8a 3 + 36a z 6 4- 54a6 2 + 2 7b 3 . 


2 . 

1 






1 + 9a?t27a? 2 + 27a? 3 . 6. 

27a? 6 + 54 a? 4 + 36a? 2 + 8. 8 

27 a 0 4 - 54a 4 6 2 4- 36a 2 6 4 + 86 s . 


(Page 123.) 

x 3 4- 9?t? 2 y 4- 27 xy 2, + 27 y 3 . 

a 3 x? -f 3 a z x 2 by 4- 3 axb z y 2 + 6 3 y 3 . 

8 4- 60a? 4- I50?t? 2 4- 125a? 3 . 

a 6 + 3a 4 6 2 + 36 4 a 2 +6 e . 

3 - 







13. 

14. 
16. 


18. 35. 


(4m + 2n) 3 = (4m) 3 + 3(4m) 2 (2n) 4- 3(4 m) (2 n) 2 + (2n) 

(2 p + 3^) 3 == (2 p) 3 4- 3(2p) z (3<7) +3(2p ) ( 3^) 2 4- (3?) 3 . . 

( Sp 4- 2q ) 3 - ( Sp ) 3 + 3 (5P ) 2 ( 2q) 4- 3 (5p ) (2g) 2 + ( 2q ) 3 . 

(2<z4-36j 3 — (2a) 3 4- (36) 3 4-3(6a6)(2a4-36). 

343a 3 4- 294a 2 6 + 846 2 a + 86 3 , 15. 125 (^ 3 + 3^r 2 y + 3^ry 2 4-y 3 ). 

r>a 3 -i- 9a 2 -h 15a 4- 9. 17. 24a 2 + 48a 4- 26. 

91. 20 . 243. 21 . 355. 22 . -19. 23 , - 105 . 


$ 


9. 




V 



26 . 

28 . 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37 . 
39 . 
41 . 


S. 

5. 

9. 

13 . 

17 . 

20 . 

23. 

26 . 

28. 

29. 

30. 


64a? 3 — 144 jl' 2 v 4- lOSxy 2 — 27y 3 . 



4- 6x- 1. M 

27 < z 3 — 108a 2 2> 4 - \44ab 2 — 64£ 3 . 29 

125x J — 300 x 2 y 4- 240 xy 2 — 64v 3 . 

64m 6 — 144 m 4 « + 108m 2 # 2 — Tin?. 

8a 3 x 3 — 3Sa i x 2 by + 54b 2 y 2 ax - 
(2x~3y) 3 = (2x) 3 -3(2x) 2 (3y) + 3(2x)(3y) 2 - (3y) 3 . 
(4m — 5x) 3 ~ (4m) 3 —3 (4m) 2 (5.*) + 3(4m)(5x) 2 — (Sx) 9 
(4a — 66 ) 3 = (4a) 3 — 3(4a) 2 (£>h) 4-3(4a) (66) 2 — (66) 3 . 

( 2 £ — 3<?) 3 = ( 26) 3 — ( 3<?) 3 — 3(2p)(3q) ( 2,6 — 3 #) . H 
27(m 3 — 12m 2 ?? 

l l2x 2 + 24x^r 28. 

189 . 42 . 335 















40. 

43. 




— 64/z 3 ). 38 6 3 4- 156 2 #4- 7Spq 2 4- 125# 3 . 

96+ 2 — 96.f 4-152. 

448. 44. -3. 45. -7. 46. 







o 

-a. 


98S. 


EXERCISE 27. (Page 126.) 


4-27. 


125a 3 4- 27 
a s -f-6 3 c 3 . 


2 . 

6 . 

10. 


x 3 4- 125. 
?7m 3 4-125« 3 . 
a 6 +646®. 


4 


8 . 


.a: 3 4- 1331 - 
64 x 3 -*- 729y 3 


9(* 3 4-y 3 ). 14. 37 (x 3 —y 3 ). 


98. 

a: 3 — 8 


- 3 °16. 18. 


0>9 ^ 

27^ 3 


X — £. 

- 8 . 
a s — b z c 3 
— 1S9. 

( 2.r) *■ 


21 . 
24. 
27. 
(5y) 3 = 


x 3 — 512. 
12Sx i -27y 3 . 
19m 3 — 37f? 3 . 
(a) 3 4- (36) 3 * 


3. x 3 4- 343. 

7. x 3 y 3 + 64z 3 . 

II . x 3 4- 1. 12 

15. 56. 16 

19. ^-1728. 

22. p z q 3 —Sr 3 . 

25. 37(6 3 + # 3 )- 

1-36) { (a) 2 ~(a)(36) + (36) 2 i 


(4/-) 3 + (3^) 3 
(7a) 3 - (66) 3 


(2x-5y) { (2^) 2 + (2ar)(5y)4- (5y) 2 } . 
(4p + 3g) { (4p) 2 — (4p)(3q) + (3#) 2 } . 
(7 a-66) { 49a 2 + (7a)(66) + 366 2 > . 



EXERCISE 28. (Page 128.) 

1 . a 2 + b 2 + c 2 + 2ab-2ac-2bc. 2 . a 2 4-6 2 + £ 2 -2a6-2aa+26c. , 

3. 4a 2 4- 6 s 4-a 2 — 4a6 — 4a£4-26£. 4. 4a 2 + 6 2 4 -c 2 + 4a6-4a£-26tf. 

5 . 4 a 2 4-6 2 -\-9c 2 — 4ab + I2ac — 66a. 

6 . 25r~ + 4y 2 + 9z 2 -20xy + 30xz-12yz. 

7 . Ax'- + 9> ,c 4- 1 - I2^y + 4x - 6 y . 

8 . a : 4 4- 3x 2 y 2 4- y* -2 x 3 y- 2xy 3 . 

9 . P 2 x* 4- q 2 x 2 y 2 4- r 2 y 4 - 2pqx 3 y 4- 2 prx 2 y 2 - 2qrxy 3 . 

10. 4a 2 -*■ ^ 2 4 - 9<? 2 4- tf 2 4- 4db 4- 12aa 4- Add 4 - 6 be 4- 2 bd 4- Q>cd . 

I ] t a 2 4 - 46 2 4 - 9 c 2 + 16^ 2 — 4ab — 6dc + 8ad + 12 be — \ 3bd— 24cd. 

12. 4 £ 2 +9 ^ 2 4 -r 2 4-4s 2 4 -^ 2 — \2pq + 4pr— 8ps + 4pt — Sqr 4- 12^s 

— bqi — Ars 4- 2rt— 4st 

j 3 g r z + i§v 2+4 z 2 4 -w 2 — 24 xy 4- 1 2 xz — 6xw — 16 yz + 8 yw — Azw. 

14 3^2 _ 6 a b 4- Sac J- 2bc — 3c 3 . 15. 2a 2 + 4ab + Sac + 2bc — b 2 —c-. 







16. 



18 . 

19. 



kt 


7 
< . 


3. 



* i 



> r 

' ! I 

► A W 



* - 2 

Cv 


t 4>6“ -— 2/r 2 -+- 10tz^ 


Cirr-f 



>T% / *+ 


9 




2 + 2a c + ° 



J i v 


4-1* 


n r 


a"- *i- b~ + c* + d 


lac 



o 


\ 

) 

1 - 



2a 2 


b 2 — c z — dr — \ab + 4ac — £ad + 2 be — 









21 . 


V. / 'i. f. 


22 






1. 169. 


3 •* 

W * 



cvcbricr 


Jw / Ic -L*J 


RCiS 


E ;o 

i* 



*5 

sJ 


n . 219 

i/ 3 4- 


14 


4 



O 

^ 7 

u 


*. (at— y+z) 2 


r »A'> 

59 . 

9? 

& # 


9. 

: 4-2. 
( 3 -z* + 


4 


o 

.9 


4, 

JO. 

i; 



rytfi | *2 

^ W A 


Is. 22. 


) 


o 


110. 1-5. 14 





(.v- 2y r 3^) 2 



iOo, 

23 c ;9' r 


17 . 




25 . 124 . 26 . 35, 984 








7 

4P * 






I. 




* 
V > 




8. 

9. 


H. 







2 D . 


_ 



4. 









1 •••V 



s . * 

r ± 


.V'b 



V/y/* 


3 * 

5 . ar* + 8y s - 2/2- 4* 18^ 



(Page 134.) 



<* 




9 


* 


572. 



10. 63. 


£ 

w m 

4 . 

6 . 

3 . 

II. 740. 


x 3 ~y 3 

x 3 + Sy s 

mm ,s 


1 




* 4 'S*9 

tVv>" * 


.T 3 -v 


V / • 




0 v 3 - 27 


3 






W « 







32d s -16a'^ 

v-z 2 + 3m + 1 * 
i — 2w + 4 2 



“.r 3 -r 


Page 136 *) 

2 . a 2 — 4 a£ + 166 2 . 

— x s . 







j 


m m 


in 


' 5 — vi 1B « 2 + 111° ft* 


5 . .r 3 + ix~y + 16 ^-y 2 + 6 4 y 3 . 

7. I 6 a*- 8 a 3 6 + 4a 2 6 2 — 2ab ij rb 


6 j,6 i ^ , 3 m B 


\ O 


^a 2 -\ab + b 2 . 

P Q 


r. 


n + m n° — n 
30 x* - x*yz + x z y 7 -z 1 — y 3 s’ 3 . 
12 . a z +b 2 + c 2 +ab— ac-2bc, 


3 w 1 5 + m ts n z + vi 9 n 4 + m G n 6 + in 3 n 8 + // 10 . 


;r 8 — x” a - t-x? a 


rp 


x 5 a 3 


x^a ’ - x 3 a 5 + x 2 a G — xa 7 + a a . 


.A ^,4 


^7 +;t 6 a .j. ^5 a 2. h r 4 a 3 +;t -3 (2 4 + v^2 a S + xa * + Q 7 . 




(a^t5)(/:+/7) 

(^r 2 + x + 

r) (/"j ^ 2 + ) 

^(^+7) (at 2 +7.r-25). 

°Ax - y )&P + q) • 


+ 2r). 



4- 





* — ‘}qr— 

2 — 3;t7 } 



4 

7 

10 



16 . 

19 . 





22 . 


24. 

26. 

28 . 


{x+ y)(a + . r >). 

(x+2){y4r3). 

{3p — 5)(p 2 + 2). 

(a + l) 2 (a-l). 

{x— y){x — 3) 

I) (y 2 — a + 
(3y-2)(?Ar-3). 

{ax— l){6x±y ) . 

(c + d^ + ^ 2 )(^ + 1) (# 
(a-26)(a-2ft + 3). 

ay). 


(a:— y)(« — <?)• 

(at j - £) ( X — 3d ) . 

— 3<7)(3^ + 2r) 




f3)(a 8 +9). 






(2 

(11at 2 + 7 )(.r + 

(at — 2 a) {x — b ) . 21 . 

23 . {a + l){a 9 x -ay 
25 . (£.r 2 J rlx + m){x+\){x 

. (a +&:)(6+^<z). 







(aA: 









1. (2a 4 7) 2 . 


5 . 

8 . 

11 . 

? 4 . 


(’oc 4- 5d) 2 . 

(5 a*— 6y)*. 


17 . 


AT + 


23. (4aft 




(5 a + Ah) 2 . 


! . 


10 




.-7b)*. 
13. {Sx + y) z - 

/ r 'y.-AZ 


- — 





EXHRC1S 


(Page 142 ) 




( Ax 4- 3) {Ax — 3) • 

(83+1*) (Ss — 1). 

( ll + c ) ^ 1 1 ^ 

( 4 a :* + 7 ) ( 4 a :* - 7 ) 

jr* + 6j 

a*(4a: 2 + 9) (2 at + 3) {2x— 3) 
*(3 +9« 2 )(1 + 


2 . (9a+5ft)(9«-5ft). 

S. (3x+ 10) (3a: — 10). 
8. (l + 7a^)(l- 



3. ( 1 + 6a0 (2 - Gat) ♦ 

6. (7 + 5a)(7— 5a). 

9. (a 2 + ■ 








5). 




9y 2 ) 


13. 

15. 

i7. 

19. 




^ I • 


22 . 


3Ar 5 (8Ar 2 +9y 2 )(8* 2 - 

( 2x - 3 v ) (2* -3y + 2)(2.r- 3y 

(a + 5ft + 70v« + 5 *” 7 *>- 

* 24. {ox y)(A: 

(1 2a + b){a + l3b) 77 * 

J ?i( 12m — 13«). 29. 12(5a — 1)( a + 2). 

3j / 10 a + 9ft - 7 O ( l5 ^ - 2a - 25r ) . 

33. 0 ,a.r(Ar 2 + a 2 )* 34 - 23935. 35. 


'*y)(l~ v 

■I^Bi). 

— 

^ ^ *<*»*’ JT * 

2 + 5a 2 ) (6 A^ 2 — 5c 2 ) . 







?y + 3.7). 
(7x-y){x-7y). 
w n — ffi). 

30. 4 a{b-c). 

32. 28a(3a-5). 

36 . * 476 . 


35. 








4SS M A TRICULA TION AL GJSBRA 

EXERCISE 36. (Page 143.) 

13. (a 3 -26 2 )(a 4 + 2a 2 6 2 + 46 4 ). 

-4. (3m 2 + 5« 2 ) ( 9m* — \Sm z n 2 + 25# 4 ). 

IS. (a-6)(a £ + a6 + 6 2 )(a 6 + a 3 6 3 + 6 6 ). 

36. (a* - 2b- c z ) ( a 3 + 2a*b z c 2 + 46 4 c 4 ) . 

17. a6(7a 4 + 46 4 )(49a 8 -28a 4 6 4 +l66 8 ). 

13. ( 3 x-Y 2 y —z) (9^ 2 + 4>- 2 + a s + 12;ry + 3#2+ 2y:z ) . 

19. {2a-3b + 3c)(4G s + 9b z -hQc 2 -12ab-6ac + 9bc ). . 

2®. (c-$)(7a 2 + 13s6+76 s ). , 

23. (a — 2b rb l) ( a z — 4ab + 4b z — a -f 2b + 1). 

22. {x~~ y — l}^- 2 — 2xy +y s + x~y + l). ; ; jJ 

23. 2(^ — 2<z) ( 15 la 2 — 466ao + 3646 2 ) . 

24. (18x~Sy)(156x s + 24Qxy + 277y 2 ). 25. 2240. 26. 15500. 

27. 31040. 28. (a — b)(a + b ) {a 2 -V ab + b z \(a z — ab + b 2 ). 

29. (a~b)(a-\-b){<i z + b z ){a 2 +ab + b 2 )(a 2 -ab+b z )(a*-a 2 d z + 6*). 

.. £). (2a 3 +l)(2a 2 -l)(4a <l -2a 2 -t-l)(4a 4 +2a 2 + l). 

31. (3a4-^)(3a-^)(9« 2 =3a^ + <5 2 )(9a 2 + 3^+6 2 ). 

32. a{a~b) (a + b ) (a 2 + cb.-rb 2 ) (a 2 — ab-’r b z ). 

33. 3x 7 (x+ 2y ) \x — 2y ) {x z — 2xy + 4y z )(^ 2 + 2xy + 4y z ). 


(^ + 13)(^+5). 

(x + 13) ( x + 7). 

(<z + 13)(tf — 8). 

(x+ 12){x+ 15). 

(a -13) {a + 11). 
(a-30)(a + 4). 
{p-l<3q){p+2g). 

(a —96) {a + 56). 

{a +86)(a + 126). 
(^f— 16y) (^;+5y). 
(^-15y)(^+9y). 

SI. (a— 2)(a'+2)(a* + 3). 52. (* 2 + 7)(*+2)(*-2) 

S3, (x* + 7) (x + 5) (x — 5) 54. (x a -17)(x?-8). 

SS. (x z + 7y z )(x+3y)(x—3y ). 56. (a - 1 ) (a +a + l)(a + )- 

£7. (^-l)(^ + 3)(^ 2 + ^+l)(^ 2 -3^ + 9). 58. (*»-12)(* - 15 >* 

£7> (w-2«)(?«+2»)(w 2 +4t* 2 )(w 4 +5« 4 ). 

66. (^ 2 + v 2 )(^ 2 ~2^ 2 )(/> 4 -^V + ^)(/> a + 2 ^f 8+4 ^)* 

(a® — 2<z— 6)(a 2 — 2a + 5). 62. (^® + ^-7)(^® + #+5). 

6i! (w 2 -3w-6)(w 2 -3w-2). 64. (^ 2 -5^ + 9)U*-5^-4). 


EXERCISE 37. (Page 146.) 





!. (ar+6){,r+7). 2. 

4 . (*- 9 )(*- 6 ). 5 . 

7. (at- 13) (at -9). 

10. (ar + 9)(^+12). II. 

13. <*+13)(A-12). 14. 

16. (a— 16) (a + 15). 17. 

19. (1 — 15ar)(l— 4x). 20. 

42. {m— 8n)(m— 4n). 43. 
45. (*-16?)(*+3?). 

47. (w+7«)(>«— 4«). 

49. I36Ha + 76). 


(a— l3)(a-5). 
(ar+ 12) (^r+6). 

(a?+8)(^+13). 
(a + 12) (a — 9) . 

(a — 15)(a-s- 12). 
( x+ 15) (a:— 7). 
(1— 5ia)(l + 2«). 
(a + 66)(a — 5b). 



3 . 
6 . 
9 . 
12 . 
15 . 
18 . 
41 . 
44 . 
46 . 
48 . 
50. 
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65. 

41 . 

69. 

7a. 

72. 

74. 

76. 

78. 

80. 

81. 

85. 


(*_2) a (a*-4a+12). 

{m + 3)(w +4) (m z + 7m ~ 13) 

_7m-15)(*» 2 -7** + 13). 

-y). 


66 . 

68 . 


( & 
(** 


6x 



15K* 2 - 6 * + „\ 2) 

2 + 46 + 7). 



x 


(x- 

(m z 

(7y* 

-2(5w+3«)(w + 5#t). 

— ( 3?« + 17») (9m + 7«) 
(«— 461(a— 6) a (« + 

(a 




71. 

73. 

75. 

77. 

79. 





7 



2 


x 

7ft = 9 


46)* (a — "6). 

o _ # + l 

8*.. — rv 





V>« ‘ 
r 'i 


86. P 


2 . 


83. 

87, 


# — 4 
^2* 
^=20 


84. ^?+3. 


1. 

4. 

7. 

10 . 

13. 

16. 


(;t+2)(2.#+7). 

(2^r+3)(3^-2). 

- 1 ). 

(2£-*-5)(10j6 — ?) 

(3a— 46) (3a— 6). 


EXERCISE 38. (Page 152.) 



(*-5y)(15#-2y). 
18. (2*-7y)(5*~3y). 


2 . 
5. 
8. 
11 . 
14. 
17. 


(^+S)(3^ ?)• 

2 ( 3 x+ Di* — 1 )' 

(4m + 5)(3m— 2). 

(^» — 1) (2j6 — 3) . 

( 2m — 7 w) {ftt + 



6 . 

9. 

12 . 

15. 




+ 1) (14a + 15) • 
(X-v5 m}(2 

c*-«>t-w+ 9 » 5 





2^ 


C! 


21 . 

23. 

25. 

27. 

29. 

30 

•3? 


22 . 





24. (4a 


26. 

23. 




(2j*r+2y + 2r)(^+y 
(^-1)(^ 

2m) . 

(2it* — 3 ) (3^* + 1) • 

(2x'* + 3y*)(3^+y)(3^-y>- .. 

(*-2) (2*- 1) (^ + 2^+ 4) (4** + 2 *+ ^ ) • 

[ 2 z? +y a > l 2 *® -y* ) (*® + 2y* ) ^ ”* 2y 


(a + 6 )® (2a e + a6 -t- 26* ) . 

■ 5 ^ — 6) (2a + 36 + 8) • 

4* 




_ c \ 

w / 

2)(5**+3). 



34. 

36 


61 



4 a 


(a?— 2y)(5#— 3y). 
(*-3)(7*-4). 

*y(*y-5)(*y-4). 

(a- 

(**+*:- 21) (** + 

(f + 5 Xf - 1 )- 





5). 


33. (^ 

35. (*- 

37. a(2a 

39. (#—5 ; (# + !)(# ■” 

41. (#+4) s (#* + &* 4- 6). 



1. 

2 . 


(a- 

(* 


EXERCISE 39 

26 + 3^) («* + 4 ** + + 2 

.y_z)(* 2 + y 2 + 3r2+;t ’ y + 


( Page 154 . ) 
ab — 3ac + 66 o') - 

xz—yz), 


438 



3. (a — b 
( x +| 

( a ■+• t 


•e. 

c 

v/ « 


8 . 

9. 

10 . 

n. 

12 . 

13. 

14. 


— I ) ( a 2 4 4 1 4 a6 4 fi. — 6 ) . 

+ 1) (#® +3® 4 1 - ary —x—y ). 

-6) (a 2 + 6® + 35— a6+6c + 66). 


6 . ( 


C r 



( 4 a 




f 3 

V 




(2a 




- 4 ) ( #® - ■ 4y 2 4 15 + 2#y 4 4# 

36 + l)(i6a z + 86 2 + 

Sy — 4) ( 9# 2 4 25y 2 4 16 + I5^ry 4 12# 

3 b — c)( 4a 2 t- 96 2 4 r 2 4 6a b 4 2ac 

1 \/ . _ 3 


. t 


r- 

a 




'p. X" 4 3# 4 10 


X 


4 



(a 2 4 2a— 4) (a 4 — 2a* 4 3a 2 4 8a 4 16) 
2y ( S# 2 +y® + 3s 2 4 3 zx 4 3 xy 4 Syr ) . 

2 ( 


c 




3ac-i 




jT I 

*• / * 



4(#+y + z )(# 2 4y 




#y 


?«) 


• # 


I . (# 2 
l . (# 2 

5. (x* 


7. 

9. 

II. 










Jw 



^1 

^4 ■ 







-+• 4.?* — 6 ) • 


H % 


43. (Page 155.) 


4 7)(iC“ 4 5# + »}) 


3#— 1 



V V 



12 ). 


(#-3)(2#+3}(2# 2 -3# + 7) 
8(* 2 4#- 7){2x z 4 2# -5 ) . 


2 . 

4. 

6. 

5. 
10. 



fi 


(# 2 4 2# — 7) (#* + 2# — 4). 

( x 4 5) (#4 6) (#* + 11#+ 8) 
(x 2 -3x-i6) z , 





13. 4(2#- l)(A'44)(2# 2 + 7.r4l5 ). 14. 


3 (3#® 4 # — 1) (9#® +3# + 1) 

( # 2 + 3# — 1, ' / " 2 

# 2 - 9#- 17) ( 9#® —9# 




ISE 41. (Page 156.) 


rtr- 

■V 



)(# + y-z 



3v— 5r)(2a 


T « 1L 

2b + 3r— 4d){a 

— 7c + 5 


rv 



<y 


5s). 

). 




rv 


*3/5 


2 . 

4. 

A 

V * 





f i 

I i 


36 




6 ) 


5r— S) (2a — 

■a— 2) ( 5c — 76 4 a — 2 ) . 

Sr 4 1 )( 7& - 46 4 8c- 1 ) . 

# \ 

— 2a +3). 14. 

( 2a 2 4 2ab 4 36® ) (2a s — 2a 6 + 3 b- ) . 

( 3a 2 4 Sab + 46* ) ( 3a 2 - Sab + 46 2 ) . 
(2a 2 + 5a — 3) (2a 2 — 5a — 3). 

(3a* + 3a6-46 z )(3a 2 -3a6-46 2 ). 

+ 7ab + 3 6 2 } (5a 2 - 7a6 + 36 2 ) . 
(a 2 +5a6-56 2 )\.& z — 






t - _i 








i)( 


4* 



3Z 


) 




(d® + a+ 4) (a® —a 4 4 ) 









5 ij t «J 









2!. 


— '3^— 6£*) * 




: ? 



2-5 . 

.25. 

27. 

n. 

2 

3t. 

32. 

33. 


35 


( 7a* -5- 2a6 

4- I&2 



2o6 -46* ) 


* j-3®) 






u 




Jh 

2 Jr * 


(c* 

9{fi*+2s^'^2^H 

■Hi - }{ " r 

(a*4-« + l ) 



CiS> +/' :) • 

# ptr* - 10fi + ?5 ) • 

3 -2a +2). 

>4-26 2 ). 
I2A? + 9? c ). 


26. (a~ + * 



4a + 1 




-C •■; 1 } 


30. (a 2 rc + \ )(a~ —n - ) v ,J 





. — 


*— *e* + 6 2 )V<x 4 — fl2 ^ 2 )■ 

5a6 + 66 2 ) . 
t— 2#). ° 


3,j } ( 5s -r 3c— 46 } 


I * 

34. (a — 5c) (c + Sc — 06 ) . 

36. (7a~3c)(7‘*- 46 - h3 0- 










E. 

3. 

5. 


{ fi 


▼ Jl 



4 JU 



» *wf 




(<!-*: 6 -c){s — 6 -+c -+ 1). 
( &*— 6 +3r)(;2a +£-■■ 


(Page 15 

2. (a-6)(a-6- 1). 

4. (a — 56) (a -56 -3). 

6. ' a~6-c){a + d + c + 1 ) . 


c 


ft. 

17. 

i ^* 

{ A_, 

S6. 

•T f; 

ib. 

20 

^2* 

^ i 

uV • 





; ’> 


■OvV r ^ 

4 



~+.a 


3) . 
-5). 



* r 


v c* -36>V2£? 

ff 

s— 3&K4a 

(a+ftir# •; 


- 2.64 








6*1 



f.V-:-.4.-2 &M2a — 3§M4a* + 96 


* c- -j-2S»>i3« -5a6 + 26 2 ) 


9. 

n. 

13. 

15. 

17. 

19. 

(a — 

7c 2 ). 


1 I 


(a — c)(fl + 6 + f). 

(3a - 56) ( 3a + 56 -7c). 

( a + l) 2 (c — 1). 

(a — 2)(c 2 + 7a + 4). 

(2a — 36) (4a + 96) (a + 6). 

( ax+- by ) ( bx + ay ) . 

26) (a + 26) (a 2 * 6 2 ~5c*) 
23. <a-6) 2 (c 2 4 6 2 ). 


25. (a-v 



a-6)(^ + 3^)(^>-<7) 


1. 


1? » 


5. 

7. 

9. 




(« + 5}f«4 i)(2« 

(a-8)(2 + 3)(2c 
(a-6}(c- - ^ 
(c- 
(a — 

(x.*l){2br 

(;r-4}iar*-^ T 
fxf2)(2x 



3 


j. 


3) 



-i*. 


i>. 


(Page 150. ) 


2 . 
*4 # 
:6. 
8. 
■10 
12 


(a — 3) (4c 
a -■■■■ 


(c — b ) 2 ( a 






16. 

a 

2ft. 


— 3a — 6 ) . 

1 )(a — 4) (2a + 3 ) . 

2 o 

(2a -6)(a 2 -a6 + 36 2 ). 

( a - 6 ) ( 3a + 26 ) ( 4a + 36 ) . 

U-2)(2a: + 3)U 2 + l). 

(x + 4)(2ar 5 -.^ + 3^- 

(.r 2 + x + 1 ) (2x- 1 ) (x + l ). 

(*- 1 ) (a: - 3 ) ( 2** - *+ 1 ) . 
+3)(>#— -l-M*® — 2*+.3 ). 


<Z 
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MATRICULATION ALGEBRA 


I. 

4. 

6 . 

7. 

8 . 
10 . 
12 . 
14. 
56. 
13. 
20 . 
22 . 

21 . 

. A 

2o. 

28. 

30. 

31. 

32. 

34. 

35. 
37. 

39. 

40. 

41. 
43. 

6. 

47. 

it 

43. 

49. 

51. 

52. 


EXERCISE 44. f Page 161.) 


a b 
3 + 2 


)<i 


^b\ /a 2 
2 ) 

( 1 + a + <5)(l — a— b). 
(a + 2b + c) ( a — 2b — c ) . 


2 £2 

•7T + 


4 



3. (a—S)(a g +6 9 -i-ao — 1) 


5 - ( 


i_ '5\f 1*^ 

yA y 

0 

a 


.r*\ 

*5) 


a 4- — # s -f- II 


(a 2 -*-a + l)(a 2 — a-h l)(a 4 — a 2 + 1 )(«*—«'* +-1) 
(a — l)(a 2 +a + l)(a-r l)(a 2 
(a + 1) (a 2 + 6a + 1 ) . 

(a — 36 — 4)(a — 3£-f 3 }. 

(a 2 + 3a + 12) (a 2 + 3a — 7). 

4a 2 £(a + £). 

(a + 6 + c + d) (a +.6 + c - </) . 

3a(a — 7)(a + 5). 

(a— b) (a + b i c) . 

(2a 2 + 3b ~ ) ( 3a + 2b ) . 

(a 2 £— 1)(£ 2 £ — 1)» 


D J 


9., 

EL 

83. 

15. 

17. 

19. 

2 !. 

23. 

23. 


(or— a J cb){x—a—b). 

( 2a +3} (Sa-J* 1 )(34a~ + 14a + ) 

4/5 2 : SiBp 


4(6<2-*5}(i2 —6b), 
4abxy- 

{ax+ by) {x+y) - 
(a 2 +6*)(x*+y 9 ) 
(a+I)(a-— ?v/j8 
3(1^- 2a— — za+2 



*1 


(6a:— 6y— 1) 


27. (*+ 


2 

.nr 


X** 


2 



( <Jtr +4)(j C * — 4 i ar+16). 29. (a^+4bfr-fr S){^sr®-*4jc+8). 

(ar+ y) (x—y) {x z + y~ ) C .nr 4 + y * } • 

(^_ y)(^®+a:y H-y 2 )(ar s +nr 3 y*+y 6 ). 

^a^—bn){d 2T>lJ ra >n b n +6 2 ”)* 33. 3a^(3® -h 4-5 ) (3a —4b). 


f£L 


(* 


\3 

4/ 

\ 9 

12 ' 16/ 



(x~4y)(9x-5y.) 36. (sr-f 

(l + 9a — 96)(1 — lOa + lOd). 38. 

(at— * l)(ar 2 + 'Iar + *Ol) . 

3(2ar 2 + 6^ry + 9>/ 2 )(2a: 2 — 6arj/ + 9y 2 ). 

-(3^r-7)(7^+3). 42. (2r-3)(4r+7}. 

2(2a:-l)(Ar-3). 44. 2x(Sy—x}~ 45. {3a^-fcif }{£?+3y*J 

(3>> 2 -2^ + 3^ 2 )(3^* + 2^4 + 3^*)- 
(tf^+ay— ^+y)(^+^y— ar+y).. . 


(a+*)(a-i)(l+-|)(l-^)- 

(ar+a)(ar*:+l). SO. —< 3 cr-i- 13 d}( 6 a^-S 5 ).. 

(a — 1 ) (a — 4) (a 2 — 5a— 7). 

( - 19^ry + 8y 8 ) ( 2a: 2 + 3^ry - 3y 2 , 



53 

54 


(x-3 y)(x 2 - 3xy + 9y* ) 

/“ + 6 + 



a 

2 



? +6 ’ + 1> 


<z£ 

2 


ac 

6^ 


oc 



t ; 

w J 




4-£y)(* 


l 

£ 


y 



56. 

57. 

59. 

65. 
62. 

63. 

64. 

66 . 

67. 

68 . 

70. 

71. 

72. 

73. 
7S. 

77. 


14a.# 4- 






4- c ) ( a 4- b ) . 
rf)(a +d + c + d). 

— 2ac — 






79. 
81. 
8v . 


(2x z + 14a# + 49c 2 ) ( 2# 2 - 
• j ( # 2 ’ ^ / ' 

+c+^d)(2a* +26 2 + 2£ 2 +2rf = ~ ab ~ be + cd ^ 

<a + b + c-d)(a + b-c + d)(c+d+*-b)y + d-a + b). 

ti..-a-b-c'ila'‘ + b* J rc t -ab-ac-bc). 

(;t+8X *— 1H** + 7*+ 30 ).- «• (<i 2 +6a-18)(a +4a 

(Qx z + 33^ 4- 19) 2 * 

(a~c){s + d+c){a z + c--2 ac+ab + oc). 

xy{xy —6) {\lxy + 5) . ^9. 

(ar + 4- — 6c ) (ac 4 -bd — ad + 6 £ } 

{ac + ad+ bc-bd){ac + ad-bc + 

{x-aHx + a)(x? + a 9 )i** + a *' 

S(**+y 2 )(* 4 -* 2 y 2+ >' 4 “ 1 >- 7 jv 

L_ y) (2^ + 2 y »+2^y + 2w s + ^ + ^ + ’';>- 2iQ . 4 

\sp-rHSfi+r-2!).- W? }*+ 2)(2^ + 9*+D 

(*+l)*(* + «)- “■ l ;_ 7 ^ + 3 . 85. 

(& z + b*){px-W +rz). M * ^ * 



w 


n. 


18 ). 



£#-n. 



- > 
\ 


i; 


— ^r) (y 2 + ^ry + ."K 2 
(^ 2 - 




*-y) 


ft 






EXERCISE 45 (Page 164.) 


fi. 

3. 

4. 

6 . 

7. 

10. 

11. 

12 


2. 12^»;(^ 2 + 8). 

4* y- 4* ZX ) . 

5 . 1 4 -a* 4 -<z 8 . 


— Af$x{x— 5). 

(y-je)(^4-y4-^)(^ 2 4-y 2 

^(ll^-10y)(^* + 22y* ). 
fl*4-4a 3 6 4-6a 2 6 2 4-4a^ 3 4-6 4 4-a 2 4-A 2 4-2a6+l. 
(a*— ^ 4 ) 2 . 8. a B +< 1 * 6 * + b*’ 9. 1 

■a A4 
J2. 


-b*f. 

2a z b z + 2a 2 c 2 4- 26 2 r 2 —a*-b 


a 


(14-a)*. 


x* + y* + z* — 2x z y z — 2 x*z 


2 y 


2 «f2 


a 


6* 


14. 

16. 

18. 

*0. 


4a 8 

x 3 - 


~c* — d*. 

13. 

a « - 14a*6 2 4- 49a 2 6 4 

— 9fl® — 4a 2 4- 9. 

15. 

a 8 4 - 16 u*b* 4- 2566 s . 

-162^4-6561. 

17. 

^*-32^*4-256. 

2b-c. 

19. 

— ci z b z +^. 



366* 




6 


21. a-1 


22. a— 2 


a 


2b. 





.nq? 

t3 


24. 

26 . 


■>7 



A 5 


•J 

69 


W nrf ,- £| 



r* * v 

n y 

/ A^-* 







! 14. 


m. 



122 . 



A <7 ^ 


/ 



* 







r £ 2 + C 2 




* • ? A /- 

I C/ v * 


28. a 2 +3a4-13 




a 2 — 6a6 + 


A 


/,r — jy 



.«L 

n 


1 1 r 4 i 

i i ij g * 


2 4 . 



V> • 




x(x 


4 


.61. 0. 


, rv 

Ci ~V c * 


3 <-> o 

.r""' 


y 

0 + 2 . 
3(2 — 4 

9 


126 2 . 



30 . i 

a 2 — 

2a — 3 

• 

4 a 2 4- 

3a£ + 6 ac - 2bc . 






1 >Z * O'. 

y T Z 

5 + 30jry — 5 4 65/2 . 

. 33. 

( a 2 

-+- ab 4- 

b-y 

iz. 

35. (a-b) £ + 

1 , 

36. 

6^ 2 

— lx— 

3. 

xy + 1 

3 >' 2 . 42, *605. 


43. 

•24. 


44. 

46. 

12739. 47. 


15S9. 


48. 

1. 

A 5 

t' A . 

3 030625. 52. 


132. 


53. 

0 . 

5-5. 

0. 56. 

0. 

ml ■ y * 


57. 

•ooo 

“ ) 

ft 

59. 4(6 a 2 o' 2 — 

i 

a 4 

-6* ). 


60. 

28 S 

62. 

a — b* 

63 

a — 36. 


64. 

66 . 

/? n ^ ^ 

U v>4 

67 

. a — 1 

• 


68 . 

f \y . 

16 a 3 x 3 {x^ci ) . 

71 




72. 



49. 10. 


a + 26. 


74 


a 


A 

(7 


* s> 

t *2/ . 




y 


c. 

z m 


a 

a 


82. 


(Z ~h 3 « 


75. 

79. 



76. 





c-f-3. 

ab. 

a — 4b 
a —2. 
c-2. 


5 ;> 

* * 


r * i 

V 



<?(«2 — 1 } "' ( <?• 4- 1), 

(*-l) s ( 

(<? — 32-) ( 


C 


/ * * 4 - ct "f* 1 ) * 

2 5 X[ ( c z -r b ) 


yv 


94 . 

(a. - 

r *7 

y 2 . 

a 12 

* A A 
. . *• < 

A / 

72 v 

V ft 5 

i V J n 
tf V • 

- 60 a 

iC 2 . 

OO v 

1 3 4 . 

- 

f 06 . 

64 a 

108 . 

(a - 

! 10 . 

(a - 2 

113 . 

( 1 - 


9- 


( a 2 — 46 " 1 


a 

. a 2 4-1. 

. x-y- 1. 

. (a 3 +8)(a-'2). 

. (a 4-1 )(a + 2)(a4-3). 

93. (x+a)(x+4a)(x+7a)(x+'l3a). 

95. a 6 -l. 96. a° — 2. 

99. 36tf 3 6 2 (a-6) 5 . 



I) 3 ! 


s% * 
-✓V 1 


7 Q A G 



) 3 ( a 4 - b) (a 2 

4 -c 6 4 - 2» 5 


(a 2 + 6 2 ). 

! 03 . 

a 

1 ) (.r 2 -r 1 )- 

305 . 

1 


107 . 

( 

3 ) ( 3 a 4 - 4 ) (a 3 

1 

N 

C ^4 

i 

5 ) 



-6) 2 (a e -6°). 



109. 


<z 


a 2 )(^- 6 s )(^ 2 -c 2 ). 


4a 2 ) (1 + 4a -f 4a 2 -lGa 4 ) 


U2. 


x + 2 
x + S 


113. 


4(a + 6) 


x+1 
x — 5' 


115. 


x — 3 
+ 4* 


116. 


1 - 4.r 


1 — 5x 


117 


5(a — 6) 
: — 2x 2 



3x — 5 


lx -l 


119. 3 be. 


120 . 


x — a 



2 x—y 


x + a 


x z — 1’ 


a 


b — c 


123 


124. 


(2a~:- 1 )(a 4-1) 


* ), 


ct *4* b — c 


x~ + l 


2 a 2 





125. 


b-c 


m. 


x+6 —a—c 

x 2 + 1 



i3l 



139, I. 


140. 3. 






5 . ( 2 a 



Jt' 4 -r X 2 

4-1 

A^4-AT 4 + 1‘ 

x~5 

132. 

C. 1.13, x 

x+ 7 

y{a- 

x-2 

!36. 

ax -r by 

x—5 

££ 3 AT* — b 2 y 2 


x + b . 


SECTIONAL REVISION II. (Page 172.) 


I. 3. (i) 25 a; 2 n^iOxy +- 1 6;' 2 , (ii) !0(a 2 +d 2 ). 2. 34. 

4. (i) 3(tf4-l)(<z-l), (ii) (l + 2a~b)(l-~2a-b), 

4(2x—3)(3x-i-‘i), (iv) (x-5)(2 x-3)(x-7), 

-!)(«' — 3)(3a — 2). 6 . 1. 



Paper 3. 

3. <2** 

5. (i) 


I. (i) (a) 49y 2 , (£) 132,^; (ii) (a) 254,016, (b) 245.025, 
3. (i) 1, (ii) x* "i ~ y -r y ^ XjX" -V y~* . 

-ldx-x 2 ). S. (i) x{x+7){x—6), (ii) 4 (2a 
3)(7<2+2)(8a— 1). 

I. P 2 — 4pq 4- 4<? 2 — Qr 2 and 3255. 

3c*-3£ 2 +a 2 . 
l(a — 3) 



2 
W « 


3 00 


n 

t 

v/ 


4. (2*-3)(3a;-2), 


a — 5 


(ii) (a-S )(a-9) 2 . 


6. (<r — 5b)(a — 2b) (a-\r 2b ) ( a lb) . 

Paper 4. i. (i) (^4-2)(^ — 3)(/*4-4)=^ 3 +■ (2 — 3 + 4 )p 2 4 - 
( -6 + 8-12)/>-24, (ii); a: 3 f 4^r 2 -!7r-60. 

2. 52. 4. (i) (ii) 18, (iii) 23. 

( i ) ( 2x z + 1 ) ( 2a; 2 - 1 ) ( 2x z 4 - 2x+ 1 ) ( 2a; 2 -2x 4-1 ) , 

(r>) <i z 6 2 ( 3 a- 26 )( 9 a z +(ya 6 ± 46 z ), 

(iii) (7 i 2 4-3^)(<3 + 36), (iv) (x-2)(2x-l)(2x z -Sx+ 5 \ 

9{x-2y) 2 


5. 



6. 


S(A;-3y) 


2* 


Psper 

2 . 




2 «) 




( Stu ) 3 ( 5 tH } 2 ( ) 4 - 3 ( Stn ) ( 2 n ) 

1. (ii) 387, (iii) 4. 3. (ii) *?L. 

k — u 




4. (i) 2x(x-3)(x 2 4-3), (ii) A; 2 (.r 4-6 )(a;-5), 

(iii) (A;-y)(A; + y-^). 

" " ' (0 55, (ii) 1, 




i — 


£ - A7* 




-33. 6 . 











MA TRICOLA TICN ALGEBRA 


Paper 6. 1. 27 + 64c 3 and 133. 2. + 3* (i)4(o? + 2y) *, 

(ii) (x+a) (x—a) (x-6). 4. (i) 16a 4 , (ii)2w 3 -9w* 2 

+ 14. 



5. (i) a + 2(?, (ii) 5a- 3. 


6 . 1 . 




Paper 7 . 1 . ( i ) Ox 2 + 4y 2 + 1 6s 

^^5— 4/ 




(ii) 2A 



- 12 xy + 24 xz — 16ya, 

q* — — 6^<7 + lO^r— 2^. i*» 50. 3. 

4. (i) (9a 2 + 12a6-f 86 2 ) ( 9a 2 — I2a£ + 8c> 2 ), 

(ii) (5a?— 5y — 3) (7a-7y — 4), 

(iii) (2a?+ 3y) ( 2a?— 3y— 3), (iv) (4ar 2 + l6a+ll)*. 

5. {3a — l)(6a — 5)(2a + 3). 6. 1. 

3 aper 8. 1. 8 m z —n* 

3. (i) 18a(2ga 2 - 

> (iii) (2a + 3£)(2a + 36-4), 


(i) 0. 


27— 18w«. 



i \ 
1 ) 


2 . 246,684,600,000 

(ii) (2a?+l)(a?+3). 

(iv) (a+l)(a + 2)(2a-l), 


5. a^-ab + b 2 . 


6 . 10 , 000 . 


>aper 9. !. (i) *414, (ii ) x* -x*a + x s a 2 -x*a* + x*a*-r*a s 


rxa° — a 7 


4. x — 5. 


3. 6w 2 -7?«-3. 

5 (i) (a 2 + 2a+2)(a 2 —2a + 2), (ii) ( a + 1 ) 2 (a-l), 

2 — a + l)(a 2 + a+ l)(a 4 — a 2 + l). 6 . 1. 

10, 1. *42. 2. (i) 2a 2 6{a + 6), (ii) (a?-2)(*-3)(* 

a? 2 — a? + 1 




3. a?-a. 


4. 


a?(a?+9) * 


5. x 12 -y xi ' 


EXERClSn 46. (Page 180.) 


1 


4. 


7. 


10 . 

13. 

16 . 

19. 

22 . 


a? + 3a +4. 

3a— 1. 

2 a 2 (4a 2 -12a + 9). 
a 2 — a - 

* — 3a + 1 • 


2 . 

5. 


d 4* 


3. 


2a 2 + 3a + 7 


3. 

6 . 


i 


a 


x 


8 . 

It. 

U. 

I?. 


2 j 2 + a — 1 . 


•* Q 

a~ — - 


9. 

[ 2 . 


a 


2 4* Sa + 1 • 


— 3<z + 5. 


x — 3 


{x + y ) {x + 4y) 
2 — 3a?+ 4. 



3 a? 


* I 


a? 


25. 


28. 


a; 2 — 2a? + 1 • 
a?— 2 


23. 

26. 


a? 


2 


X 


y- 

a?— 2. 

2a- + 3 . 


29. 


a? 


1 


,C -J 


4- 2 


a — 4. 

3a + 4 • 

a 2 -2a6 + 46 2 . 

a 2 + 3a + 5. 

1 5. a 2 - 

(ar-l)(a?-2) 
2a 2 - a: - 3 . 

a 2 + 2a + 3. 
3a 2 — a? 4 1 • 

a 2 + a- 12 

a* + a +■ 2 


t K 

l 0, 

21 . 

24 . 

27. 


30. 


a 


31. 


2a -3 
6a+5‘ 


32. 


a— 1 


fc 


33. 


a 


+ a— 6 


a ?+ 1 


a 2 — 1 


3a 2 4 a + 2 


34, 2a 2 +a?+ 3* 


35 . 


X* - X 


X 


X- 


T2 

12 




1. 

2 . 

3 . 

4 . 



H.C.F 




S. H.C.F 




6. H.C.F. 



7 


8 


9 . 

II. 

13 . 

14 . 

15 . 


»3E 47 

.C'.F. = **— and L.C.M. = \x— 3)(x i +#*— 3*-*- 9). 

H.C.F. = + 3a: +2 and L.C.M.= (*— — 10*— 8). 

H.C.F. = 2*®— 9 and L.C.M.= (2*— SMS* 3 + S* 2 — 27* 

1 and L.C.M. \ 

= (*® + 2*-2)( 2** - 7-r 3 + 11** 

j, r fc * ^ 

= (** - 3) (* s + 6*® - 49*+ 42 ) . 

3*+2aad L.C.M. 

= (2*® -3) (16** 

H.C.F. = **— *+3 and L.C.M. 

• = ( ;*r 2 — * + 1 ) ( 2** —x 3 -*>- 6* 2 + 2* + 3 ) 

H.C.F. = 3*®~5c*— a 2 and L.C.M. 

(5*— 2a)( 6** — 25a* 3 + 26a 2 * 2 — a * ) . 

at 2 — 5*-l. 10. 4** — * 3 + 4* — 1. 

\—x*—x*+x 7 . 12. ** — 2* 3 + lG* 2 — 12*+24 

* s + * s + 3** 4- 11*® -t-4* 2 + 12*-;- 16. 

* X s + 2**— *® — *®+* — 2. 

(* 2 +*-3 » 2 (*®-*+-3)(* 3 — * + 3). 




12* 3 + 20* 2 -9* + 6) 










1 


4(*-I) 


3(*-l) 


ERC1SE 48. (Page 186.) 

4* 


2. 


4<**-l) 4(*® 

3(*-2) 


** 

X 


) * 4{* 2 — l) 



* + l) 



<*-3)(*-2}(* + l) * (*— 3)(* — 2)(* + l) 


3. 

«(«-*-£} (a 2 +6*) 

b{a 

— b) (a 2 + b *) ab'a? + b *) 

b* (a 2 - 

b-) 

c*-A* 


a 4 - 

-b* * a 4 -^* ' 

’ a*-< 

5* 

4. 

* K + xa + a v 

X* - 

-*a + a 2 a 2 

* 



x * + **<x 2 + fl 4 ’ 


! + a*’ ** + * 2 a 2 + a* 



5. 

a(a 2 + ab + b z ) 

a 2 — 

6 2 

ad 



a y ~6 3 

a 3 — 


a 3 ~b 3 ' 



6. 

x—c 



x—b 

x—a 


{x—a){x—d)[x 

-icy 

(^- 

-a)(x—b)(x — cY (*- 

-a){x—b){x — 

7. 

c—b“ 

-a 


a-b- 

-c 


{fl.+c— 6){b + c- 

-a){a 

A- 

-c)* (a+£ — b)(b+c — 


cf 






b—c—a 








i 


c*(a— A + 


^ 2 (a — A — c) 



+^— a)(a+^ — 


o6(a.— A— <r) (a -A +a) a^(a-A—i:)(a— ^+*)’ 


- 



-V- ■ 




A — r )(«— 6 + c ) 
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2 {a vb) 





+ b) 

b z 


4 (a— 6) 


a z - 



it?. 






f 


(1 c\ab) ( 4 a+ 6 ){ 1 




ra- 

il 


•£= 


2ah 


I-16a 2 6 z 

4(x 






x— 3) 


3)* ix-l\(x-2)te 



fsc— DC*:— 2)(a: - 3) 


# 



;E 49. I 



2 . 


9.r + £ 


6. 

6n>- 


(a— 3)(^.'-r4V 
2;r 

(x-t- l)(x + 2 V 


3. 




r* *■ 4 r t 
* .J* , *3 j 

w 


*D 




i 


1 


1 — jr 



1 

<06 


2 «{a 1 5 b) 

e \ <* / 7T 
r <. - y \ u —b) 

1 1 H 


ty 


( 


t 



<?• 



C * jr- 

* * « ' jF TP’*' 


ft 

7,-r-- 1'*? 




a s — <1 


r *> 



( x 4 5) (2;c + «j ) 

3 

(ar r 1) (- 2 ? + 2)(x+ 3) 

4 

(x + a) (x-i- 13a) 

— o,b > ctx 4 b) 

" r L r ’ - - - ' " ‘ 

(2 -rb){a—6) 

Z* 1 o O 

-i“ rijr+n 

(;t 2 — 1) (.ar 2 t- I } 

tab 


(x 


y\t f , 

c • is 

/ X 


3j(ar— 4j(a;— 5) 


4 


(a;— I)(ar— S5 
I 

(«— 1)^-1 2){jc+3) 


i«. 0 . 



3x* 

?e 2 —4a—3 
(a + 1)(«— 2) 

6(ci g - 2) 


21. 7 


22. 1 


25. 4.r* 


la 


£ 


"Sa ( a 2 


{a-~-o-){4a £ ~b~) 

8 (a 4 

l)(a 4 - 9 )' 



29. 


-4) 

7 $*} 


(a* - A 2 )fs c -i^ 2 ) 


3 S. 


1 


1 — it 


2 


22 


1 


/■j 4 1 / 1 

U T* t/ 


c 4 — b 


34. 


8 


36 


2 


<2 ( u +,6)( t ’ 1 — b ) 
2(2 + 6) 


37. 


1 -a® 
4.r T 


35. 


1— 

6 


*ar 


3 


2T 


3 




l 


a 


a 


a 


39. 


-1 

X f a 


1 


/2* 


a 6 4 b* 


a 2 + ab + b 2 


44. 


6 






:.r + 2) (^r+3)( 



X + . 



45. 


42. 0. 43. 

-48 


i 


tSi 


t 1 


x(_x—2>(x 4 3>(x^4i 








46 . 


48. 


1 


7 


10 


15 


19 


24 


31. 


51 


I. 

4. 




( 



16 (a + 4 ) 


a + 1 )(a + 3 )(a-»- 5 ) {x + 7 ) 
l 06 *{a*- 65 *) 



, 



(fl 4 -46' 4 )(fl 4 -96 4 ) 


EXERCISE 50. (Page 194.) 


x. 


2 . 1 . 3 . 1 . 4 


r 4-1 


x — 1 


5 . 


2 xy 


o 

x ~ 


6 . 1 . 


x 4 4- A 2 y 2 + y 4 


8 . 


X 4- 1 


A 

a 


9 


x + a + x — cl x 



11 


1 


12 . 


x - ~ 
X — z 


x — a 







1 


17 


1 -+- xz 
b { 2 a - £) 


13 


v 




(4 


y 




a 


-4T 


a* - x 2 + 1 


20 . 


21 


a 2 (a 2 4- 
6(1 - x ) 


18. 


xy 


x + y 


4 


22 


a 








x 


a ~ b ‘ 


23 . a 


ab 3 + a' z - 


— 6 2 



Gi6 3 ^ a 2 — ab — b 2 — b * 

3 


ct ~~ b 


25 . 1 + a 4 - x z . 26 . 


X ( 1 + X 4- X 3 J 




1 4- X 




27 . -t. 


23 


X v 2 a: 2 — 3a: + 6 ) 


6 


29 


1 + 


4 


34. 3 


x + 3 

10 


32 . 1 + 


10 


x 


2 * 


35 


A 

+ 


A — 3 

4 




2.r 4 y 



A 8 + 


4. .4 


33 


X\y- 4- y 3 ' 

7 




^ + 


37. 2 


11 


2a -bl 


38. 2 


a — 3' 
5 


36 . 


40. a 3 — A*a + Aa 2 — a 3 + 


a 


.3a 4- 2 
1 




x + a 


4 1 . 2a 


1* 





3a -2 


2 a 2 + 2a -r 3 * 


EXERCISE 51. 



*«g, y rn -1 


x *'4, y 


o 

J 


2 . 

5. 


a— 1 , y = 
r = y — 1 . 


7. a= 7 , y = 4. 


8 


A 


4, y = 1 



ab —c 

10. x = 



> - ■ 2 , . • 
a 2 4- b 

8 , y- 5. 

12. 

x= 1, y -=2. 

■- 3 . x — 

5, y — 6. 

15. 

a— 1, y = — 

‘ 6. =* 

6 . y = - V 

18. 

x — 3, y — 2. 

19. A = 

= 6, y =4. 

20. 

cic-b) 

*Y ~~ — 

c i a ~ c ) 


a(a-b)' * 

b{a—6)’ 






/ 


/ 
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21 . 




24. 

27 . 


x 


X 


10, y — 4. 

4, y = 2. 

= 2 . 


22. ^ = 19, y = 7. 


23 . 


25 . 


30 . 


x 


48. 



x 


x = 


y 

18, y 

3, y=2. 
40, y = 60. 


28. 


31. 


34. 





x=2, y =5. 


40. 


.r=3, y =2. 
#=5, y = 3. 
=4, y = 2. 

x=8, y =5. 

x=%*V = I- 

ac—bd 


26. 


29. 

32. 



35. 


38. 




#=1, y 






= 1 . 

3, y = 4. 


42. 


45. 


a* -ac- 
x = 3, y = 4. 

^=1, y=4- 


a$ + 6 2J 


#=5, y = 
x—14, y— 15. 
^■=•02, y =2*9. 
^• = 3, y = 2. 

o, y = « . 
x=5, y =2. 
—ac + bc + ad 


x — ' 1 


#> 


43. 


46. 


a^ — ac—ab + b 2 

x — 4, y =10. 
x=b. v=l. 


nq 

—,y 


mp — nq 


x~ 


X 


X 



aq 

50. x = 


48. 




y 


o. 


3, y = 4. 


5! . x 


l, y 


S3, x=4 , y=6. 



an—brn 


a 


3 



a 


b 2 


55. x=7, y — 3. 





- 


EXERCISE 5:?. (Page 208.) 



» * dF 


a + c ■ 


20. 

X- 

=abc, j 

/-! 

28. 

X- 

= — (ab + t 

22. 

X- 

s 5, y = 

4, ' 

24. 

x= 

= 7, y= 

5, 

26. 

x= 

= 12, y = 

= 5 

28, 

X- 

= 12, y 

= 7 


y a + b-c’ 


b+c — a 
z — ax b + c. . 


& + b z — 1. 


6 . 

= 3. 


23. 

25. 

27. 

29. 


x = 4, y- 5, 2=6. 

x—7, y = 4. 
x— 15, y = 8. 
x=8, y— 7. 










?0. x=n , y = 7. 


a-f ^ — 46 2 
31. *= — — ^ , y 


2 


2 


*/ w * 2 + An z + nt */m z + 4 « 2 — w 

33. ar«= x . y= 


2 


2 


33. x—3, y — 4, or ^ = 4, y = 3. 


34. x— 2. y = 5. 


I. 

5. 

9. 20 


SI. 

13. 

15. 


"Y A 

L r i 

7? 

ft 4 * - 


25. 

27. 

31. 

3 / 

i* i , 

36. 
38. 
4 1 . 


45 


48. 


2. 15, 13. 

6. -12", 15 


3 

7 


EXERCISE 53. (Page 213.) 

23, 16. " 

•32, -24. 

! 0 , 12 , 8 . 

x -160, y=18Q, 0 = 210. 

Rs. 3 as. 8, Rs. 5 as. 8. 

16. |. 11. 


21 , 12 . 

15, 22, 40. 


4 IS, 15. 
8. 18, 12. 


1 5 


Rs. 350, Rs. 460. 

Rs. 535, Rs. 315. 

Tea 3s. 6 d. per lb. ; butter 2s. 6 d. per lb. 


23. 79. 


10. 

Rs. 

140. Rs 

# 

. ICO 

!2. 

Rs. 

70, Rs. 

50. 

14. 

Rs. 

7, Rs. 

4. 

18. 

5 

TT * 

19. 

8 

1 2 * 

21 . 

Rs. 

22, Rs. 

24. 


7 * 

* * * 


54. 28. 426. 

-3 miles. 32. 8| hours. 

5 1 miles. 14 miles. 

1 1 1 II jj I t: 

3 miles, i mile an hour 


15 shillings ; 18 pen 

6. 63. 
253. 




/ 


t> 

<>K/ . 



288 sq. ft. 39. 
41.S. , 7 Is., 10.y. 
concession 20 seers. 

20 ft., 8 ft. 

36 ft., 25 ft., i] ft. . 


x 


40° 

42. 

43. 
46. 


c 


33. 4 miles, 3| miles per hour. 

22 miles, 132 miles. 

37. 8 mLes ano 3 miles an hour. 

’ “35°. 40. 90 lbs., 30 lbs. 

mas. j limit of 

Rs. 55 . 

80 ft., 48 ft. 


+& it. , JD ft. 


47. 4 


SECTIONAL REVISION 111 


(Page 221.) 


Paper I. 2. (i) 

•4. 6, 7. . 


1 




6 1 j 

5. 52. 


(ii) 2 (a+//). 


3 





^ * ■ 
> 


Paper 2 i. 3^-2. 


2. (i) x 2 — xa + a 2 


(j 


*3 r 


1 


{») 


2 


+ 2) (x— 2V 
* * 

B 20 years. 



x -v a 


3, y= S. 


Paper 3. |. 


r 


5. Rs. 6 n + 44. 


+ 1 . 2 . 


A / X 


6t 


W 3 r \y 


lTAfj 

• ■ J W*. ^ 


4. 87. 


-r=3, i 




(^'-3)(^-7)(^ + 4)« 2. 

5. (2*+3)(3*-8). 

Paper 4. i. fe* 3- 7x+ 3 , &r s 

x 2 + 3x+2" a ‘ . 3. x=4 .y~5 -=3 
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4. 25 miles per hour, 90 miles. 


5. 27, 


Paper S. 2. 


34 xy 


a* 


5. 


49 x ~ — y 
(i) (x z — 3x — 6) Lx z 


W 

3. x—4 y y~ 3, z =2, 


4. 25 miles. 


3* + 4), (ii) (9* 2 + 12*+ 8) (9* 2 - 12* +8). 



Paper 6. 2. 
5. 143. 


1 


x-V 


3. z-~3, y 



4. Rs. 480, Rs. 960 


Paper 7. I. 3* £ -s-8*y-+4y 2 . 


_ 2 

2. — . 4. Tea 2$. 6 d. per lb. 


coffee Is. 4 d. per lb. 5. -5. 

Papers. I. H.C.F.=* Z + 1, L.C.M. = * 3 (* 2 + 1)(* 2 -l)(*-2). 

2. - ■ - - . 3. x=4, y=5 ’4. 2 yards. 5. (a — 3)(2a 2 -a+ i). 

jt' 4- d E r*^ 

Paper 9. !. (*® ±8ax— 2<z 2 )(3*—7<z){7*— 4c). 2. 2. 

3. *= 2, y =3, 2=4. 4. 48 persons ; Rs. 2 8 as. each. 

5 . 4 * 11 . Si ||j ! I I] If 

Paper ? 0. I. a 3 + 4e 2 - 3. 2. 3. *=5, y=4 ; or *=4, y=5. 

4. x=47,y = 27. 5. (a + 6)(a* -ah* b z ){p-g){p-2q). 


EXERCISE 54. (Page 227.) 


1. 

10, 26, 17, 25. 

2, (i) S, (ii) XO, 

(iii) 13, (iv) 17. 

5. 

5. 

fjr’ fa ' § 

6. 42. 





EXERCISE 5$. (Page 239.) 



5. 

/A ^- S 

.© y '~'2 2* 

(u) 5 + t^ = ' 1 - 

(iii) 

t 

x — 2y — 5=> 0. 

6. 

(i) y 6=2 — + 8* 

.... ^ , . y . 

^ 4 8 

(a) 

2# + y— 8=0. 

7. 

(i) y=*\x- 1. 

.... ^ . y , 

.(») rs + — s^ 1 - 

(iii) 

3x— 4y— 10 = 0. 





8. 

(i) y — \x— f • 

(«) o- " r — 3 *1- 

<3 '** <* 

(iii) 

jr— 8y—3=»0. 

9. 

(i) y=f*+4. 

.... ^ ^ , 

(“) ryi” 1 - 

(iii) 

3y + 1 2 = ®. 

SO. 

(i) 

an f+|=i. 

£ S 

(M) 

l&jrf 25y — 20 =0 


IS. y=0tf+3. 



I 


4. 

7. 

10 . 

^3. 

16 . 


7. 


JT m 


12 


7. 


14. 


18. 


23. 


ANS WERS 



12 

Oy = — X + 5. 

13. 

34. 

34*225. 

35. 

43. 

3x — 2y —2 = 0. 

44. 

46. 

4 x 3y — 0 . 

47. 

49. 

No. 

50. 



y = Ox +■ 0 . 
x=l6. 
x—y + 8 = 0. 
m = — c — ^ 

3.r — 2y = 1 , 2;u~y = 2, (3, 4). 


#+ 0 . 

-4-3, 6’5. 


y-Ku 






EXERCISE 57. (Page 242.) 




V 


Jt = 


, t 



= 3, y--4. 2. .i = 5, y =4. 

*4, y = 5. 5. .r=2, y = 3. 

5,y=— 2. 8. x=2, y— —S. 

= 4, y = — 3. II. a.*= — 3, y = 4. 

5, y =6. 14. x = i, y = 5. 


3 . tr = 4 , y = 

6. jtr = 3 , y = 

9 . x — 4 , y — 3 . 
12. .u = 3, y =4. 
5. ,t:=2iy=3. 





, -5), ( - 5. 9) , (2, 2), length of sides 7^2, 7V2, 14. 


EXERCISE 58. (Page 248.) 



I y—\x. 4. 72-6. 5. (i) 53*13 gallons, (iii) 10*6 cu. ft. 


XI *7 ft. per second, 36*7 ft. per second, 16*4 miles per hour. 
23 9 miles. 8. 102*7, 10-20 a.m. and 7-20 p.m. 

22nd June to 6th July. 10. 13,14*4,20*6. II. 27 hHMH|| 
Rs. 26 as. 12, Rs. 33. 13 . 38*6°. 14. 324 ft., 81 ft 




// 



EXERCISE 59. (Page 256.) 





6. <>) 


The latter is greater ; (ii) The latter is greater. 

57. II. 23. 12. . ~ ab 


28, 32. 
bx 


15. 15,20. 16. 

7 


a 

6 

5’ 


19. 


48‘ 


20. 1 


a + b 

49i, 38i 
9 


13. 


17 


— ctb {a + b ) 

(a 2 + ab +T 2 T * 

21, 35. 



29 ‘ 


o . 



3 




4 


22 . 




11 


. 24. The former is greater. 25. The former is greater. 


26. 1. 


27. 3, 12. 28. 45. 36. 


29. 9 : 10. 



30. 


pQ 




P+q 


31. V2 : -^5. 


35. - 14. 


36. - 


32. 28000,8400. 
2 1 


33. 


4- 
’ 2 


7 a 


37. 38. 2. 


EXERCISE 60. (Page 263.) 


I. 21. 

7. 35. 


2 . 20 . 

8. 24. 


3. 40. 
9. 332. 


4. 

10 


6* 


5. 4 a 2 b 2 . 


3. 


II. xy. 




12. {a+b) 7 (a 


15. 


25. 

26. 



(*+y ) 2 


x—y 


22 . 22 . 


RlCULATION ALGEBRA 


13. 8. 


14. 12 f. 


15. ' 



17. 3. 


13, 5. 


19. 6. 



21. 4.36 


24, 12, 21, 24, 42, 36, 63, 48, 84. - 
Copper 60 lbs., sine 120 lbs., lead 160 lbs., tin 200 lbs. 
13 : 35. 2*7. 3 : 4. 


25. 2. 


26. 2. 


EXERCISE 61. (Page 268.) 







2 !. 


26. 



EXERCISE 62*. (Page 273.) 


H 


' - 


x+ y 

11 


x—y 15x-l2y 


5 


84 


g * x+y_x-y 

£t 10 4 


Zx + Sy 


* 

\ 






36 


j 

i'S/. 






EXERCISE 64.. "(Page 278.) 






5r 1 - C/ 



2 . 


2_S 
7 Z* 



3. 

7. 

7 - 


12. 

2 ab 

— 7-®-* 

®ii* 

a + b ’ 

i. 

17. 

_2£- 

6 . 

22. 

— ‘v- 1 

3 * 

7. 

27. 

13. 

N5 

• 

32. 

~3|g. 


3 . 4|. 

8 . 6 . 


4. 


35 


13. 

18. 


2ab 


a 2 + b 2 


9. 12. 
. 14. 14. 


5. 

10 . 

15. 


r l | 

v 

ab' 


x- 

X 3 • 


1 


a + 6 


6 . 


19. 


23. . 24. 


jl 


a+6 


1£. 20. 4. 

25. 7. 


ab(a + b 


28. 0. 


33. 


29. 


2a£ 


<z 4- b * 


1|. 30 

34. 


I 3 

X Q 






&: + b 2 


3 6. 


ab 


a 


b 


3 7. 2f. 


2(a b) 
a + 2b' 

38. 3±. 


_49_ 

114* 


41 . 


a 

4 • 


42. 


45. 


2£ 


46. 3a. 


47 . 


1. 43 

-7 


so 

263 


26 * 


EXERCISE 65. (Page 283.) 


2 . 


3 . 3 


4 A 

Tt 2 • 


1 . 6 


ac—bd 
ad— be 



9 . 


20* 


30 . 


ii 

*3 


3* 


11 . 0 . 







A NS WERS 


503 


f' 


\l. 


22 . 

27. 

32. 



ac 


- -b* 


2 * 


17 . 8 


b z -tab-c- -a 

18. 7. 


_-b\ 

(a-b) 


. 23. 4. 


2 

r» 

5 


28. 

33. 


Is* 

-n. 


9 3 


5 * 


43. 


42. -b 
47. 2 *. 

52. -3*. 53. 1. 


4. 



■i 


13. 

19. 

24. 

29. 

34. 


3 . 

14. 5. 

15. 

t). 

is 

— f 3 - 

20 . -AV 

21. 

3. 

1 y * 

4. 

25. — §. 

26. 

1 

-If. 

30. -4. 

31. 

n 

3 * 

1 a 
" 1 1 • 

35. ^7 • 

36. 

~ f • 


38. -It. 39 


It 


40 


l 

5 


44. £ 

49. 4. 



SO 


oi 

O 2 

di 


+. O • 


EXERCISE 66. (Page 



41. 


46. 8. 

51. - 


5 

6‘ 


1 . 

s 2 

i if * L • 

% 2 • 

2 13 

w ■ 3 7 

k * 

4 

• 

1 

5 • 

5 . - 

6. 

fk 

# 

q 3 — pr 2 


8 


1 

3g* * • 


-q 2 -Pg+r z 

■ 

W * 

ab + Si 

%-l-r 

9. 

( l 3 

^ 7 * 

10. 

— 4£. 

11. 

05 

1 

12. -4#. 

i 

13. 

i 

‘210 
°1 1* 

14. 

-1. . 

15. 

— 0.2 

M 5 • 


16. — 3f . 

17. 

4*. 

18. 

I 1 

A 3 * 

19. 

2 0 

2 l * 


20. -4. 

21. 

2 ¥ 

a(b~c)’ 

22. 

b — c 

2 a * 

23 

3 

rr * 

4 


24. -1. 

25. 

ft 

3* 

26. 

1 

\ • 

27. 

91 

*- j£ • 


28 . 13 . 

29. 

1 • 0 

30. 

4. 






3 

Ti • 


16. 7.J 


|tZ£> 

a+l' 


EXERCISE 67. 



1. a + 6 


5. 


10. 


14 . 


n. 


2 . U - 5 - b . 


3 


26 . 


a 2 + 4a6 + 6 2 

2(t*+ 6) 

c + 6 + c 
3 * 

i i i ii 

— + -7 + - . 

a o c 
a + b 


6 . 


6a 


11. a or b. 


2ab 
a + b 


7. 


i 

ab' 


4. 


a + b 


8 . 1 . 


9. c5. 


2 ‘ 


12. c + £+l. 13. ab + be + ca 


a+6 . 

2 * 




22 . 1 . 


b. 


15. 

CL [(L + b + c ) 

. 16. c 3 -r6 3 - 

X v • 

17. ‘ 

19. 

2 

* • 

20. 

b[a + c~ b) 

2? 

2c— b 


a\b 


# 

a 

6a 1 

2ab-a 

23. 

c + 6 

2 ' 

24. 

2ab 

b-a * 

25. 

tr—cn 

f* 

cp—ar' 

27. 

25. 

28. 

+ ^ 

“ ~2 ' 

29. 

a 

3* 


A - 

r* m 


m 







matriccpla tion algebra 




3:3:5. 


x 

X- 


( & 

7. 

f 9. 

;ii.i 

13 . x=1, y 

S5. 

17. 

19 . 


- 


EXERCISE 68. (Page 300.) 



2. 3:4:2. 


a 2 ) : {ac-b 2 ). 


x 

x 


tV, x 

24.'**X: 
26. 5. 


2p 



— — 


= 6, 

y= 

— 4 1 j 


= 2, 


= 6, s 

y= 

= li 


1 

2 

J 

3 



1. 


£=9. 


5. 

=3. 

4. 


3. 

3 

: 4 

: 5. 


4. 2 

6. 

X 

= 7 

* f 

y= 

= 10,5 

=8. 

8. 

^ - 
^ " 

= 2 
*■ i 

y = 

1 —4, 

^==G. 

ID. 

v%* * 

r> 

y- 

■ “l 2 r “ 

JL*-‘ f <- 

o ^ 

= 20. 

12. 

-V ~ 

= 3, 

y = 

2, ,gr - 

= i 
-* . * 

14. 

.r = 

=6- 

-C> 


-a. z 


S 


j. 


b. 


y 


3fi+ 5’ 

2+tf’ ^“a + 1* 


10^ + 9 
3^ + 5 
-1 


16. 

18. 

20 . 

23. 


sis 


3, y«9, 3- = IS. 




' ; y 

rv 


v * 9. 


*~3, r = 2. 21. 

Ip 

■ > T — i 




25 . 


27. 


l 2 + m 2t y l 2 + m z 
x=s ab{ad~bc) ab{ 


X ~7 x y=\ 

rripmamm 


/?/* 

»«• 


29. 

32. 


x^2,y=l. 


a 2 -6 2 


bd ) 


z 


x=h y=|. 


30. 


;r 


\y 


• { ~~ 3 > y 


X 

5 


33. jr=^= I. 


35. 

X 

- is > y =18. 

. 36. 

a 2 ■ 

.r— 

- b 2 





1 1| am 

— bn 

37. 

; V'- 

_ 1 l 

rd y b’ 

38. 

62 

X ~45’ 

y= 

40. 

,r = 

- 1 qt — JL 

5 > ✓ ^5 * 

41. 

/ 

II 

-iito 

Nr 

Vi 

I! 

=4. 


y= 

46 
45 * 


28. 

31. 

34. x*=Ary^b 
a 2 — b z 


6 ‘ 2 


y *= i 

•^=3, >/ = a. 


an — bm- 

39. 


x ~ ~~ 2, y= ) 


I. 

# = 

= -3,7 

= 3,. 

3. 

,r= 

= -7, y = 3, 

5. 


-y—z^ 

3. 

7. 

• 

,r= 

= 6i, y = 

= 3, z 


EXERCISE 69. (Page 304.) 


I. 

S. 


_ 3 

2U 


2 . 

4. 


x = 


x— 


= 3, J' = 2, z = 2. * 
4,y = 5, s- = 6. 


6 . 

X = 

1 > y 2 » — j . 

8 . 

.r== 

10 , y—l, z=9 


" I 


Paper 1 . 
Paper 2. 
Paper 3 . 


!. 


G) £ ; (ii) 


SECTIONAL REVISION IV. (Page 305.) 


5. (i) 


2c -b 


2a b — be 

c : Sa. 2. 


I. 22. 


2 . 


S3 


*/ • 


. (ill 2(2'. — 

■ac ' ' ’2* 


6. 17-49. 


2 . 


39 


5 * (0 f ; (ii) 1. 6. 3y + 2x=6. 

# 

3. 2:1. 4. .- 2 


6. 5x + 4y = 14. 


“"ad ( a2+a ^ + ^ 2 ) 
7. *=3,7=2. r 





Viper 4. 

7 x=4. 3*= 3„ ~ 


Paper 5. 


2L 4 



2. 20:27 


ro 


(vi) 1 


6 




4x+3y=18, jr+4jr=H 


Paper 6. Z. 72 and 27. 





7 ; (ii) 7. 


Paper 7. i. 


& 

5 


2 . 0 


5. (i) -4 ; 








Paper 8. ! 




2. (i) 28; (ii) 


99i * 
-- 2 * 


(iii) 37|. 


5. (i) -2?, (ii) 8 


6. 20 miles. 7. (3, 2) ( — 4, 5), (1» — 3)» 


EXERCISE 70. 


K. 


2 , 


1 


5. 



%x 


3. 




/ 

i 









4. 


9 


v 



<* 


* * • 


V 


4/* 



V* 3 

I/iti 2 


Ii- 4^x~ 


7. 3 ,r 2 


*/ a 5 



u, sat 


JP 


SI 


1 


P 

' //" 


3 

7» 5 


5. 


12 


14. 


IS 


1 


x * 

Z 



1 


2 


17. 4. 18. 8 



21 . 


1 ™ 
9* * 


25. 21. 


1 


27 


24. 


1 


8 


25 


28. 36. 


29. 8. 


34 


x 2 1 


*# 


xix-l\ 


as. 







( 9 C ; 3 

Wy 











; • 


(Page 316. ) 


I 


1 


!i 


2. 


y 


1 k 


3. jrfr 6 


x 


6 


£ 3 



7. m 


i! 




y 


l 




9. 


JL 

C 4 


31 


9a*5* 


16 


2 . 


9 


*?r 




13 


1. 14. 




14. L 


17 


y 


i 

3 







ater by 448. 











algebra 


EXERCISE 72. (Page 3X3.* 



~ c + Sx- 1 + 1 


x 


-Ix+Ax*. (ii) tL* 

•i -L _1 * 

n + 8 : 




2W + 4+3^2»-f. 5x&+x 


to 


6 # 


- -L 

3 * — 2 4- 5.r2» -;- ^ 


» ( ^ 


C* 


*’*” z y z + 2 +. x?y — 2 ; (ij) ^ 


(74^ 


a 2 + 8aa 3 + 1&:^ 


S# 2 */— 1 - %y-2+ 3 y ~$ 



a+a 


3 3 

4. a z +b z . 


96. 


6. «- 2(^+1. 


4^2 -f. x—^y —1 -f-y—2' 


3. a+6+c—3 



i 

3 


U' 



2 l 


1 A 


I 1 


5a 3 5 6 + 10a 2 d 3 -10a 3 6 2 + Sa^ 


3 


£ 

A* 


10. 4: + x*y 


x 

4 


1 —3 

x*y 4 



7 


•1 


11 . 


t X 

a 3 & 3 


a 


% 

3 


A ji 



2 

-5 


1 A 
3^,3 


# — ara®+a 


2 

5 ^ 


2 


x 3 

4 1 a 4 


a 4r £ 2 

10 . ~ 3 y 


.2 

3 


— ?. 3 . < 4 r 


^3 







15. 


.4 a A 2 a 

5 ^ S ^ f ; * ^ _’ c : . 


4? 5 — 4? s a 5 +4; 5 a 


3L 3 •« 

4r s « ¥ -i -« s . 




»V 


4T 


i. _ 1 

3 + y 


17, 4a h 6 tc 


Jkr 

3 




H A 








1 9. a*f2+flt 


2 


£< 


a 2 -?• 2a 2 


2a 3 + a— 2«^ + « 3 . 


% v 


a 


§ 5 .7 4 _ 

3 - 4a 5 + 4a+ 2a 6 -4a 3 + a 3 . 22. a 3 + 2« f + 3+ 2a 


s. 


A . ■ 

3 fa 


a$~2a*6 *+ab *+2 a*b~* 


2 a 2 b * +6 


1 


a 


3 n 


b~ 3n . 


« 

26. a”+a 2 d'“ 2+6 


a 


d 3 . 


28. 1 —x 2 . 


29. * 2 


» + $ 


30. t? 


72 


A 

3 


32. a*«— l. 


#£ K 

33. x z - ** 


a 




a 


»— 1 


5 2 


K-l 



2 

3 


. 35. The latter is greater by 65,280. 36. 3 

_1 

38. 7. 39. 2*“*^. 


1 


40. 1*6. 41. 4. 42 


9 


S+1‘ 


p \ W+ « 


4 


46. 1+4?” 1 . 47. 



48. 


1 


49. 1. 


59. 8. 51. i. 




52. 


(l-4?)« 

- (6 ■" 1 —a " 1 ) (a ~ 1 - ~ J ) (c ” 1 - 6 -‘“ 1 )(pt +46 +«} 


S3. 1. 







A NS WER$ 






EXERCISE 73. (Page 325.) 


! . 3. 2. 5. 3. 

7. 9. 8. 2. 9. 

13. 1£. 14. 2-5. IS. 

17. a = 3, y=2, s = —2. 
19. a=l, y = 2, a = 3. 
21. a= -4, y— -2. 


2. 4. 2b 

2 . 10 . §. 

a=4, y- 0. 


« 


S. 6. 6. -9. > 

IT 1 


11. 

4 - 

3* 

12. 3. 

16. 

X- 

: 3i, y— 5nj. 

18. 


Vi 

II 

UI*J0 

M 

II 

O 

m 

20. 

X — 

3, y = 3. 

22. 

x = 

CM 

II 

rH 

.k * 


I. 

3. 

5. 

6 . 
8 . 

9. 


10 . 

11. 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 
22 . 

23. 

24. 

25. 

26. 

27. 

28. 

29. 


EXERCISE 75. (Page 329.) 

a 3 + *s_io*+ 8. 2. a 3 + 5a~ -2a-24. £ 

*3 + 9*2 ^-26a+24. 4. a 3 -9a 2 + 26a -24. 

a 3 — a 2 (a + £ c” i -*■ x(db + ia + £a) — (ibc. . ■> 

*4_g*3_5*2 +42*+40. 7. a 4 +4a 3 — 19a 2 — 46a + 1201 

* 4 — x 3 (a + b ■+■ c + d) 4- a 2 (ab +ac-r ad + be -f bd 4- c d) 

— x(abc + abd + bed+eda ) +abcd. 

a 3 + a: 2 (p + q) - x(P 2 ■rq 2 — 2pq) — (p 2 -q 2 V.P-Q)‘ 

a 3 -*-a 2 (y + 1) —x(y z + 1 — 2 y) — (y 2 — l)(y — 1). 

a 3 + 5 a 4 a + 10 x 3 a 2 + 10a; 2 a 3 + 5 xa* + a 5 . 

x e + 6a s a + 15a 4 a 2 + 20a 3 a 3 + 15 a 2 a 4 + 6aa 5 + a G . 

a: 4 —Ax 3 a + 6a; 2 # 2 — 4aa 3 + a 4 . 

x 3 — 5a; 'a + i0a; 3 a 2 — 10;v 2 a 3 + Sara 4 —a 3 . 

x s + 5a 4 + lOa' 3 + 10a 2 + 5a + 1 . 

a 6 - 6a s b + 15a*b 2 -20a 3 b 3 + 15a 2 6 4 -6a6 s + b 6 . 

p 1 +7 p*q + 2\p h q 2 + 3hp*q 3 + 3Sp 3 q* + 21 p 2 q G + 7pq 6 + . 

1 — 6a ■+■ 15a 2 — 20a 3 + 15a 1 — 6a s + a 6 . 

32 + 80w + 80w 2 + 40w 3 + lOtf^Hr w s . ! 

81 - 108a + 54a 2 - 12a 3 + at 

32a 5 — 80a 4 + 80a 3 — 40^'z+10X-l. _ ^ 

1 - 18a + 135a 2 -540a 3 + 1215a 4 -1458a 5 + 729a 6 . 

1 - 10a + 45a 2 - 120a 3 - 210a 4 - 252a 5 + 210a 6 — 120a 7 + 45a* 
— 10a 9 + a 10 . ^ 


64 + 576a + 2160a 2 + 4320a 3 + 4860a 4 + 2916a s + 729a 6 * ;> 
243a s — 810a 4 6 + 1080a 3 6 2 -720a 2 6 3 +240a6 4 -32£ s * > ’ 

fl s + 5a 3 + 10a + — + A + — . 

a a 3 a s 


a* + 2a 3 b + la 2 6* + $ab 3 + ^6*. 


x 7 — 7 X s + 21a 3 — 35a + 




8a 3 +8a. 30. 


21 

a 3 x 5 a 7 ' 

2a(a 4 + 10a 2 + 5) . 




5GS 


matriculation algebra 


31. 

33. 

38. 


4v/r 


i'£ (2x* + 10 x z a z + 3a *) . 
1114. 34. 11. 

1*0253. 39. 1-21S. 


3S. 

■ 10 . 


32 . 864 ^ 3 ^ + 1536 ^ 3 . 
249. 36. 126. 

1‘0075. 41. Rs. 1*472. 


*. 

4 . 

7 . 


EXERCISE 77. (Page 335.) 



-3 6). 

± (9a - b z ) . 


2 . 

S. 

3. 


±(4x 2 -f-5). 
±(a 3 — 1). 


3. 

6 . 




10. 

* far%y 

^ 0 " 

II. 

± /* 2 ? 2 \ 
(y 5 

12. 

13 . 

■± ( _i a — b \ 

\ 3 a T"1 

14. 

, / I . a: \ 

(2- ‘ 3v /* 

v %j y / 

15. 

16. 

i (2 a: 2 + 3) . 

E7. 

± (3a 2 + 8) . 

18. 

19. 

± (56 — a) . 

20. 

± (2a 2 ). 

21. 


± (3a: 2 + 5y 2 ) 
±(1-6 a:). 

± ( * 2 - £ 

\ 4 


±( 


/ O' 


|a6). 


db 


a: 


y 


dk 


4ab 


22. &{3{a + b)+x+y}. 23. ±(x+—+4). 


a z —b z 


24 


1 


25. 


i (A* - + -f 1) 

AT- 


26 







28. 


{ 




27. 


» * /j,2 o> 

.2* — 4 


l 


*% } 


29 . ± 


30. 


3S. i(^ 2 — 2 a:+1). 


32. 


X 


34. 


(3 


X I'lsvZ 


S.ry 4 - 4y 2 ) . 35 


(^r+2 + I). 

^ 2 +3^— 5). 33 , dk +%y + 


^ + — *f2)« 

x 

± ( x-2— I 

\ x 

H *°- 2 + £) 



36 . 

38. 


40. ± 


*( x + r *)- 

± (ad -f be — ac ) . 
y + z — 2 x 


6 


42. ±(a 2 + 6 2 ). 

47 . ±(2 27 "+3«). 


37. 

39. 

41. 


43. 


a: y j? 

h •— + 

y z x 

h{x+2y)(2x ■!- y) { 3a: -f y > . 

* + 1 * -X ). 



a: 


(AT-1). 


46. ± (*' OT _ 2x n ) . 


1 

4. 

7 


4 a: - 7y. 


a: 


a a: + 2a 2 . 


48. i {5x m -2x n ). 

EXERCISE 78. (Page 342.) 

2. a: 2 +3a: + 3. 

5. a: 3 -6a: 2 + 12a: -8. 



— + - — 1 . 
8 2 


10. 3at-4+ 


1 


2at 


8. 3 a: 2 — 3a: — f . 


15. x 2 — x*-\. 


i. 4x 2 — 3x + 2. 
6. ca: 2 + 2a: + 3a. 

9. |a: 2 + |a:+|. 


12. f— ab+3a 2 6 e , 



A , 


509 > 


13. 

a 2b 

2b 1 a ' 

14, 

X 

V 

1 __y 

9 ar * 

w ✓v 


IS. 

3x 

2y“ 

y 

•i+~ 

* 

16. 

2;t- + 3;r -i — . 

'Y 

.✓V 

17. 

a 3 - 

- 1 4* 

1 

2fl 3< 

gp 

ft 

19. x 

+ x m- 

-n m 

19. 

3^r I -2.r wl ~ 1 +l. 

20. 

X“ 

y ? 

-2 + 

n* 

V" 

i 2 ’ 





21. 

#2(;r 2 + ;try < +y 2 ) 

. 22 

. 2x* — 

3+4#”*. 

23. 

£ + i 

i 


24. 

;ty + 1+# y. 

25. 

a 3 -i- 1 - a J . 

26. 

#— 1. 

27. 

2#- 2 

s>-. 








n 

x~ 

✓y-4 

X* 

28. 

2x* + 2!#4- 1,221. 

29. 

x 2 

+ x + 3, 113. 

30. €L + 

2a 

8a 3 r 1 

16a 

31. 

i #5,5 

4“ — X 2, A 

2 8 IS 

<^v • 



32, 

0) i 

i-c; (ii 

) z - 

m A 


33. 

2. 34. 


=4?. 



35. 

a = 12, 

t?“-9 




1 

2 


I. :r+4 


EXERCISE 79. (F?ge345.) 


2 . 


a — 3 


3 


4 

W v V 


4. 3.* — 


a * 

y 


i 


16. 

20 . 


# 

A 

# 

% 

4. 


I. 

6 . 


EXERCISE 60. (P 



O 4 "/ \ 
) 



^96. 

2 . 

*3^500. 

3. #96. 

4. #405. 

5. 

#96. 

^372. 

7. 

ru ■"'S' ■ 

x n y. 

8. */*®*y. 

9. ## lS y 2 , 

10. 


3 #7. 

12. 

2VlX 

13. 5#2. 

14. 3#f. 

IS. 

2#1 


17. 

# 3 # a. 

18. 

19. —8# 10. 



5#®y #2; 

ry. 








EXERCISE 81. (Page 349.) 



7-/5*. 

2 . 

0 . ; 

1. 4V3. 

4 . 9 #4 . 

t 

f. 3#j 

-34. 

7. 

3#(2-/ 5*' 

-15,/y). 8. 

a(#— 4a) */x. 

9. 

4r2#C. 


C ■* 


10 . 

”#46656 

, V27 and ”#16. 

11 . 

-v 4, 

■v 16 > 

12 . 

12 / — 
v # 

18, 'V* 8 , 

13. 

The first 

14. 

The 

second is greater. 

15. 

The 

first 

16 . 

The 

first 

is greater. 

17. 

#r 

A 1 

4/ r 

V 

18. 

#3, 

3 f *• 

^ 3 > 

#6. 19. 3 #2 

2 #3, #7 r . 

29. 4 




EXERCISE 82 

!. (Page 351.) 



1 . 

#63 

* 

2. #60. 3. 

#144. 4. 

S/2 

"V £• 

l 

6 . 

*/* 

V 5 - 

7. 

1 #944 784- 

8. #486000, 

• 

9. 3 


, # 8 , #12 


#3 






10 


v^f 0 


matriculation algebra 


II. 


*4* 16V33. 



2387 


18 


a 


v< 


9 


15. 12 V 4 . 


512 * 


.#32. 


13. I8Vg! 


22 . 


250 


IP. 



16. 35^2. 



2 

3 


23. 


20 . 2 iy 4 



V JL 
* # 10 


442368* 21. V3$n 


24. 


25 . 288 'yn. 


t 

** # 


5. 


5. 


9 , 



EXERCISE S3. (Page 351.) 


2. ,*/15- Vlo+3 V2-2 VI 


4. 12 V35 + 24 v21 — 12 a/15 


s a. 


V 

i'l. 


5 +3V4 + 2V9+ Vis + Vi2. 


7. 63. 


S. 2 + 2VI5. 


9^2+ 2 V3+ y 6 

* ■ - A. 


10 . 


3 


U - 159-24 V42: 


6 . 


Vf. 



S. 


* 7 * c* +t2 ,g 


IP. 



13 


16. 


9-L TO 



?.v2 


! 8 . 


x 2 — 1 — 2^-V^ 


X. 


21, 1 + 6 V^+ 12 +SV^ 


20 . 


2« 2 — 2.V(2*— 4^« 
2Sa 2 ~?b* + 



*/a?—b* 




EXERCISE 84. fPage 353.) 


^1*2 **$ ^ ^ 2 . */^i, 


V 3 . 


v« + yd. 



^iSo; &7. 

V 242 V 3 



4. V6 V36. 


2 . 


* 


"Vl 


£ 


® * ^ ^ <5. 


I i . 4 - V AT +.fryy. 12 . 4 */3 


•v O 

vj-vi: $*. vs+v 3 . 

9 . Vs V3H V7 


14. 


o „ /r 
•- V Ou 


^+■#4- ya—x. 


? r 


3. x — x 2 — 1. 


^x z + l + V^S-I. 17 */l5 


&13S 


7 


IS. 


9 Tf 

C O / — 

.V/ r ) 

'V 


5 


19 . 





25. 

29. 

23. 


9 

671. 


21 . 


40. 




462. 22. 1*060. 23. 1*010. 


24. *149. 


693. 


17*944. 30. 9*898. 

2*898. 34. 12. ■ 




27. 5*828. 
■ 2*956. 
55. 1154. 


*5- ff 

u ; . 


28. 

32. 

36. 


— '-I •73'^ 

~ J t . 


5 585. 

IS 4* 13 a/2. 


T 1 * (12 Vg + 3 vis -*-164- 2 V10) . 


1 


Vac 2 — i 


38. ^ (2a 2 


— 6* 4- 2<?-V c 2 — t 



/2 - V 3 } 


40. ar* + V«*-i. 


54. V2(V3_ V2-fi), 


55. ^6(^S 



57. 


59. 2c. 68 



2 'Ja z — 6 r,i 


&■ 



3-1) 


f 


^v^2+Vi+^S)* 

L (V6 + 2)(3V2+2V3 + 3V6) 


61, 2^2 + a/3. 62. 



6J. 3*/2-2 Va. 64, 4Wa 2 -l- 65. 3*®. 



*7 * 



4 






!, 7+V 3, 

x 3— Vs 


9 


v r 

3 V/ - 2^/6 


2 . 

6. 


<r; 


j«» , ry 



lv « 



3. 

7 

e 


{3 4* X\/ k?c 

5—3V2 


4. 4W3 

mm.*/?. 



13. V? -; VS. 

16. ar=15aTid* 


, 2+V3. 
14* 4 — S 


11. V*5 -f v3. 12 

15. V7-1. 


8 . 5- 

4" 2 


m 


18. ^3fV2-l 


i * 


19. ^/3 


21 



JU r. 


■m. 






V 2 


/ 


S . 


'2( Vs-^3) 



2 + *S 2 . 


26. V5 — ^ 3. 


24. 


Vi 



/i 


2 


,* * 



22. V 


r > 1 
a- — I 


28 


1. 


V3~l, 

29. - 


(1 + V3) 



2 


*/5 


31. 




2^/5 




5 3. c . 


37. l*v^3 — ^5, . 38. 2— V3 “*a/6. •-'• 

41 ? 


36. #/2 — V 34 - Vs # 



f * 9 



EXERCISE 86. 






1. 

(i - 

2. |. 

3. 

1 

• 6 *‘ * 

4 . 9 . 

5. 

25. 

6. 

q 

%o* 

i 7. 

4 

3 

<i * 

s. 

9. 

a. 

10. 5f. 

11. 

a 

3’ 

12. 

-5 

13. 

■ 1 

2* 

14. 3. 

15. 

1 

1 6 45 

1 W * 2 5* 

17. 

5. 



*8. 

4. 

19. 5, 

20. 

a 
* * 

. 21. 5. 

22. 

s 

& • 

23. 

5. 

24. 

3 

ifi* 

25. 8 or 

<7 

3 * 


26. — 39 . 

27. 

5. 

28. 

— 3 

4 * 

29. 

6. 

37. 3. 



3 1 . '). . 

32. 

8. 

33. 

±5 


34, dr 6 


35. 


1. 



37 


& 


27c*b-{b-2a\ 



36 . 


38. ± 


V 


1 




27a 2 


f * 


V 


512 



39. ± 



fi/S 





9. 




43. 1. 


44. 


81 

a 



H 


46, 


(c* *f ‘6c — B) 
a(c^- 


ft - 



i* 


47 


48. 2. 

53. 2. 


49.. ±; 

54. 0. 


a/3 
2 


EXERCISE S7 


I. 2/« 

4. 


a z m z 


6. 

8 . 

10 . 


0. 


5. 

a# 3 

9. 


0. 


S' 


Ofil *f- £ 

dp*-cqp*+bq*p 

2fs=v* —ti z . 

lb 2 

?-• • 

II. a"(&r' -tfc) +6*(ca' -ac') +c" (ah' -bo? 

n. 




17 




^'5=0. 


mab + na 2 =9 



4- 


7- r 








2a&c + ab ac +6c=l. 

13. 

ab + ac + be + labs = 1. 

!5. 

(/y -£*) (£-/) = (# -y) s 

>. 17. (yz' 

(c-a^)* + ^af=0. 

19. ' (6c 

(bc f -cb') 2 (ab' -ba' ) = 

(c«'— «c') : 



-i* $£+ i. = o . 

jp* +y® -i- jp® + 2%%*%= L 



IT #7 I A** 










k') a «({8 


2'*)® 

■ac ') 3 


25. 

28 

30. 


(c 2 +4 ab) (b z -Sab 
a 3 d 2 + 6 3 c 2 = 0 

4=*c 2 — b s . 

2 _ >.2 _ 



ac) — (4a* 

24. 



s 


P 
fi* 


m* 4 » 2 


+ 2c 3 


32. p 
35. 

37. 

39. 

48. 

44. ^ + ** 


#“ = 2. 

£ 3 = 3<7. 

4 4^ 2 + 2. 

= a 2 4 1. 


3 

6 



m 3 q^ 
24: 

4 3 * 

9* 

p*.. 


Ti 3 P a . 


■ ns? 

p 3 — 

: (r* + 4#* + 2. 


27. 4? 


3y, 

2 . 


34. 4d*«a*-6*. 


46. 


Sab 3 . 

ar — 26 6 + 9a 2 c 4 — 8<z 3 6 3 

a64ac4&r + l~0. 42. 

4q. 

2 

1. 


45. 


uvj- 


a* + 6*=y* 
6*4" 3<i*A 2 : 

0. 40. 

a + 6 +f — 0. 


4j^3pS^® 

<V*' i» * »* !p * 

m 3 +6*m—c* 
43. 2a 


«»*=0, 
4(1 4 c). 



;e 


a 


y_ 
6 3 


47 


a 


x 


9 


b z 

V* 


1 


</ t 


43 


0. 


49. p*-‘qc- a r*- b ~ 1. 


50. 


4<zdC 


51. a 2 -6 2 = l 


SECTIONAL REVISION V. (Page 377.) 


Pap^r I. 1. (ii) 

2. (i) 1*0004 ; 




+ 8 + 1&? 4 ; (ii) 81 ^ 



10 s . 3 s ; (b) (230) 3 
1*0202. 3. 

- 216^* 





(*) i. (0) *. 

81 p* 4 216£°tf 4 2166* 4* 

*g z -96p§ 3 4 L6? 4 . 



4 


a — 12, 6 = 9. 

Paper 2. 1 . 




2 . 


(ii) . 

(iii) 30 x 10,000 * 2-4 x 100,000= 72 x 1, 

(i) 3 3 and 3 3< * ; the latt 


4 . 12x* + 40a-' 3 + 1 2;z . 


x o , y — § , a — 2 . 
per second, 

,000 miles 

oo ( * mpp^BWH 

is greater, (ii) 1, 1,-1, 1- 

5. 3^3-2. 





6 . 



8 . 


Paper 3. 1. (i) 


1 * 




1 , 0 V ) 6 


Paper 4. I. (i) 

2. (a) 0, (£) (i) 2*301, 

i. (i) 40, (ii) 0. 


X KJ 

(10) 21 ’ 

(ll) (10) s> 

(in) 

(10)** 

3. 

-48. 

4. 

^ 5 ( *r 

i, (ii) 

h, (»ii) 

rH 

00 

(iv) H • 


2 


V2). 



1 ’ 




3. Rs. l*7o 
6 . o 2 + b~ + c 




(i) h> (^) 



4 

’-Jt . 





Paper 5. I. e 


V<? 2 -1. 2. (i) V2, (ii) 9 + 4 VS. 


7 

o . 


x + 3 


1 


4. x* + x — 2. 


5. 



1 , (ii) 


81 



AT 


a 


6, (a 



i \ O 


A\ 

-/ 




Paper 6. I. (i) 27, (i») 243, (ui) 16, (iv) 


1 


1000 ’ 


1 


A JL 

*? <» 



\x-vx y +y , 


(ii) 


v 1 


y 1 + x 4 y 2 + y ' * 


3. \x-k -|y + 3. 4. (i) 3, (ii) 2. 


S. 



4V5 + 3V15-10V3-6 


11 


(ii) 0. 


6. 


* * S' 



V' " • 




a 5 i“ *6“, 


Paper 7. I. (i) a - 

+ 15a; 4 + 6at s + a: 6 , (ii) 1 


2 

3 






x—y. 


9 
-w * 



1 + 6a; + 15a;® + 2CLr 3 



20a; 3 + 13a; 4 -Qx 5 +x*. 


3, x 1 ^" 2 ^"^’ (ii) 3J. 5, (i 


414, (ii) 


>x^ + 

1 


X“ n7 


6. a + 36—d 3 . 


Paper 8. 1. 1*4. 2. a; 

+ 10a^£° + Sxa* + a 5 , 

X s — 


3 

2 


* y 


2. 3. (i) a; 5 + 5 


- -r U',;-" j- 




(ii) 




£ 



4. 2 a;®— 3a;+5. 


S. 


2n — I 


2 -* 


6. a ? 6 2 (a 2 + 6 2 +3) = 1. 


EXERCISE 88 . 



1 . 

±4. 

2 . 

rfe 2 . 

3. 

10 or 0. 

4 . ± 2 . 

5. ± 

6. 

3 

X' ' . 

V2 

7. 

±tf. 

8. 

±2. 9. 

± 1 . 10 . 

dh 3m 

12. 

± 2 . 

13. 

i 9# 

14. 

1 

± -=r. 

vn 

i |s * 

♦ 

1 

± — 
V 



16. ± */a 2 -2a 


17. 4,-8. 


17 




v 


I 
















32. x z — 16=0. 

34 . x* - 3 #- 180 = 0 . 


4#- 22 


33. x 2 + x{6—a) —ctf>= 0. 


35. x 1 — 27nx+m z 


n 


0. 








EXERCISE 90. (Page 387.) 


\ 














1 . 9 , — 5 . 






* 







5 . 


1 

2’ 



2. 11 or -5. 


9 

4 


6 . 


4 

n f 

o 


3 

5 


3 ? 

* 3 ’ 

7. - 


6 . 


4 . 


3 

5 ’ 


1 . 8 . 


3 

2’ 

25 

2’ 


2 

3 



1 

2 




£ ± */ b" + 4ac 
2 a 










9 . 9 , 8 . 


10 . 


# 

-1 ' 








m v ; 


EXERCISE 91. (Page 388.) 



3 . 2 , 


7 . 2 , 


1 

3 * 

20 

3 


4. 


3 

4’ 


2 

3 


8. —2,— ~ 


3 

7 


II. 2, -p. 



P 

Q 


q 

>* 


EXERCISE 92. (Page 390.) 

4 3 

2 . 

5. ill* il3. 

(i) AP~a{± a/3-1), 




3. i IS, 

4, i 5. i K< ^ 


\ 







; 

I 

* 



A NS W££S 


2a „„ a(2±*/2) 

(ii) AP~a or (iv) AP 



24 ft., 10 ft. 




0. 

3. 

16. 

19. 


30 ft.. 16 ft. 


15 miles per hour. 

6 hours 40 minutes. 


24 ft., 18 ft., 15 ft. 


II. 50 feet, 18 feet. 

14. 4 yards. 

17. 12 feet, 8 feet. 13. 

20. 1024 men. 


12. 11 hours 



10 ft., 24 ft., 26ft. 
6 feet and 0 feet. 









1. 


WM (i) 1'06, 

vi) 3*57. 5 . 


(v ) 2 70, 



9. 


EXERCISE 93. (Page 398.) 

(ii) S-29, (iii) 1Q' 24 » ( iv ) *’ 73 ‘ ... 3 2 - 

(i) 2, -3, (ii)l, 3, im; ^ __ 9 9 4,M 

3; (iii) i, 7 - 4 ~ 3 * 6 * 3 ’ 

2, 144. 


X 

2 t 


l m 





EXERCISE 94. (Page 403.) 


I. 

4. 

II. 

13. 

15. 

17. 

19. 

21 . 

24. 

23. 

30. 

32. 

34. 


-1. 1 2. -37. 

— ( 5 m 3 -t- m z + 3 in + 4) . 
{x—l)(x z + 2x + 3). 

(x-t l)(x * + 8x+ 15). 

(*+ l)(4-x* -x+2). 

(. x — l) 2 (x~ + -lx + 2) . 
(*-l) (*+!)(#+ 3) (* 


2 ). 


3. 

5. 

12 . 

14. 

16. 

13. 

20 . 



4a s - 2 a 2 + 5a 
-56a 4 . 

-l)(#-2)(*— 3). 

-l)(3^ 2 +4.-u + 5). 







( 








(x 







3. 

-600. 


22. + — 0. 


2o< 

(x + 2)(x— 3)(x— 4). 

[x — 5)(^+2) (x + 3). 

(x 4 h 2) (;r 2 - 3* + 6) . 

{X— 4)(.#~ 3) (;t 2 + 5^r+ 3) . 


23. 

27. 


29. 

3!. 


33. 


(# — 1) {x •+■ 1) (2#* + 
(_*+l) 2 (* 2 -3*+5). 

(.# — 1 ) 2 '(2x z + 3 #— 4 ) . 
a — —2, 6 = 5. 

\x — 3) (# + 2) (x +4) .. 

(x+2)(3x-l)(2x-3). 

-2)(x-S)(x+7). 

(x+3)(x z —3x+4). 


A) 
— # 




(x 







2 


EXERCISE 95. (Page 40S.) 


8 . 

19. 

11 . 

13. 


4a 2 + 2&x + x 1 . 


9. a 2 — 4o6;-l66 s 


32a s -lGa*x + 80 ? x*'— x? + 2aX*—X 



* 

9w 2 - - 3m + 1. 

1 — 2m + 4 m z — 8m 3 . 


12. x° +lx z y + l 6xy s + 
14. 16a 4 — 8a 3 d +la z b 2 



.3 



2a6 3 4- b ~ 


EXERCISE 96. (Page 414.) 







1. 

2 . 



3 . 


a 0 x 9 + a x x 7 + a 2 x* + a 2 x* + a 4 ^ + a 3 x? + a G ^ 2 4- a 7 * + a* . 
e 0 x* + a x ;Py + a 2 x 2 y 2 + a 2 xy 3 +a i y*-^a s x z +a s x z y +a,xy z 
-»-a 8 y 3 + a g x z +a xo xy + a xx y 2 +a 12 x-t a 13 y + a xg . 

Fractional and irrational. . 4. Fractional and rational. 










MATRICULATION ALGEBRA 






Integral and irrational. 
Integral and rational. 

(*) (ii) 9, (iii) 12, 

(vj) 9£ 2 + 1-2£ + 15 , (vii) 

(») 6, (.iii) 2(1— £ 2 ). 
2,r 6 -S# 3 -2# 2 + 11#- 5. 


6. Fractional and rational. 

8. Fractional and irrational. 

(iv) 5, 

3m 2 + 2 ttt + 4. 


(v) 6# 2 

fO. 


14 . 


11 

x 


2x s — 20#* + 3# 3 + 16x 2 — 14#+ 3. 


2(b + 2a#). 

■ 5#* + 1 1# 3 


—8# + JiO( 

0 ) 14 . 

12 . 7 . 

_ 


8 


5 # + 12 . 


14# 7 - 32# s - 21# 4 + 14# 3 + 6# 2 - 12#- 9. 

15# e + Sx s - 6# 4 - #2 _ 2# - 1 . 0 

5# 7 - 13# 5 + 9# 5 - 6# 3 + 4# 2 - 3# - 1 . 

I2# 3 + 2# 7 — 18# 6 — 3# 5 + 22# 4 + 4# 3 + 3# 2 — 4 . ' 
f # 4 - J y 3 /- # 3 y + f x 2 y 2 + * z xy 3 - y 4 . 

v# 4 +■ ’0/x 3 y + *04# 2 y 2 + • 19#y 3 — *ly 4 . ‘ 

2# J + 5x 7 -2# 6 — 9# s -# 4 -5# 3 - 14 #2 - 3# + 3. 

6# 3 -# 2 (5 + 6<z)+#(5a -6) +6a, 

# 2 -#. 25. 10# 2 — 3#— 12. 26. # 3 +2# 2 — 3# + l. 

2#— 1. ;28. # 3 — # 2 +#— 1. 29. # 4 -# 2 + l. 



4. 

5. 

6. 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

15 . 



19 . 

2 0 . 

01 . 


EXgRCISE 97. (Fage 422.) 

Homogeneous and symmetrical, absolute symmetry. 
Homogeneous, but not symmetrical. 

Neither homogeneous. nor symmetrical. 

Homogeneous, but not symmetrical. 

Homogeneous, but not symmetrical. . ... 

# 

Homogeneous, but not symmetrical. 

Homogeneous and symmetrical, absolute symmetry. 
Symmetrical, but not homogeneous, absolute symmetry. 
Homogeneous, but not symmetrical. 

Homogeneous and symmetrical, absolute symmetry. 

Not homogeneous but symmetrical, absolute symmetry. 

Homogeneous and symmetrical, cyclic symmetry.. 

ax 5 , 6x*y, cx 3 y 2 14. a# 4 , bx 3 y, cx t y 2 , dx 2 yz. * 

c(# 4 -hy* +z 4 ) 4-6(x 3 y -vx 3 z + v 3 ^ 4- y 3 x z J x + z 3 y) + c(x 2 y 2 . 

+ x 2 z 2 +y 2 z 2 ) + d\x 2 yz +y 2 zx 4-z 2 xy). S6. 2# 2 + 3#y + 2>' 2 . 

2(# 3 + y 3 ) -s-3(# 2 v + #v 2 ). 18. (# + a)(# + £) + (# + «)(# + £) 4* 

(#+^)(#+c). 

(x—a)(6—a)(c—a) + (# — 6)(c— b)(<i — 6) +(x~c)(a—c)(b—c). 

(# + a ) (x + b) (x - c) + (# + 6) (# + c) (# — a) — (# + f ) (# + a) (#- £) . 
x 2 (a + b) x 2 (b + c) x 2 (c + a) 
a2> be 


ca 


24. 

25. 

** £ 

U-i. 

28. 





i. 

00 * 

^ • 
f! 

if* 

7. 

10 . 

12 . 

13. 


a 

l 


2 

£/ 


8 and <r= —3 


. ?re= 1* *— - 

flo = 2| ®j, 3j 

d=2, i=* -8. 

.rf=l,.ff=8,C=3 


§8. (Page 427.) 

a = 3, 6 = —9, ^ = 0, rf=15. 

4. a=2, 6 = 0, c = 12, d = 0, e 

6. 18. 

= — 3. 



11, £ = - 

, Ci 3 — — 10 1 ~ ^ • 

A=l, B^2. 9. A— 2, B 


11. A=Q, B = 2, C-3. 


A= 1, B 

oj~ 


1, C =0, D=2 


14. 3(a;+1) 


3 — 2( a:-t- 1) + 1. 

= 1, C 


15. (a; + 1) 3 — 4 {x+ 1)* -r (a: +1) - 

-4. 

1 £ 

>. A = l,B 

17. 3% x*y + 6xyz. 18. 

£4a^z. 


19. 0. 

20. 3x z -x-i-2. 

21. 

S^ 3 

-2a: 2 +4. 

72. 2x*—3x+5. 

23. 


1,6= -2. 

24. £=±30, ?=19 or 31- 

25. 

a 2 - 

-a + 2. 

26. x*~ 3x— 2. 

27. 

2* 2 

+ A?— 3. 


28, a!*-2r+3 

o| “® |g 


1 


33 

35 


(a: + 1) 5 (a? — >>) 

- 1 


29. 

> 


P‘ 

6 


3 



32. 


30. a 

3 


7,6 

7 



1 + 4a: 2 


1. 

6x 



(*—2) (A:-t-l)* 

A=l. B= 2, C= 



34. i4=3,5=-l, C=2 


1 


0. 


2x +-1 


EXERCISE 99. (Page 432.) 


1* (at— 1) (a^ + 2at + 3) . 

3. (a:— 1)(a:— 3)(at4-5). 

5. (a:+2)(a'+3)(a:-i-5). 

7. (a:— 5}(a?+2)(a:+3). 

(at— 1)(at+ 1) ( x * — 2 x — 2) . 

15. fa— 6)(6— *)(<■— «). 

J7 . ^ fa + 6) (£+ + a}. 


2. (a: — 1) (a: — 2)r(Af — 3) . 

4. (a: -3) (at +2) (a: + 4). 

*. (a: — 1) (a: + 1) (a; -}- 5) . 

8. (* + 2) (a* - 3a: + 6) . 

10. (a? —4) (a: — 3 ) (at* + Sx + 3) 
16. 3(a— 6)(6 — c){c — a). 

1 8. (a -*.$) (6.+-r)(c ±a). 






MA TRtCU LA TIOM ALGEBRA 


5l$ 

W. 24 abc. 2$ 

21. (a-t>)( 6 -c)(c-a)(a+#lc). 21. 

22 , ^~<>)<?>~c)(c-a)ia+b+c). 

?, 5{x-y){y~z){z- x )( x z + yZ+zZ 

25. \a—b) (6—c) (a 


- (<r —6){b — c) (c -c)(a *$+£$* 

(a +4Gz£+tf£+&r), 


it 


26. 

27. 

28. 


-xy-yz-zx^ 

4 (& z 9- b 2 + c 2 + ab -{■ be + ca) + 

Sxy {x+y) (x 2 + xy+y 2 ). 

5 (x+y)(y+z)(z+x)(x*+y*+z*+xy+ y2Ji . za: ). 

~( x + y){y + zj (z + x) (x -y)(y - z) (z—x) . 29, 



® * ( a ~ b) (6 — Cy (a 

2 . (a — b) (6 — c) ( a 

4, - 


EXERCISE 104. (Page 438.) 


2 - (0 + 6)(6+r)fc+c)* 


4 * 

c ) (# 2 + + c 2 -+■ ab + be + ca) 


5. 

6 . 


(a - £) (6 _ £) (V -. a) ( a fr + £ c+ ca ^ ' 


~~(&9-b)(6 + c)(c + a)(a 

(a-6)(6~c)(a-rc)(a 3 -s 


-£) (b—c)(c—a). 

<^ 3 + £ 3 -f- a 2 £ + 


*£■ 7 


t>-£ 


7. (3# 
9. (5* 

1 1 . (4 jr 


■?. : '('6^r— 7y). 

3y)( llx +4 y). 

5j/)(llar- 


!*• (4# + y) (7.# 


15. 

17. 

19. 

21 . 

23. 

25. 

27. 

29: 

3%; 

12 . 

34. 

35. 

36. 
38 , 
40. 
42. 

44. 

45. 
47. 
49. 


-4y). 

20 y ) , 

(x + 1) {ax —x—a), 

(x—a)(x—b — ]). 
(a—b~3)(a—b+2). 

{^4 fl) (^+A+f) . 

(x—4) 3 (x-h 2). 

{x + 3) (x 2 — 3x+ 4 ) , 
i ) (4x 2 + 2-x -r 3)\ 
l)-(ft** + 2af+5). 

3.r- 


8 . 

JO. 

12. 

14. 

1*6. 


18. 

20 . 

22 . 

24. 

26; 




(3* 

(x 2 

(x 2 - 

(x 2 - 

(2x? 

(x 2 - 


-l -faP+afa} 

(3a — 56){9a -f 46)'. « 

^• 2 y 2 ‘(8^+7j/)(15^r — 4y). <• 

(2x —7 y){7 x —3>y) . 

(a + x — 2) (a -f y -f 2). 

(.r + £ + 2)(;t—fZ-l)- 

( + 1 ) (^ + ^ -f ^ » 

+^ + 1)(^ ■#»>>— 1). 
(x-l)(x-^3)(x+4), p 
(x — 3) (x z +3x+6). 

(x + 2y) {x z — 5^ry + lOy . 


■ 1) (x“ ■+ 2x — 1) , . 

4x+l)(x 2 —x+1). 

xy — y 2 ) (3x 2 + 2 xy — 3 y 2 ) . 
-xy + 2y 2 ) (x + 2y) (2x+ y). 

■y 2 ) ( 6x 2 — 19xy — 6y 2 ). 


31; (^r— l)®(**+6br4-i). 
33. (ji^ +;**!) (?;*?+*+ 2)'. 


-xy - 

(x+2 y — 3z) (2 x — y -h z) . 
(a — x + 2 y)(a + 2 x — y). 
(x+y + 3z) ix — 2 y + z). 

3 (2a — 6.) (b — 3c) (3c — 2a) . 

3(ta — 26 + l)(a + 6 — l)(6 — 

6a-(a + b + lj (^4-1-- a). 
Zabc(a - b) (6 —c) (* ■ — a) \ 


37. 

39. 

41. 

43. 


(a — 26 + 3c) i{2a + 3b - 
(x+y+z)(x—2y+ 3s). 
2a + b) (x— a +tb). 

t2x—y+z)Xx+2y— 2 z). 


5c) 


2a}. 


46. 3(a— 1)(«— 2)(3— 2ff). 
48. 3{2x+r) {x-j)ip+tA 






A/tSWEM 


* <t 



p ! 


'’SIP 


i * V 


50 . 




• 

_. • V -* % 

s*^2) * t*-*n** < fc 


Z) (2 — A?) + ( 2 -i * ■#) 

(Af-y) > . 


51 . 


2t] (5^’“^^’ 7) 


52. (a + At +* a )* 


53. 


§+c){d*-+t> z +c* 



54. £a+8+f)(a*+^*+< p *) 


55. 




+6+c)(fl6 


57 



2*+4) 


3a: + 4) 



58. (**+4*+10)(**+4* 


/«u 


EXERCISE 102 


• f 




I. 0. 2. I 


3. 1. 4. 


1 


7. 0. 8. 0. 


9. 2. W 


II 


«*4-d*4-c*+ad+5<r+ca. 12. a+b+c. 


14. 


18. 


abc 

1. 


15. CL tl+t. 


16. 1. 


22 


19. 2 
1 


28 




abc' 
ab + be +ccl* 


3. 




(a + b){b +c){c 

21. x z . 

2 


24. 


(x-a)(x-b)(x-c) 

1 


23. 


a: 


24 


{x+ a){x+ b){x+ c) 

X 'V J. 


25. 


28 


(d+A) (6 +<5 


27. 



A) (a? 


AT 


a) (a; + 3) kx + c ) ' 

px 4- gx z 






29. 


[x -&) (a*- b) (Af -4* 
4ti + ^ + W« * 3®«^ 















3 






u 


3i. m+A+c+<o 


32. 


I* 


33. Af+y+A. 


EXERCISE 183. (Pfe&e-^OO 


1 

\k 


f. r. 2- 


1 


3 


ff* -Ilfl 3 A-6flA s -A 4 





*« 


a* + \0a 3 b + Gab 3 -b*' 






4. a 


5. 2<z a (2a*-l) 


6 . 2 . 


7. 0. 



EXERCISE 185. (Page 456-0 








I. 2. 


2. 3 


3 . a : 2 4 : 2x + 3 . 


4. x % — x— 12, x£ -6am- 8 


> 


7. Cg*' 


*) 3 =*{cb* —bc'){ab , ~ba , 'p. 


8 . S. 


9 . *- 0 . 


'tt. a = 4 . H . C.P. « x * 1 , a 


14, H . CfF . 







$30 


M A TIUCULA T l OlV ALGEBRA 

riONAL REVISION V|. (Page 457.J 




'x+ a yl°f 2 *}?*™*^**&* 

+ ti 7 * a a y + a Q . 2.{i)is X 7_ xS 

3. p=g~Q an d a = b=: —4 A jt 

** 4 . W l.J5?=2L 





°* (7^?+ 1 1?) (8;tr - 2lj/) . . 


7. 


ar— 20=0. 


2x— 8. (i 

S. 


Vaper 2 . I. _ 

a. <* 0 (*‘+,,< +s 4} +a , (x ! ‘y-n : *z+ v *x+y* z + z , xt _ z , j/) 


0) -1, 1,-13, (ii) X+ 1. 

. >1 \ 


3. 


+*?(*-*) , z*{c-ai 


ab 



be 


*f. 'a 0 = l ) a i 

5. 

6 . 


= —1, a 2 

5(2x—y)(2y->z)(z- 

^2 


+ 


0, a 


c<z 


3 — 5, = —3. 

V — 2jt) (4j£ 2 -f 3y z 


(x-a) (x-b) (x-c) 


+ -2xz~3yz) . 

7- a^—x—56^0. 


Paper 3 . 3. 




4. 

5. 


15 


+ 


x(y — 2 r) 

1 




-z z z* 

y{z-x) + i( 

14 



y) 


4(^r-l) ' 20(^+3) 5(x—2) 

3 (2x- 2y + z) (x+ 2y-z) (y - 3x ) . 


Paper 4. 1 . — 

2. 5^r 2 + 3^ — 1 -h 


4. II, --5. 


{ a 3 (b — c) + b 3 (e—a) 6) } . 

7 16 


ar— 2 . x— 2 

3. i£*r 2 + :P 2 + s 2 ) +£(ay+J«r4-aa$ 

6. x=3,y=5,z= 1. 


5. (x—3)(x+4)(x 
7- f, 3- 


1) 


Paper 5.. I. A-= —2. B=3 t p = 
5. (10^- 2 - 23ar _ 1 0) ~ 4x- 1) . 
7. x 9 — 3x z + 4x-~ 1. 


2 . 


3. 4(<z* 

6. I, - 



06 '— 6 c— cal 


4. 

7. 


Paper 6. 1. (i)a=-9, ^=4; C«)*=-l,£ 

ab(a + b)+bc(b + c) +ca(c + a) 


4. 


abc(a + b) ( b + c) (c + a) 

h f. * 


4. (2jr+l){4a? 2 — 2^r*3J 


Paper 7. 2. (i) Sab{a + b) (a*+ab+b z ) ; 

(ii) (tf-^)(«-<)(r-«)(^+^ + a) t & 


t> . 3ar 2 + 4 - 4j/ 2 , 2a: 2 + xy — 6»®. 


7* 


I 
a be 

£.5. 


5 


3. 


Paper 8. 1. (i) (a? + 2<z - 3) (ar>- * + 2} * (ii) (tz-2c+6)(2a+c-3b). 

3.. /> = 1, 2 or 5. 


4. x 


5. 1. 


1 



(a-c)(a-b)' ' (b-a)(b-c)' 

3 2(2#+ 1)_ 

— 1 A? 2 +A?+l 


MISCELLANEOUS 


. \ /c«*im3 //a iRO 2 (a) 6 a; 7 — 19# 6 + 10^* itST III 

24. 3- 5. © 

'ii) (a + 6 + £) (2a6 + 2bc + 2ca — a? b z C 2 ), 


(iii) (a + b) (a 



1 + 


1 


6 . 


7 


9. 


(i) A? 

5 


abJ\~ &b 

5, y =3, 2 = 7, (ii) a + 6+£. 

_ . ^ JO. Length *=21 ft., breadth 





15 ft. 


Ill 


13 


at + 2 x + 3’ 

(a) (-034) 3 , (6) b 
x 2 + x — 4. 


12 . 

15. 



16 



(a) 2 a? 3 -5 - 5a; 2 — 3x + 1 , (^) 

(i) (a + 1) (a — 1) {b + 1) {b — 1) t 

(ii) (y-x)(xy + a), (iU) ( 18 *’ + 6* + l)(18**-6* + l), 1861x1741. 

17. (i) S. (ii) 5. I*- al > c ~- 

3 3a? + 1 20. (i) 46 ft., (ii) Length 32 ft., breadtn 

1)16,27,81, (li) 2a + 2W-4 2 . ' 22 • ^ + 2*+3. 

(i) (*-37) (*+36), (ii) i^-yz)(z-v)- 26 s + ' /s - 




l». 


x-2 (a? + 1 )** 


21 


25, 

27. 


0) II. (^) 


2 . 


28. x 


= 4a?*. 


2? . 


4 


C=4£. 30. 24 men, Rs. 27. 31. (a) 27, ^2. 


5 

(6) -. 

A? 


33. 


36. 


2a: 2 + 3a; + 2. 

-3 


35. (i) (ax —a + V)(ax + x + a) , (ii) (^+y 2 ~D 


x 1 +x 


37. (i) a? = 3, y = 2 f (ii) x = 2 ,y 


4, a = 2 


39. 

42. 



Rs. 2725. 





45. 

47. 


-8^2 

A = 6, B~ S, C--6, Z>=- 4. 

(a) 8* 3 , («) 8. «. **-2* + l. 

(^ + 4 )(^ 2 - 4 a;+ 16 ), (ii) (a; -»- y)(y + ^)( 3 +at). 46 . 

(i) 4, (ii) x—y — 2. 48. abc = 1. 49. A=*4, B=— 6, C = 


3 


3. 


50. o>0 miles. 


52. (i) 33, (ii) 


4A? + 3y 3 a; - 2 y 


29 


9 


1 


53. a^ + 2 — . 54. x 

x 


-Vx 2 -!. 55. (x 2 +^x+S)(x t -4a; - f 8), 




(ii) (x + a)(x+b+c ) 


56. 


1 


(a; — a) (a; - 6 ) (x — £ ) 


57. 


(i) 2, (iii)( 


2 





58. 


1 4. 8 

» ’ C5* 


13 


59. ^ = 6, ? = 11, r = 6, 



60 . 

62. 

63. 



69. 

72. 

73. 
79. 

81 . 


83. 

8 . 
91. 
93. 



MATRICULATION ALGEBRA 

% ' . r. . ■'■■■p' : 


72 sheep of each kind. 
(a) 83, (b) 21. 



** + *-6, * 2 -f-2^-3. 65. (i) (2;r 2 + l)(2;r®-l)(2;r 2 +2*+l) 

(2x z — x+1), (ii) 6(x-v)(5x+3y)(3x+5y). 66. 

x—1 

(i) x—5 t y = 2, (ii) 68. k*-{-3k. 

& = 3 t 1 = 0; m- —1. 70. ' 63. 7!. 2. 

(b) (i) 1—x, (ii) *-4, (iii) 4. 

at 3 — 7#— 6. 76. 1. 77. (i) 5 or f, (ii) x=4%, y = l±. 

— l,J),6x s — 12x+8. 80. 32 r 4 3 minutes past 5. 



x 2 — y z 
cl 2 — 4 b‘* 


82. (a) 0, (b) x G +x* + l. 


±*Sf. 84. a* - 4a- b + 26* . 85. 86. 0. 

iflr ’ ;r — 3 

5^r 2 + 2^ , y + 5y 2 . 89. \2abc[a-vb +c). 90. 80 "men 

(a) 1. 92. l-i-x+x 2 +x a -hX i -t-x s +x 6 ’t-x 7 . 

ip) (x—a)(x + b)(x+c) 

=y 3 + x a ( — a + b + c) + x{ — ab — ac+bc) — abc . 

(3 a + 2b) (2 a — 3b) (a - b) (4 a* + 6 ab +9 b 2 ). 

{a) (a -2b) (a + 5b) (a -3b), (b) (*-2)(* 2 + 2;tr-X3). 

2. 97. 3V2-2. 100. 600 men. 



























